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Nonlinear Acoustic Wave Propagation
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Nonlinear Acoustic Wave Propagation




Applications of High Intensity Focused Ultrasound HIFU

lithotripsy

. welding
cleaning




Lithotripsy

Ultrasound Smaller pieces that
shock waves then can easily pass

))) )t

extracorporeal shock wave lithotripsy (ESWL)




Lithotripsy: Focusing Principles

Axis of Rotation
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electromagnetic shock
wave emitter (EMSE)
focusing by acoustic piezoelectric array
(silicone) lens (self)focusing by array shaping
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Outline

@ modeling

@ degeneracy

e coupling

@ time integration

@ nonreflecting boundary conditions

@ optimization




modeling




Physical Principles
main physical quantities:
@ acoustic particle velocity v;
@ acoustic pressure p;
@ mass density p;

decomposition into mean and fluctuating part:

—

\7: 0+‘7~:‘77 PZPO+P~,

0= 00+ 0~



Physical Principles
main physical quantities:
@ acoustic particle velocity v;
@ acoustic pressure p;
@ mass density g;
decomposition into mean and fluctuating part:

—

V=1V + V. =1V, p=po+ p~, 0= 00+ 0~

governing equations:
o Navier Stokes equation (under the assumption V x vV = 0)

g(vt L V(0 \7)> +Vp= (‘”‘T‘/ + CV)AV

@ equation of continuity

\ (9‘7) = —0t

@ state equation

1 1 B , K (1 1)
o = 2P~ ooc? 24P~ ooc* Pt




Derivation of Wave Equation
governing equations:

o Navier Stokes equation (under the assumption V x v = 0)

g(vt L V(7 \7)) +Vp= (4"7‘/ + CV)A\?

@ equation of continuity
V- (oV) = —o:

@ state equation




Derivation of Wave Equation
governing equations:

o Navier Stokes equation (under the assumption V x v = 0)

00(v+ V(7 9)) + Vp = (4“7‘/ +ov)av

@ equation of continuity

V- (Q0‘7) = — 0t

@ state equation




Derivation of Wave Equation
governing equations:

o Navier Stokes equation (under the assumption V x v = 0)

4
007+ V(- 7)) + Vo = (5L + ov)av
@ equation of continuity
V- (0oV) = —ot

@ state equation

o fluctuating quantities:

Vp=Vp., Ot = O~y




Derivation of Wave Equation

00Vt + Vp. =0

ooV -V = —O0~t = —%p,\,t




Derivation of Wave Equation

00V + Vp. =0

00V -V + %PNtZO




Derivation of Wave Equation

-V 00Vt +Vp. =0

Lpew—Ap.=0




Classical Models of Nonlinear Acoustics |

e Kuznetsov’s equation [Lesser & Seebass 1968, Kuznetsov 1971]

Pty — CCDp — bAp., = — ( P2 + QO‘7|2>

2
2AQOC t

where ogv; = —Vp
for the particle velocity v and the pressure p, i.e.,

(Ve +V0P)
t

B
2 -
Y — " AY — bAY = 7(2/462

since V x V=0 hence v = —V1 for a velocity potential 1)
o Westervelt equation [Westervelt 1963]

Py — C2Ap. — bApP., = —

via go|V[* & & (p~i)?




Classical Models of Nonlinear Acoustics |l

o Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation
[Zabolotskaya & Khokhlov 1969]

2 ,Ba 2
2Py — C“Ayzpn — ?pf\‘ttt = WPN”
x. . .direction of sound propagation
e Burgers’ equation [Burgers 1974]
b _ Pa
Pt — @pwfrr - Q()C3 P~ Py

T =t— %. .. retarded time




Advanced Models of Nonlinear Acoustics (Examples)
o Blackstock-Crighton equation [Brunnhuber & Jordan 2016],
[Blackstock 1963], [Crighton 1979]

(0r — al) <1§)tt — C2A’l;9 — bA'LS‘)t) —rAyY; = — (2A 5 (1/) )+ \V’Lb|2>

tt

a= P .thermal conductivity

e Jordan- Moore-Glbson-Thompson equation [Jordan 2009, 2014],
[Christov 2009], [Straughan 2010]

B ‘
TYeet + Ve — CzA@' — bAYr = — <2Ac2(Ut)2 + VU‘2>

t

T...relaxation time

o cf. Kuznetsov:

e — AP — bAY; = — (2A >




Models and their Analysis

@ further models:[Angel & Aristegui 2014], [Christov & Christov & Jordan 2007],
[Kudryashov & Sinelshchikov 2010], [Ockendon & Tayler 1983], [Makarov &
Ochmann 1996], [Rendén & Ezeta &Pérez-Lépez 2013], [Rasmussen &
Sgrensen & Christiansen 2008], [Soderholm 2006], . ..

@ resonances, shock waves:[Ockendon & Ockendon & Peake & Chester 1993],
[Ockendon & Ockendon 2001, 2004, 2016],. ..

@ traveling waves solutions:[Jordan 2004], [Chen & Torres & Walsh 2009],
[Keiffer & McNorton & Jordan & Christov, 2014], [Gaididei & Rasmussen &
Christiansen & Sgrensen, 2016],. ..

@ well-posendness and asymptotic behaviour:
for KZK: [Rozanova-Pierrat 2007, 2008, 2009, 2010]
for Westervelt, Kuznetsov, Blackstock-Crighton, JMGT:
based on semigroup theory and energy estimates:[BK & Lasiecka 2009, 2012],
[BK & Lasiecka & Veljovi¢ 2011], [BK & Lasiecka & Marchand 2012], [BK &
Lasiecka & Pospiezalska 2012], [Lasiecka & Wang 2015], [Liu & Triggiani
2013], [Marchand & McDevitt & Triggiani 2012], [Nikoli¢ 2015], [Nikoli¢ & BK
2016]
based on maximal L, regularity:[Meyer & Wilke 2011, 2013], [Meyer &
Simonett 2016], [Brunnhuber & Meyer 2016], [BK 2016]




Setting

consider:

Westervelt / Kuznetsov / Jordan-Moore-Gibson-Thompson /
Blackstock-Crighton on some domain Q C RY

+boundary conditions on 92

+initial conditions at t =0

e.g.
U — 2Au — bAu; = —g(uz)tt in Q
ou
= g on 0Q
u(t=0)=up, u(t=0)=u in Q

where u ... pressure
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Degeneracy

e.g., for Westervelt (u ... pressure)

Uty — C2AU — bAUt = —é(u2)tt




Degeneracy

e.g., for Westervelt (u ... pressure)

U — C2AU — bAUt = —é(u2)tt = —ku U — k(Ut)z




Degeneracy

e.g., for Westervelt (u ... pressure)

U — C2AU — bAUt = —é(u2)tt = —ku U — k(Ut)2

(1 + ku)ug — ?Au — bAuy = —k(uz)?




Degeneracy

e.g., for Westervelt (u ... pressure)

U — C2AU — bAUt = —é(u2)tt = —ku U — k(Ut)2

(1 + ku)ug — ?Au — bAuy = —k(uz)?

x|

= degeneracy for u < —




Degeneracy

e.g., for Westervelt (u ... pressure)

U — C2AU — bAUt = —%(u2)tt = —ku U — k(Ut)2

(1 + ku)ug — 2 Au— bAuy = —k(uz)?

1
= degeneracy for u < —¢

similarly for Kuznetsov, Jordan-Moore-Gibson-Thompson,
Blackstock-Crighton.




Degeneracy

e.g., for Westervelt (u ... pressure)

U — C2AU — bAUt = —%(uz)tt = —ku U — k(l.lt)2

(1 + ku)ug — 2 Au— bAuy = —k(uz)?
= degeneracy for u < —%

similarly for Kuznetsov, Jordan-Moore-Gibson-Thompson,
Blackstock-Crighton.

~+ employ energy estimates to obtain bound on u in
C(0, T; H3(Q))

~~ use smallness of v in C(0, T; H3(Q)) and H2(Q) — Lo(Q)
embedding to guarantee 1 4+ ku > a > 0




Degeneracy

e.g., for Westervelt (u ... pressure)

U — C2AU — bAUt = —%(uz)tt = —ku U — k(l.lt-)2

(1 + ku)ug — 2 Au— bAuy = —k(uz)?
= degeneracy for u < —%

similarly for Kuznetsov, Jordan-Moore-Gibson-Thompson,
Blackstock-Crighton.
~ employ energy estimates to obtain bound on v in
C(0, T; H3(Q))
~~ use smallness of v in C(0, T; H3(Q)) and H2(Q) — Lo(Q)
embedding to guarantee 1 4+ ku > a > 0

~~ fixed point argument
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Lithotripsy: Focusing Principles

Axis of Rotation

 Focus
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Lithotripsy: Focusing Principles
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Lithotripsy: Focusing Principles

@ interface coupling between
fluid Q_ (nonlinearly acoustic) and
Axis of Rotation

Focus

lens Q4 (linearly acoustic or elastic)
Q=Q uUQy, 2 NQ =0

Mcrﬁbmnc Rubber

e
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Lithotripsy: Focusing Principles

@ interface coupling between
fluid Q_ (nonlinearly acoustic) and
Aolsof Botion lens Q4 (linearly acoustic or elastic)
Q=Q_UQ,, Q_NQ, =0

o No global H?(Q) regularity!




Lithotripsy: Focusing Principles

@ interface coupling between
fluid Q_ (nonlinearly acoustic) and
Asotaation lens Q4 (linearly acoustic or elastic)
Q= UQ,, Q. NQ, =10
o No global H?(Q2) regularity!

e How to control L*°(2) norm of u?




Lithotripsy: Focusing Principles

@ interface coupling between
fluid Q_ (nonlinearly acoustic) and
B s lens Q4 (linearly acoustic or elastic)

Focus

Q=Q uUQy, 2 NQ =0
o No global H?(Q2) regularity!
@ How to control L*°(2) norm of u?

@ Introduce p-Laplace damping
(power law fluids / regularization)
and use WPTL(Q) — Loo(Q)
embedding




Lithotripsy: Focusing Principles

@ interface coupling between
fluid Q_ (nonlinearly acoustic) and
B s lens Q4 (linearly acoustic or elastic)

Focus

Q=Q uUQy, 2 NQ =0
o No global H?(Q2) regularity!
@ How to control L*°(2) norm of u?

@ Introduce p-Laplace damping
(power law fluids / regularization)
and use WPTL(Q) — Loo(Q)
embedding

(1+ ku)ug — c?Au — bdiv <Vut+(5\Vut\P_1Vut) = —k(ut)z,




Monodomain Formulations for Coupling: Acoustic-Acoustic
(1 + ku)ue — div(%Vu)
— div (b(l + 5|vUt|P*1)vUt) = (),
where
@ u ...pressure

e \=oc? ...bulk modulus

@ A\ o, k,b,d piecewise constant
@ byk=0on Q4




Monodomain Formulations for Coupling: Acoustic-Acoustic
(1 + ku)ug — div (%VU)
— div (b(l + 5|vut|f’*1)vut) = —k(up)?,

where
m @ u ...pressure

e \=oc? ...bulk modulus

@ A\ o, k,b,d piecewise constant
@ byk=0on Q4
interface conditions:

o trr(ulq ) =trr(ulq,)
i.e., continuity of pressure in a trace sense
° fr{mﬂ_ - mm}y vds=0 Yve H{(Q)
where v, := %Vu +b (1 + 6|Vut|p_1>Vut
i.e., continuity of (modified) normal velocity in a varia

jational
«E>»

)

€nse.

>



- . 1
Vi — div——
OVit 1+ ke

Monodomain Formulations for Coupling: Acoustic-Elastic
\Vsv

. div((l + 0|V svePY) [b]VSVt) —0
where

° V:V¢+Vx;\'...velocity

@ o, [A], k,[b], 0 piecewise constant
@ [bl,k=0on Q4



OVt —

Monodomain Formulations for Coupling: Acoustic-Elastic
Vi VY

where

. d|v((1 + 5\V5\7t|p’1)[b]vsvt> —0
ov=Vy+VxA

A .. . velocity
@ o, [A], k,[b], 0 piecewise constant
@ [bl,k=0on Q4

o trr(Vla ) = trr(Vlo,)
° fr{UV‘Q

i.e., continuity of velocity in a trace sense

interface conditions

av|9+}y Wds=0 Ve (HY(Q))?
v

where o, := [A\|VsV + (L + §|Vsvie [P~ 1) [b] Vst

i.e., continuity of (modified) normal stresses in a variational sense

«AO0> 4F» «Z» « >

24



Monodomain Formulations for Coupling: Acoustic-Elastic

- div((l + 5\vsvt|f’*1)[b]vsvt) =0

v where

e v=VyY+V x A ... velocity
@ o, [A], k,[b], 0 piecewise constant
@ [bl,k=0on Q4

interface conditions:

o trr(Vln_) = trr(Vla,)
i.e., continuity of velocity in a trace sense
° fr{o—v\g_ - aV|Q+}17v_|}ds =0 VW e (HY(Q))
where o, := [A\|VsV + (1 + §|Vsia|P71)[b] Vi
i.e., continuity of (modified) normal stresses in a variational sense.
[Brunnhuber & BK & Radu 2014, Nikoli¢ 2015, Nikoli¢ & BK 2015, 16]

P AE>» «E>»




time integration




Westervelt Equation: Motivation for Operator Splitting

Yee — DY — bAY, + K(¢)? =0
L + I~ P AY—bAY, + K(1h)2 =0




Westervelt Equation: Motivation for Operator Splitting

Vet — AP — bAP: + 5(1); =0
30u + 3vu—AY—bAY; + 5(ve); = 0
wave equation:
%wtt - C2A¢ =0

nonlinear heat equation (p = v):

3P — bAp+ 5(p*)e =0

additive splitting [Espedal Karlsen, 2000]




Westervelt Equation as a Nonlinear Evolutionary System

b c?

T Ay — ——
(ars 1+ ko (r 1+ ki

Ay =0

+ homogeneous Dirichlet boundary conditions
+ initial conditions




Westervelt Equation as a Nonlinear Evolutionary System

b c?
= A= —
1+ ke Ve 1+ ke

+ homogeneous Dirichlet boundary conditions
+ initial conditions

Ve Ay =0

abstract Cauchy problem for u: [0, T] — X : t — u(t)

{ ue(t) = F(u(t)), te(0,T]

<$t(('-’, tr))> :

b <
1+k v

F9= () sua 2y ) = (2omas 50myas) ()

where F : D(F) — X (quasilinear) b(v) = 2, ¢*(v2) =




Time-Splitting Methods

ue(t) = F(u(t)),  t€(0,T], (1)
u:[0, T] = X Banach space (X, || X]-).
splitting:
F=A+B

efficient numerical solvers available for subproblems
w(t) = Av(), wie)=B(w(t)), te(,T]. (2)
e.g., first-order Lie—Trotter splitting method:

up = y/:(h, UO) = é"B(h, éaA(h, UQ)) ~ u(h) = g/:(h, U(O)) s

&F,&n, EB . .. evolution operators for subproblems (1) and (2).




Time-Splitting Methods

ue(t) = F(u(t)), te(0,T], (1)
u:[0, T] = X Banach space (X, || X]-).
splitting:
F=A+B

efficient numerical solvers available for subproblems
ve(t) = A(v(t)), welt) = B(w(t)), te (0, T]. (2)
e.g., first-order Lie—Trotter splitting method:
uy = Sr(h,uo) = E(h, Ea(h, ug)) ~ u(h) = &¢(h, u(0)),

&F,&n, EB . .. evolution operators for subproblems (1) and (2).

higher order splitting methods, e.g., Strang




Decompositions for Westervelt

Flv) = <’E(V2)sz +2(w) An

Decomposition I:

A = (E(Vz‘;zAW)

0
B(V) - (Ez(VQ) Avl

)

V2

> F=A+B
Decomposition |l:

A(v) = ('E(V%ZI)VZV2>

Blv) = (52(32‘)/2“1)

Decomposition Il1:

Ay = (E(V;))sz)

B(v) = (Ez(VS Avy

)

Decomposition VI:

A(v) =

(E(vz) Avy — /?vz () Avl)




Decompositions for Westervelt

Vo B
Flv) = <’E(VQ)AVZ+E2(VQ)AV1> F=At+B

Decomposition I: Decomposition Il:

A(v) = (E(V;sz) Alv) = ('E(V%zl)vavz>
o () - ()

Decomposition Il1: Decomposition VI:

Ay = (lN)(v2())sz> A= (E(V2)AV2 - I?V? EZ(Vz)Avl)

500 = (2 a) | 200 (22,,)

[BK & Nikoli¢ & Thalhammer 2014]




Decomposition I:

subproblems to be solved:

A- { wlt(x7 t) = w2(X7 t):

th(X? t) = A\I”2(X7 t):

b
1+k Wa(x,t)
nonlinear diffusion equation for second component WVy;

plain time integration to obtain first component W; from W,

5 { Vi, (x,t) =0,

Vor(x, t) = mAwl(X t),

first component W, remains constant;
explicit representation for second component:

Walx, 1) = (1 /(14 kWa(x,0))% + 22k ¢ AW (x,0) )




Numerical Experiments

1-d Test problem:
unit parameters:

b=1, ?=1, k=-1,
homogeneous Dirichlet conditions :
P(—a, t) =0=1(a,t), tel0,T],

regular initial conditions:

¥(x,0) = exp(—x?), e(x,0) = —x exp(—x?), x € [—a, a].

a=38, T=1




o |/~ Lie-Trotter (Explicit Euler) o ||~ Lie-Trotter (Explicit Euler)
10 i éie-‘l'rot(tgr (Ilmpl;::: g;:ler) 10 i éie-Trot(t;r (|| mpl;::: E;Jler)
trang (Explicit trang (Explicit
—<— Strang (Crank-Nicolson) . —<~ Strang (Crank-Nicolson)
5 g
o o
% 10° 3
5 ¥ 8
107 1079
10° 10° 10" 10° 10°
Time stepsize Time stepsize

Local (left) and global (right) errors for the Lie—Trotter and Strang
splitting methods with respect to the L2 x L2-norm obtained for
Decomposition |. Comparison of different time integration methods
for the numerical solution of the subproblems.




~- Lie-Trotter (Explicit Euler)
10" || -A-Lie-Trotter (Implicit Euler)
—b- Strang (Explicit RK 2)
—<— Strang (Crank-Nicolson)

o || =9 Lie-Trotter (Explicit Euler)
10" || -A-Lie-Trotter (Implicit Euler)
—b- Strang (Explicit RK 2)

—<— Strang (Crank-Nicolson)

&G

Local error
3,
oy
Global error
3
&

10

10" 10

N 10° 10" 10° 10
Time stepsize Time stepsize

Local (left) and global (right) errors for the Lie—Trotter and Strang
splitting methods with respect to the H3 x H-norm obtained for
Decomposition |. Comparison of different time integration methods
for the numerical solution of the subproblems.




nonreflecting boundary conditions




Sound-Hard versus Absorbing Boundary Conditions




Sound-Hard versus Absorbing Boundary Conditions




Sound-Hard versus Absorbing Boundary Conditions




Sound-Hard versus Absorbing Boundary Conditions




Sound-Hard versus Absorbing Boundary Conditions




Sound-Hard versus Absorbing Boundary Conditions




Absorbing Boundary Conditions for the Wave Equation

o 1-dim. linear case: Ut — 2y = 0 on [—1,1]

(at — Cﬁx)(ﬁt —+ C(?X)u = ((9[- + Cax)(at — c@x)u =0




Absorbing Boundary Conditions for the Wave Equation

o 1-dim. linear case: Ut — 2y = 0 on [—1,1]

(at — Cﬁx)(ﬁt + C(?X)u = (8{- + Cax)(at — c@x)u =0
annihilate reflected waves:

(0 —cOx)u=0atx=—-1 (Ot +cox)u=0atx=1




Absorbing Boundary Conditions for the Wave Equation

o 1-dim. linear case: Ut — e = 0 on [—1,1]
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annihilate reflected waves:
(0 —cOx)u=0atx=—-1 (Ot +cox)u=0atx=1

o d-dim. linear case: U — c2Au=0in Q CRY

Up = —%ut on 0Q




Absorbing Boundary Conditions for the Wave Equation

o 1-dim. linear case: Ut — e = 0 on [—1,1]
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(0 —cOx)u=0atx=—-1 (Ot +cox)u=0atx=1
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u, = _%Ut on 02 ~~ decreases energy




Absorbing Boundary Conditions for the Wave Equation

o 1-dim. linear case: Ut — e = 0 on [—1,1]

(0 — cOx)(0r + cOx)u = (Or + cOx)(0r — cOx)u =0
annihilate reflected waves:
(0 —cO)u=0atx=-1 (Ot +cox)u=0atx=1
o d-dim. linear case: U — c2Au=0in Q CRY

U, = _%Ut on 92  ~ decreases energy

@ 2-dim. nonlinear case:
(1 + ku)uge — ?Au — bAuy = —k(u)? in Q C R?

zero order: u, = —%\/1 + ku uy on 002
first order: v, — —%\/ 1+ ku ug + 2%\/ 14 kuugye + ... on 09




Absorbing Boundary Conditions for the Wave Equation

o 1-dim. linear case: Ut — e = 0 on [—1,1]

(0r — cOx)(0: + cOx)u = (0t + cOx)(0r — cOx)u =0
annihilate reflected waves:
(0 —cO)u=0atx=-1 (Ot +cox)u=0atx=1
o d-dim. linear case: U — c2Au=0in Q CRY
up, = —%ut on 02 ~ decreases energy

@ 2-dim. nonlinear case:
(1 + ku)ug — c®?Au — bAu; = —k(up)? in Q C R?

zero order: u, = —%\/1 + ku uy on 002
first order: v, = —%\/ 1+ ku ug + Tlc\/ 14 kuugye + ... on 09

(formal) pseudodifferential calculus to decompose differential operator
+ energy estimates




Absorbing Boundary Conditions for the Wave Equation

o 1-dim. linear case: Ut — e = 0 on [—1,1]

(0r — cOx)(0: + cOx)u = (0t + cOx)(0r — cOx)u =0
annihilate reflected waves:
(0 —cO)u=0atx=-1 (Ot +cox)u=0atx=1
o d-dim. linear case: U — c2Au=0in Q CRY
up = —%ut on 02 ~~ decreases energy

@ 2-dim. nonlinear case:
(1 + ku)ug — c®?Au — bAu; = —k(up)? in Q C R?

zero order: u, = —%\/1 + ku uy on 002
first order: v, = —%\/ 1+ ku ug + 2%\/ 14 kuugye + ... on 09

(formal) pseudodifferential calculus to decompose differential operator
+ energy estimates [BK&Shevchenko 2015, 2016]. _,




Numerical Experiments




TZnloo

(a) reference solution (b) ABChn, (d) ABCfﬁO (e) ABC2 !
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Lithotripsy: Focusing Principles

Axis of Rotation

Axis of Rotation
: Focus

Focus

Coil

Membrang R00°F

T
~~ shape optimization of the

acoustic lens

Piczoceramic-Disc
~~ shape optimization of the

piezo mosaic/
optimal control of the

excitation signal
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Shape Optimization of Acoustic Lens

( T Q
min / /(u— ug)? dx ds
uel?(Qx[0,T])
subject to
Lk 1y — div(%Vu) —div(b(1 + 6| Vue |9 Vi) = —X(up)?

in Q+ uQ_
[uf=0 onl =004
(18w 4 b3m 4 bolVulo 5] =0 onT =00,

o 0ny

u=0 on 9N

L (v, ur)[t=0 = (w0, u1)

\ = )\+ in QJ’_ o 0+ in QJ’_ b= b+ in Q+ Kk — k+ in Q+
“leines T leeinas 7 \beins T ko ines




Shape Optimization of Acoustic Lens
Q Q

method of mappings:

F:=id+ 7h, forT € R.

Eulerian derivative of J at Q+ in the direction of the vector field h
dJ(u,Qy)h = I|m —(J(uT,Q+T) J(u,Qy)),
Strong shape derivative (DeIfour—Hadamard—ZoIésio Structure Thm)

.
dJ(u, Q4 )h = / /[[*%(1 + ku)upp — 1Vu -Vp — b(1+68|Vu " HVu: - Vp
o Jr

_k 2 04 0p a1y Qe Op.
NCONAS b e CRL AL C A ooy
+b3(q —1)|Vue| > (Ve - Vp)’ Our ]] h"n, dxds.
8n+

with p ...adjoint state




Shape Optimization of Acoustic Lens
Q Q

method of mappings:

F:=id+ 7h, forT € R.

Eulerian derivative of J at Q+ in the direction of the vector field h
dJ(u,Qy)h = I|m (J(uT,Q+T) J(u,Qy)),
Strong shape derivative (DeIfour—Hadamard—ZoIésio Structure Thm)

.
dJ(u, Q4 )h = / /[[71(1 + ku)upp — 1Vu -Vp — b(1+68|Vu " HVu: - Vp
o Jr

K, 200 00 o1y O Op
(Pt 2 S 2b(1 48|V S
+ b3(q — 1)V |73 (Vue - vp)| 24 ]]th+ dx ds.
8n+

with p ...adjoint state  [Nikoli¢ & BK 2016, Peichl & BK 2016]
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Axis of Rotation
Focus

Optimal Boundary Control of Piezoarray

Fluid

-

grreﬁgn / /(u — ug)? dx ds s.t.
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uel?(Qx[0,T]) @

(]. + kU)Utt — C2AU — bAUt = —é(ut)z

in Q

Piczoceramic-Disc

(pg) %:gonr

%:—uton oQN\T

(u, ut)|e=0 = (uo, u1)

conventional approach:
define control-to-state map S : g — u solution to (Pg), consider

. 2
— dx d
;z'gz:/ / (g) — ua)” dxds

avoid degeneracy < u = S(g) small < g smaII




Axis of Rotation
Focus

Optimal Boundary Control of Piezoarray

Fluid

-

grreﬁgn / /(u — ug)? dx ds s.t.
ad

uel?(Qx[0,T]) @

(]. + kU)Utt — C2AU — bAUt = —é(ut)z

in Q

Piczoceramic-Disc

(pg) %:gonr

%:—uton oQN\T

(u, ut)|e=0 = (uo, u1)

conventional approach:
define control-to-state map S : g — u solution to (Pg), consider

. 2
— dx d
;z'gz:/ / (g) — ua)” dxds

avoid degeneracy <= u = S(g) small < g small ~~ too restrictive!
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Optimal Boundary Control of Piezoarray

; T F]uld'
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in Q

\
Piczoceramic-Disc
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\ | (u; ut)]e=0 = (uo, 1)




xis of Rotation
Focus

Optimal Boundary Control of Piezoarray

( T
min / /(u — ug)? dx ds s.t.
£€Gad 0 Q

uel?(Qx[0,T])
(1 + kU)Utt — C2AU — bAUt = —é(ut)2
in Q

Fluid

Piczoceramic-Disc

P {2 =gont
%:—utonﬁﬂ\r

\ | (u; ut)]e=0 = (uo, 1)

alternative approach:
add state constraint u(x) > —0.99/k Vx e Q

[Clason & BK 2015]




Numerical Experiments

1 2 |« 2
J(a,u) = 5 lu— uqlli> + 5 lgllz2

MEMS model, static PDE — Au 4+ 8% _¢
(14 u)?

Q=(0,1)2, a =10"°, 64 x 64 grid.




Numerical Experiments: conventional approach

impose control constraints: ||g||;» < 0.14815
to guarantee well-definedness of control-to-state map

optimal control g optimal state u




Numerical Experiments: alternative approach

impose pointwise state constraints: u(x) > —0.99
to avoid singularity

optimal control g optimal state u




Comparison: with vs without control-to-state map

0
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-0.8

-0.9 1

-1

Cross sections of states for conventional (dashed)
and alternative (dash-dotted) approach,
as well as target uy (solid) and bound —0.99 (dotted)




Outlook

@ implementation of shape optimization using isogeometric FE
(Vanja Nikoli¢, Linus Wunderlich, TU Miinchen)

@ modeling and analysis: temperature coupling, cavitation,
fractional order damping

@ consider first order system of conservation laws;
space-time adaptive FE




Thank you for your attention!
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