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Preface

The theory of dynamical systems is a well-developed and successful mathemat-
ical framework to describe time-varying phenomena. Its wide area of applica-
tions ranges from simple predator-prey models to complicated signal transduc-
tion pathways in biological cells, from the motion of a pendulum to complex cli-
mate models in physics, and beyond that to further fields as diverse as chemistry
(reaction kinetics), economics, engineering, sociology or demography. In partic-
ular, this broad scope of applications has provided a significant impact on the
theory of dynamical systems itself, and is one of the main reasons for its popular-
ity over the last decades.

As a general principle, before abstract mathematical tools can be applied to
real-world phenomena from the above areas, one needs corresponding models.
From a conceptional level, in developing such models one distinguishes an ac-
tual dynamical system from its surrounding environment. The system is given in
terms of physical or internal feedback laws yielding an evolutionary equation.
The parameters in this equation describe the current state of the environment.
The latter may or may not be variable, but is assumed to be unaffected by the
system.

For classical autonomous dynamical systems the basic law of evolution is static
in the sense that the environment does not change with time. However, in many
applications such a static approach is too restrictive and a temporally fluctuating
environment favorable:

¢ Parameters in real-world situations are rarely constant over time. This has var-
ious reasons, like absence of lab conditions, adaption processes, seasonal ef-
fects, changes in nutrient supply, or an intrinsic "background noise".

¢ On the other hand, sometimes it is desirable to include regulation or control
strategies into a model (e.g. harvesting, dosing of drugs, stimulating chemicals
or catalytic submissions) and to study their influence.

Consequently, in reasonable models adapted to and well-suited for problems
in temporally fluctuating environments, the evolutionary equations have to de-
pend explicitly on time. But also within the autonomous theory, time-dependent
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problems occur naturally: The investigation of a nonconstant solution ¢ to the
autonomous ODE x = f(x) leads to the equation of perturbed motion

i= f(x+p(0) - fp(2),

which is clearly nonautonomous.

In order to study such realistic problems from applications as well as from
mathematics, the classical theory of dynamical systems has to be extended. In-
deed, one has to dismiss certain classical concepts known from the autonomous
theory. This should be illustrated by the following examples:

Example 0.0.1. The scalar autonomous ODE
X=fix):=—-x (0.0a)

has the general solution ¢(t,7,¢) = " '¢ for all 1, € R and induces the flow
O(t,8) = e”'¢. Its unique equilibrium x* = 0 can be obtained from fi(x*) =0 and
D fi(x*) = —1 < 0 guarantees its asymptotic stability. Moreover, for every ¢ € R one
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Fig. 0.1 Solution portraits of the equations (0.0a) (left) and (0.0b) (right)

Now we perturb (0.0a) with an inhomogeneity decaying to 0 exponentially in
time and obtain
= folt,x):=-x+e . (0.0b)

As opposed to (0.0a), this equation is nonautonomous and has the general solution
o(t,1,8) = te""—e" " (re " = &) for all 7,¢ € R. There are no equilibria (constant
solutions) and the function x*(t) = e~ " obtained from f»(t, x*(t)) = 0 is obviously
not a solution to (0.0b). Yet, every solution to (0.0b) is asymptotically stable. Due to
the limit relation

}H&‘W’T’a =0 forallt,eR
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a naive definition of (forward) limit sets yields w(t,¢) = {0}. This set, however, is by
no means invariant w.r.t. (0.0b).

The above example motivates two questions: (1) What is a nonautonomous
counterpart of an equilibrium? (2) How can one define limit sets, which are in-
variant?

Furthermore, Ex. 0.0.1 allowed to determine stability properties using eigen-
values. In general, this is not possible, as the following periodic example illus-
trates:

Example 0.0.2. We consider the linear ODE

x=A()x, A(r) = (0.0c)

—1—-2cos(4t) 2+2sin(4t)
—2+2sin(4t) —1+2cos(4t))’

whose coefficient matrix satisfies 0 (A(t)) = {—1} for all t € R. This property, how-
ever, does not guarantee the (asymptotic) stability. In fact, (0.0c) is unstable, since
it possesses the unbounded solution

sin(21) )

_ b
p=e (cos(Zt)

The goal of this class is to tackle the above problems and to present adequate
solutions.

Miinchen, July 29, 2011 Christian Potzsche
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Chapter 1
Basics

Young man, in mathematics you don'’t understand things. You just get used to
them.
John von Neumann

We try to present the theory of discrete and continuous dynamical systems in a
parallel fashion. Thereto, it is useful to introduce the notation T for the time axis,
which is one of the sets Z, R and we define its nonnegative part

Ty:={teT:t=0}.

Note that T and T are additive ordered semigroups.

1.1 Autonomous dynamical systems

In this section, we suppose X is a metric (or topological) space.
The solutions of autonomous ordinary differential equations

and difference equations
X1 = f(xr) (1.1b)

are translational invariant in time. This means, given a solution ¢, also the shifted
function ¢ (7 +-) resp. sequence ¢, T € T, is again a solution. Thus, it suffices to
restrict to the initial time 0. An abstraction of this solution concept led to

Definition 1.1.1 (dynamical system). A semidynamical systemis a family of
mappings ¢, : X — X, t € T, satisfying

(i) ¢o =1idx (initial value condition)
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() ¢r+s=pspsforalls,te T, (semigroup property)
(iii) (f,x) — ¢;(x) is continuous.

In case the above conditions hold with the semiaxis T, replaced by T one
speaks of a dynamical system, for a continuous system it is T = R and for a
discrete system one has T = Z.

Remark 1.1.2. (1) We frequently use the convenient notation ¢;ps = ¢; o s, al-
though ¢ is not assumed to be linear. Similarly, we sometimes write p(t, x) = ¢ x.

(2) For dynamical systems, the mapping ¢;: X — X, t € T, is a homeomorphism
with inverse (pt’l =¢_;.

Example 1.1.3 (time shift). If X =T, then ¢st:=t+ s is a dynamical systemon T.

Example 1.1.4 (continuous dynamical system). Let X = R?, suppose that f : R? —
R is locally Lipschitz continuous and that all solutions to the autonomous ODE
(1.1a) exist on R; the latter assumptions hold for linearly bounded right hand sides
[, i.e. there exist a,b = 0 with || f(x)|| < a+ bllx| for all x € R (cf. [Aulo4)). If ¢
denotes the general (time-independent) solution to (1.1a), which means that ¢(-,¢)
satisfies the initial condition x(0) = £, £ € R?, then ¢ : R x R — R? is a continuous
dynamical system on RY.

Example 1.1.5 (discrete dynamical system). Suppose f : X — X is a continuous
mapping. The forward iterates’ o, =f L&), t=0, ie. the forward solutions to
(1.1b) define a discrete semidynamical system ¢ :Z . x X — X. If f is a homeomor-
phism, then the iterates yield a discrete dynamical system ¢ : Z x X — X.

Example 1.1.6 (cocycles). We consider autonomous ordinary differential resp. dif-
ference equations

. (1.1c)
x=g(p,x) Xtr1 = 8(pr, xe)

{p=f(p), { pee1=f(po),
with variables p € R", x € R and mappings f,g satisfying global existence and
uniqueness of forward solutions. Then (1.1c) generates a semidynamical system ¢
onR" x R which can be written in component form as

0(t, po) )

¢(t, po, Xo) = (/l(t, 10, X0)

with initial condition ¢(0, po, Xo) = (po, Xo). We point out two important aspects in
this formulation: First, the p-component in (1.1c) generates an independent semi-

! the iterates of a mapping f : X — X are defined recursively via
fO:=idy, fi*l:=fof! forall teNy;

in case f is bijective, one sets £~ := (f~1)’ for £ € Ny.
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dynamical system 0 on R" of its own right; in particular it fulfills the semigroup

property
O(t+s,po) =0(t,0(s,py)) forallt,s=0, pgeR". (1.1d)

Second, the semigroup property of ¢ can be represented as

0(s,0(t, po)) ) (1.1d) ( 0(t+ s, po)

At +s, po, Xo) Alt+s, po,xo)) = Pt+5, po, Xo) = $Ls, {1, Po, Xo))

:( 65,611, po)) )
/I(S»g(t,PO);A(I,PO;XO))

yielding the cocycle property
At + s, po, Xo) = A(s,0(t, po), AL, po, Xo)) foralls,t=0, poeR", xp € RY.

Remark 1.1.7 (Warning!). One often encounters the remark that every nonauto-
nomous equation x = g(t, x) resp. xy+1 = g(t, x;) can be written as an autonomous
equation by considering t as a state space variable; this means one chooses p = 1
resp. pr+1 = pr+1in(1.1c). From a dynamical systems point of view this approach
is useless, as well as pointless for the following reasons:

* Theresulting equation (1.1c) has no equilibria
e every solution to (1.1c) is unbounded
* thus, all the limit sets (and attractors) are empty.

Example 1.1.8. Let X = BC(T, [Rd) denote the Banach space of all bounded con-
tinuous functions x : T — R? equipped with the natural norm

x|l ;== sup|x(£)].
teT

On the infinite-dimensional space X we define the shift operator
¢ix:=x(t+-) forallteT

and obtain that ¢ : X — X defines a dynamical system on X.

Further examples of continuous semidynamical systems on infinite-dimen-
sional Banach spaces are the solution operators to functional and delay differen-
tial equations (itis X = C[—1,0], cf. [HVL93]), or of semilinear parabolic equations
(where X is an ambient Sobolev space, cf. [Hen81]).

1.2 Nonautonomous dynamical systems and examples

Let P and X be nonempty sets. We consistently use the notation

X =PxX
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and a subset . € & is called nonautonomous set with p-fiber (see Fig. 1.1)
Fp)={xeX: (px)eF} forallpeP

Throughout these notes, calligraphic letters (¥, % and so on) denote nonauto-
nomous sets. The cartesian product of two nonautonomous sets .41, % < & is
defined to be the following set of triples

FAAxF:={(p,x1,%) e Px X x X: x1 € A(p), X2 € A(p)}.

Accordingly, inclusions, intersections or unions of nonautonomous sets are de-
fined fiber-wise. Sometimes it is convenient to identify a function p: P — X with

its graph {(p, u(p)) : p € P}.

TX

p
Fig. 1.1 A nonautonomous set.¥ and the p-fiber #(p)

If (X, d) is a metric space, then . is said to be open, closed, compact (or an-
other topological property), if every fiber #(p), p € P, is open, closed or compact
etc., w.r.t. the topology given on X. We write cl.# := {(p,x) € Z : x € cl.¥(p)} for
the closure of ¥ and proceed analogously with the interior int.# or the boundary
bd.#. A nonautonomous set .%¥ in metric spaces X is called bounded, provided
each fiber #(p), p € P, is bounded. In metric linear spaces (X, d) we denote & as
uniformly bounded, if there exists a R > 0 so that one has

| ()| := sup d(x,00<R forallpeP.
xe&(p)

For finite sets P the notions of a bounded and a uniformly bounded nonautono-
mous set coincide. A neighborhood of . is a nonautonomous set containing a
so-called €-neighborhood

Be(F):={(p, &) e X : dist(¢, F(p)) < €}

with some given ¢ > 0; in metric linear spaces we abbreviate %, := %, (0).

2 the distance of a point ¢ € X to a set S € X is defined as dist(¢, S) := infyes d(&, x).
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A vector bundle® is anonautonomous set . with every fiber # (p), p € P, being
a linear space. For vector bundles &1, Z, € & we define

X+ % ={p,0) eX: xcX1(p)+ X (p)},
XioZ={p,0)eX: xeX1(p) e X(p)}

and the latter expression is denoted as Whitney sum of & and &>. Trivial exam-
ples of vector bundles are the zero bundle resp. the extended state space

O := P x {0}, X =PxX.

An abstract nonautonomous dynamical system consists of two components, a
driving system modeling the nonautonomy and a so-called cocycle (see Fig. 1.2):

Definition 1.2.1 (nonautonomous dynamical system). A nonautonomous
dynamical system (NDS for short) is a pair of mappings (6, 1) with the fol-
lowing properties:

(i) The baseflow6,:P — P, t €T, satisfies the group property
6y =idp, O0:+s=0.05 forallt,seT, (1.2a)
() A:T; x Px X — X satisfies the cocycle property
A0, p) =idy, At +s,p) = A(t,05p)A(s, p) (1.2b)

for all t,s € T, p € P. We denote the set X as state space, P as base space
and & = P x X as extended state space. If the semiaxis T, can be replaced
by T in (ii), one speaks of an invertible NDS.

Remark 1.2.2. (1) If P is a singleton, X a topological space and A is continuous in
the last variable, then Def. 1.2.1 reduces to the usual definition of a semidynamical
system (cf- Def. 1.1.1).

(2) Given topological spaces P, X one speaks of a continuous NDS, if the map-
ping (t,x) — A(¢, p, X), p € P, is continuous. Given a linear space X overK, alinear
NDS fulfills

AL, p,ar1x1 + aax2) = a1 AL, p, x1) + a2A(t, p,x2)  forallay,as €K, x1,x0€ X

andteTy, peP.
(3) For an invertible NDS one has A(t, p)‘1 =A(—t,0;p) forallteT,peP.

3 We refer to [AMRSS, p. 166, Definition 3.4.1] for the general notion of a vector bundle in differ-
ential topology.



6 1 Basics

0.} x X

{0,4sp} x X

Fig. 1.2 A nonautonomous dynamical system (0, 1)

Corollary 1.2.3 (skew-product flow). Let B X be topological spaces. If the
mappings 6 and A are continuous, then ¢ = (0,1) : T xPx X — Px X is
a semidynamical system on P x X, a so-called skew-product semiflow. Ac-
cordingly, invertible NDSs generate skew-product flows.

Proof. Let p € P and x € X. Obviously, the mapping ¢ is continuous and satisfies

[ 6Gop Naza( p Jam(p
¢(0,P,x)—(a(0’90p,x)) = (A(O,p,x)) = (x'

On the other hand, one obtains

—_ _ 0;95;7
O,d(s, p, 0) = $(1,05p,Als, p, X)) = (A(z,esp,us, p, x))
Or+sp (1.2a)
“We+sp 0] T ¢(t+s,p,x) foralt,seT,
and therefore the claim. O

In Ex. 1.1.6 we have seen one possibility to construct NDSs. Next we illustrate
that the concept is in fact significantly broader:
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1.2.1 Processes

Let [ denote a T-interval, i.e. the intersection of T with a real interval.
Among the several approaches to describe the dynamics of nonautonomous
evolutionary equations, probably the most straight-forward one is given as

Definition 1.2.4 (process). A family of mappings ¢(¢,5) : X — X, s,t €,
s < tis called a process or a 2-parameter semigroup on X, if it satisfies

o(t,7) =idy, o, s, 1) =@(t,7) forallt<s<t. (1.2¢)

A 2-parameter group satisfies (1.2c) for all 7, s, f € T.

X

Fig. 1.3 2-parameter semigroup property of p(¢,7): X - X, 1< ¢

Remark 1.2.5. For a2-parameter group the mapping ¢(t,7) : X — X is invertible
with inverse ¢(t, L= o, 1).

Example 1.2.6 (nonautonomous ODEs). Consider a nonautonomous ODE
X =f(t,x) (1.2d)

with a right hand side f : R x R* — R% guaranteeing global existence and unique-
ness of solutions to initial value problems. Let ¢(t, s,¢) denote the general solution
to (1.2d) which starts at timese R in € I]'\Pd, i.e. ¢(s,s,¢) =¢. Then the mapping
@(t,s,): R4 — R? defines a process on R? withT =R.

From this, an invertible NDS can be constructed as follows: We choose the time
axis T =R, the base space P = R and the time shift0;:R — R, 8;p := t + p as base
flow. If A(¢t, p, x) := @(t + p, p, X), then the pair ¢ = (0, A) is a NDS.

It has the additional properties that (0, 1) is continuous (even differentiable, if
f is differentiable); however, the base space P = R is not compact. In case (1.2d) is
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periodic, i.e. f(t+2m,) = f(t,-) for all t € R, one can choose P = S' and obtains a
compact base space.

Example 1.2.7 (nonautonomous difference equations). Let X be a set. An analo-
gous construction is possible for nonautonomous difference equations

Xee1 = fr (%) (1.2e)

with a right hand side f; : X — X, t € Z. Here, the general solution can be con-
structed explicitly by means of the composition

idX, t= S,

t,8):=
o(69) {ft_IO...OfS, s<t,

which defines a process on X. It induces a NDS with cocycle A(t, p) :== ¢(t+p, p) on
X over the time shift0;: P — P,0;p:=t+ p, t € Z, with noncompact base space
P =7. On ambient spaces (topological, Banach), smoothness properties of f; carry
overto A.

Examples of processes on infinite-dimensional Banach spaces are the general
(forward) solutions of nonautonomous functional differential equations (with
state space X = C[—1,0]) or of evolutionary partial differential equations.

1.2.2 Nonautonomous differential and difference equations

Besides the process formulation, there is another possibility for (1.2d) or (1.2e)
to generate a NDS. The corresponding construction is denoted as Bebutov flow
and based on the fact that whenever x is a solution, then the shifted solution
xT := x(-+ 1) resp. xT := x.;, for some fixed 7 € T, satisfies the respective nonau-
tonomous equation

2= f1(tx0) = ft+71,x(0+ 7)), X1 = Tt x0) 1= frar (Xpar).

With given continuous right hand sides f: T x R? — R? (in case T = Z we write
f(t,x) := f;(x)) we define the hull of f as follows

H(f):=cl{f(t+-,): te T} < C(T xR, RY),

where the closure is taken w.r.t. an ambient topology; a comparison of different
appropriate topologies is given in [Sel71]. One example is the uniform conver-
gence on compact sets given by the metric

P8 pnulf,8) = sup |f(t,%) - g(£,%)].

o0 1
d( ) ):: 2 4
Ig 2" 1+ pu(f, 8) (¢,x)€[—n,n]x By (0)

n=1

Choosing P := H(f) the Bebutov flowreads as 8, : H(f) — H(f),
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0/p:=p(t+--)

and can be shown to be continuous. If A(:, p, x) denotes the solution to & = p(t, x)
resp. Xs4+1 = pr(x;) with A(0, p, x) = x and p € H(f), then (0, 1) defines a NDS.

For right hand sides f being continuous and bounded, uniformly continu-
ous on every set T x K, K < R4 compact, one obtains the additional structure:
P is compact, 6 is continuous and A is continuous. Moreover, A(t, p, -) inherits its
smoothness from the mapping f.

Example 1.2.8 (periodic difference equations). For T-periodic difference equa-
tions (1.2e), TeN, i.e.
fisT=fr forallteZ

the hull H(f) is finite H(f) = {fo, ..., fr-1} and the base space therefore compact.

If more is known about the explicit time-dependence of a nonautonomous
difference equation (1.2e), a compact base space can be obtained as follows:

Example 1.2.9 (finitely many right hand sides). Suppose that the right hand sides
ft in (1.2e) are chosen in some (random) way from a finite number of continuous
mappings gi :R? - R?, i€ (1,...,r}. Then (1.2e) can be represented as

X1 = &i, (X¢)

with i; € {1,...,r} for all t € Z. This difference equation generates a discrete NDS
over the base space P :=1{1,..., L of bi-infinite sequences p = (pr)tez infl,...,r}.
The base flow is given by

0sp=05(pr)rez = (Pr+s)tez

and the cocycle mapping reads as

t=0,

X
AL, p,x) =
P {gpt_lo...ogpo(x) t>0

forallteZ,, x € R? and sequences p = (p;) sz € P. The base space P is a compact
metric space w.r.t.

dp) =Y. r+D7"p - qi

teZ

and (0, L) is continuous.

1.2.3 Delay differential equations

Let r = 0. We consider a delay differential equation

x(@) = f(t,x(), x(t—1))
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in R% with a continuous right hand side being of class C? in the second and third
argument. If we assume that f is bounded and uniformly continuous on every set
of the form R x K x K, K < R4 compact, then the hull P := H(f) becomes compact
w.r.t. the topology of uniform convergence on compact sets.

Let X := C([-r,0],R?). By the standard theory of delay differential equations
(DDEs for short, cf. [HVL93]), for every initial function 1 € X and every g € H(f)
a DDE x(t) = g(t, x(#), x(¢t — r)) admits a unique solution ¢(-, g, up) : R — X satis-
tying ¢(t, g, ug) = up(t) on [—r,0]. We now define

©i(g up)(s):=p(t+s,g,uy) forallt=0,se[-r,0]

and obtain that ¢, is Lipschitz in the first and C! in the second argument. With
the cocycle A(t, p, up) := ¢+(p, up) and the base flow

GtH(f)_’H(f)v Btg::g(t""y';');

this yields a nonautonomous dynamical system (0, 1) on X.
Additional structure: P is compact, 6 is continuous and the cocycle A is con-
tinuous and continuously differentiable in the second argument.

1.2.4 Random differential and difference equations

Suppose that (2, #,[P) is a probability space with sample space Q, o-algebra &
and probability measure PP : & — [0, 1]. A metric dynamical system is a family of
mappings 0;: Q — Q, ¢ € T, with the properties

e fp=idand O;00, =0, forall s, teR,
e (t,w)— 0w is measurable,
e @;isP-invariant, i.e., P(6;B) =P(B) forall te T and Be &.

With a metric dynamical system 6; one denotes
x:f(et‘w)x)r Xt+1 =f(0tw!xt)

as random differential resp. random difference equation. The corresponding so-
lution satisfying the initial condition x(0) = ¢ resp. xo = ¢ will be denoted by
t— A(t,w)¢ and this defines a NDS (6, 1) with the base space P = Q.

Additional structure: P is a probability space, the cocycle A is measurable and
A(, p)é: T — R? is absolutely continuous (cf. [Arn98]).

1.2.5 Control systems

A continuous control system is an ODE of the form
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n
= fo)+ Y uj(0)fjx) (1.2f)

j=1
with C*-functions fy, ..., f,: R4 — R% and control functions
u=(uy,...,uy) €% :={u:R— U locally integrable} < L*°,

where U € R" is compact and convex. For every control function u € % and every
initial value & € R? let A(-, u,¢) denote the unique solution of (1.2f) satisfying the
initial condition A(0, u,¢) =¢.
We define T = R, equip the base space P = % with the weak*-topology* and
obtain a continuous base flow ;1 := u(t+-). Then (8, 1) becomes a NDS on RY,
Additional structure: P = 9 is a compact separable metric space, 0 is continu-
ous and topologically transitive, and the cocycle A is continuous (cf. [CK99]).

Exercises

Exercise 1.2.10. Verify Rem. 1.2.2(3).

1.3 Invariant and limit sets

In this section we introduce a number of notions which are important to describe
and understand the asymptotic behavior of 2-parameter semigroups (processes).
Such notions include invariant and limit sets. Let X denote a nonempty set and
I be a T-interval with associated extended state space & =[x X. Throughout the
section we assume that ¢ is a 2-parameter semigroup.

Definition 1.3.1 (invariant). A nonautonomous set «f € & is called

(@) forward invariant, if and only if ¢ (¢, 7)</ (1) € </ (f) forall T < ¢,
(b) backward invariant, if and only if o/ (t) < ¢(¢,7)</ () forall T < ¢,
(c) invariant, if and only if ¢(¢, 7)</ (1) = </ () forall T < t.

Example 1.3.2. (1) The empty setl x ¢ and ¥ are (forward, backward) invariant.

4 this topology is metrizable with the metric

X1 fplu—v(0),x, (1) dt
d(u,v) = — ,
(@) ,;1 2n l+fR<u(t)— v(t),x, (1)) dt

where {x,},¢n is a countable dense subset of LY(R,RY)
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(2) A function ¢ : | — X in & is called entire motion (for ¢), if one has the re-
lation ¢(t) = @(t,T)P(7) for all t = 1. Then the nonautonomous set ¢ is invariant.
Since we did not assume @(t,T) to be onto, there might not exist an entire mo-
tion satisfying ¢(t) = ¢ for given (1, ) € X . Moreover, without the assumption that
¢(t,7) is one-to-one, there can exist more than one entire motion with ¢(r) =¢.

(3) Let T € T, I unbounded below and «f < % be a nonautonomous set. The
nonautonomous set Y; c X given by the fibers

yLw=Uett-94(t-s)cX foralltel

s=T

is called T -truncated orbit and 7’2«1 the orbit of «. One has the embedding
o gygi,, }/;2 c }/&T; forallTy =T,

and it is easily seen using Def. 1.3.1 thaty; is (forward, backward) invariant, if o«
has the corresponding property.

The next result states that invariant sets consist of entire motions, which is
basically due to the fact that 2-parameter semigroups are onto between the fibers
of an invariant set. These motions, however, need not to be uniquely determined,
since the semigroups are not assumed to be one-to-one.

Proposition 1.3.3. The following assertions are equivalent:

(a) A nonautonomous setof < & is invariant,

(b) < is forward and backward invariant,

(¢) for every pair (z,¢) € o there exists an entire motion ¢ : | — X for ¢ such
thatp(r) = andp < .

The entire motion ¢ is uniquely determined, provided every mapping

@(t,8): X — X isone-to-oneforalls<t. (1.3a)

Proof. The implication (b)=(a) is clear from Def. 1.3.1.

(a)=(c) Let «f be invariant and choose (7,¢) € «f . For t = 7 we define the func-
tion ¢(1) := ¢(t,7)¢ and the invariance of &« yields ¢(#) € «/(t). On the other
hand, for T = ¢ we have </ (1) = ¢(7, 1)</ (¢) and consequently there exist points
x; € o/ (t) with & = (1, £)x;. Thus, we define ¢(#) :=x, fort <7and ¢p:1 - X
is an entire motion with the desired properties. Under (1.3a) the sequence x; is
uniquely given.

(c)=(b) For arbitrary pairs (7,¢) € o/ there is an entire motion ¢ : | — X with
¢(1) =¢in «/. Hence, one has (¢, (¢, 7)¢) = (¢, (£, T)P(1)) = (£, (1)) € &« and thus
the inclusion ¢(¢,7)¢ € &/ (f) for t = 1. So &/ is forward invariant. The backward
invariance of of follows from ¢ = (7, )p(t) € (7, 1) A (1) for t < 7. O
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Proposition 1.3.4. Let {<f;},c; be a family of nonautonomous sets of; € &,
where I is an index set.

(@) Ifeach <f;, i€ I, is forward invariant, then also the union ;e «/; and the
intersection ;e &; are forward invariant,

(b) if each <f;, i € I, is backward invariant, then also U;c; <f; is backward
invariant; moreover, under (1.3a) also ;e </; is backward invariant.

Proof. The whole proofis based on the elementary relations
@(t,s) (ﬂ A (t)) s, 9)(1),  @(t,s) (U d,-(t)) =, 9)(1)
iel iel iel iel
for all s < ¢, with equality in the first case, if ¢ (¢, s) is one-to-one. O

We now postulate that (X, d) is a metric space and define the distance of a
point x € A from a subset A < X by

dist(x, A) := inf d(x, a),
acA

as well as the Hausdorf{f semidistance of two subsets A, B < X by

dist(A, B) := supdist(a, B) = sup inf d(a, b).

acA acA be

Lemma 1.3.5. Let X be a complete metric space. If (Bs)s=0 is a decreasing nested
family of nonempty compact subsets, then their intersection

B.:=()Bs

s=0
is nonempty, compact and satisfies limg_.o, dist(Bg, B.) = 0.
Proof. See [Zei93, p. 495, Prop. 11.4]. m]

Moreover, which might be surprising at first reading, we assume the T-interval
lis unbounded below, i.e. of the form [ = (—oco,7IN T withsomere€ TorI=RNT.

Theorem 1.3.6. Suppose that X is a complete metric space, ¢ is continuous
and let o/ € ¥ be nonempty compact. If < is forward invariant, then there
exists a nonempty compact and invariant subset o, € of .

Proof. We keep ¢ €[l fixed. Let o be forward invariant. Since & is compact, the
continuity of ¢ shows that the images ¢(¢, s)</(s), s < t, are compact. Moreover,
thanks to (cf. Def. 1.3.1(a))



14 1 Basics
ot 1@ "2 o(t, Np(r DA (1) @t (1) <t () foralltsr=t (1.3b)

the sets @(t,t — $)/(t —s), s € T4, form a nested family of nonempty compact
subsets of </ (f). Referring to Lemma 1.3.5 their intersection fiber-wise given by
o (1) :=Ns20 (L, t — )& (£ — §) is nonempty and compact as well, and it remains
to show that <7, is also invariant:

(€) For r < t we choose a € o, (r) and get a€ @(r,r — )/ (r —s), s = 0. Thus,

o, n{a s, nNelrr—s)(r—:s) (12c) @t r—85)d(r—s) foralls=0
and (1.3b) imply the inclusion

p,n{ac (et r-92r-s) =)t t—d({t—3s) =g (t)
0<s 0<s
for all r < t and we deduce the desired relation ¢(t, 7)</, (r) € </, (f) forall r < ¢.
(2) Given an arbitrary a € </, (t) and r < ¢ there exists a real sequence r, < r with
limy, ooy = —0co and a € (¢, rp)ef (1) = (¢, r)@(r, ;) (). Therefore, we can
choose by, € ¢(r,r,) < (r,) € & (r) such that ¢(t, )b, = a. Since </ (r) is compact
there exists a convergent subsequence (by,;) jen With limit b € &/ (r). By

dist(b, o#. (r)) < d(b, bn].) + dist(bnj,d* ()
<d(b, bnj) + dist(¢p(r, rnj)af(r,,j),ai* () 7:; 0

(cf. Lemma 1.3.5) we deduce b € &/, (r) and the continuity of ¢ shows the limit
relation a =lim .o ¢(,7)by; = ¢(t,1)b. This means </, (1) < @(t, 1) (1). O

Now we are interested in the asymptotic behavior of 2-parameter semigroups.

Definition 1.3.7 (limit set). Let o € % be nonempty. The w-limit set w o of
&/ is the nonautonomous set given by the fibers

0wy :=dlJoett-94@-95=) cl)/;(t) forall £ €.
T>0 s>T T>0

Remark 1.3.8. (1) In a dual fashion using pre-images, the a-limitset oy € ¥ of
& can be defined as nonautonomous set given by the fibers

ay(t):=cdJot+s,n ' L(t+s) foralltel
T=0 s>T

withp(t+s, 1) o (t+5) = {x€ X: p(t+s,1)x € o/ (t + 5)}. Without surjectivity as-
sumptionson @(t,r), r < t, a-limit sets can be empty.

) If of is a forward invariant (backward invariant resp. invariant) set, then
Wy Scl (clef Swy resp. wy = clf ). For an entire motion ¢ one has ¢ = w.



1.3 Invariant and limit sets 15

The following characterization is helpful to derive topological and dynamical
properties of w.. Namely, each point of an w-limit set can be approximated by
points on orbits starting in their defining sets <.

Lemma 1.3.9. Let of € X . Then (t,x) € wy if and only if there exist sequences
(t))ns0 in Ty and x, € L (t — t,) such thatlim,,_. t;, = co and

lim @(t, t—t,)x, = x.
n—oo

Proof. Let t €. We have to show two directions:

(=) Assume first that x € w(¢). Then for all T = 0 one has x € cly;(t) and
there exist sequences x,{ in y;(t) C X converging to x as k — oo. This means,
for each € > 0 there exists an integer K = K(g, T) > 0 such that d(x, x,{) < ¢ for all
k = K. In particular, choosing € = % for some m € N and setting y, := xiy, mm)
this yields d(x, y;,) < % and, thus, x =lim,;—cc ¥m. Now one has

ymeyh = ot t—s)(t—s) foralmeN

s=zm

and there exist sequences t; = m in N and x;, € & (t — t;;;) such that one has
VYm = @, t — ty) Xm. Thus, lim;;—.cc @ (¢, t — t;) X, = limy—.o ¥ = x holds and
tm = m — oo for m — co.

(<) Conversely, let x € X be the limit of a sequence ¢(t, t— t,) x,, as above. Due
to our assumption, for every T = 0 there exists an m € N such that ¢, = T and
@1, t—1t,)xp € Q(t, t—tp) ol (t— 1) Sy1, (1) and x € cly (7). Since T was arbitrary,
we deduce x € Nrsocly? (1) = wy (1). O

Corollary 1.3.10. For subsets B < o onehaswg S 0y .

Proof. Let t €. The claim readily follows from Lemma 1.3.9, since for (¢, x) € wg
the corresponding sequence x,, € 28(t — t,,) also satisfies x;, € o/ (t — t,,). O

Theorem 1.3.11. For every o/ €% the w-limit set wy is closed. Moreover, if
@ is continuous, then w is forward invariant.

Proof. Let T €. As intersection of closed sets, the fibers w./ (1) are closed. Now
assume ¢ is continuous and 7 < ¢. In order to show that w, is forward invariant,
we pick (7, x) € wy and show the inclusion ¢(t,7)x € Wy (t). From x € w4 (1) we
know by Lemma 1.3.9 that there exist sequences t,, — 0o, X, € & (T —7,) such that
x =1lim,_. ¢(1,T — 7,) X,. By continuity of ¢, one arrives at

1.2c

Q=) Xn =@, T—Tp)Xn (29 oL, TP, T—Tp)Xn Q(t,1)x

n—oo
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with t, :==1,+t—-7T —>ocofor n — coand x,, € & (t — 1) = &/ (t — t,). Therefore,
Lemma 1.3.9 implies ¢(t,T)x € Wy (). O

For the remainder of this section we suppose that 22 is a family of nonempty
nonautonomous subsets of Z'. The following attraction concept for nonautono-
mous sets of essentially means that the fibers < (¢), t €[, attract particular non-
autonomous sets from % coming from —oo.

Definition 1.3.12 (attracting). A nonautonomous set &/ < % is called B-
attracting, if

gllgdist(w(t, t—$)B(t—s),4(1)=0 forallrel, Be B (1.3¢)

and we denote the family 9 as attraction universe.

Remark 1.3.13. From elementary properties of the Hausdorff semidistance one
can deduce the followmg properties of artracting sets:

(1) Supersets of B- attmctmg sets are AB- attractmg

(2) Finite unions of% attracting sets are B- -attracting.

At first glance, the above attraction concept seems counter-intuitive, since it
not necessarily implies the familiar forward convergence:

Example 1.3.14. Suppose Z = Z x R and define the 2-parameter semigroup
al™™  for0<t<r,

pt,1)=1Rala’” fort<0<r,

al™  fort<t=<0

with nonzero a_, a; € R satisfying|a_| < 1 <|a.|. Obviously, the nonautonomous
set of 1= 7 x {0} is invariant and due to

tlirn dist(p(t,1)¢, (1)) =0 < ¢=0 forallteZ
—00

we have no pointwise forward convergence towards </ . Nevertheless, < attracts
all uniformly bounded subsets of & . In order to show this, suppose B < X is uni-
formly bounded with 2(t) < [-R,R], t € Z, for some R > 0. The claim follows from

0 <dist(p(t,t—5)B(t—5), 4 (t— ) <R|p(t, t—3)|

a+
a

=0,
<Rla Is{ for —— 0 forallteZ.
1 fort<Q 7

The motions of ¢ are illustrated in Fig. 1.4.
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Fig. 1.4 Motions of the semiflow from Ex. 1.3.14

Proposition 1.3.15. If<f € X is closed and 9B-attracting, then wg < o for
all nonempty 98B € 2A.

Proof. Let 28 € % and t € I.. For every x € wg(t) we obtain from Lemma 1.3.9 that
there exist sequences t,, — 0o, x,; € B(t — t,) such that x = lim, .. @(t, £ — t,) X,.
If we assume x ¢ </ (t), then € := dist(x, < (t)) > 0 since </(t) is closed. Hence,
for sufficiently large n we deduce dist(¢(t, t — t,) X, </ (1)) = § and therefore the
contradiction dist(@(t, t — t,) B(t — t,), </ (1) = £ to (1.3¢). O

Proposition 1.3.16. Let ¢ be continuous and suppose X is a Banach space.
A compact, invariant and 98-attracting nonautonomous set « < % is con-
nected, if one of the conditions holds:

(a) 3? contains all compact nonauronomous sets,
(b) < is uniformly bounded and % consists of all uniformly bounded com-
pact nonautonomous sets.

Proof. (a) For every t € | we know from Mazur’s theorem (cf. [AB99, p. 175,
Thm. 5.20]) that the closed convex hull co</(¢) € X of each fiber </ (t) is com-
pact and connected. Thus, &/ attracts co</.

Suppose « is not connected. Then there exists a time f; € | and open disjoint
sets U,V < X such that

A () sUUV, Und (1) # @, Vned(ty) # @
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hold. Yet, by continuity of ¢ we know that C,, := ¢(%, tp — s)co (tp — $) is a con-
nected set for all s = 0. From the invariance of </ one can deduce the relation
o (ty) = @(ty, to — $) (ty — s) < Cs and therefore

Une(ty, to— )L (to—8)#D, Vnelty,ty—s)L(ty—s)#@ foralls=0.

Because each C; < X is connected, we can choose a sequence x, € C, \ (UU V).
Since &/ (ty) attracts every compact Cj, in the sense of (1.3¢), x,, € C,, implies that
the set {x,},»¢ is relatively compact and there exists a convergent subsequence
(Xm,,) n=0 with limit x € X. Moreover, because the difference C, \ (UuU V) is closed,
onehasx¢UuU V.

On the other hand, by construction there exist y,,, € co/ (fy — m,,) satisfying
Xm, = @(t, to — My)ym, and since & attracts compact sets, we get

0 < dist ({xm, }, (10)) = dist (p(to, fo = M) {Ym, } 7 () - .

Therefore, x € </ (fy)) € U U V. This is a contradiction.
(b) It is easy to see that the uniform boundedness of «/ carries over to the
closed convex hull co«/. Then the assertion follows as above. O

The general theory of topological dynamics deals with semigroups on metric
spaces and most results are based only on continuity properties of ¢(t, 7). Partic-
ularly in an infinite-dimensional setting it is natural to discuss additional features
that may be obtained, if we assume some degree of compactness. For instance,
2-parameter semigroups with relatively compact orbits yield nonempty limit sets
(cf. Def. 1.3.7). Indeed, many of the applications occur in a setting wherein the
given semigroup has a smoothing property. Next we examine three key concepts
related to compactness and playing a pivotal role in the theory of attractors.

Definition 1.3.17 (compact). A 2-parameter semigroup ¢ is called

(i) @—compact, if there exists a so-called compactification time T € T such
that for all 28 € 2 the orbit yé is relatively compact,
(ii) @-eventually compact, ifforall tel, B € 9% there existsan T = T +(B) €
T such that the set ygg (1) is relatively compact,
(ili) ZB-asymptotically compact, if for all t € I, 28 € 98, and all sequences t,, —
ooin T, x, € B(t - t,), the sequence (¢(t, t — t,) Xn) n=0 in X possesses
a convergent subsequence.

Remark 1.3.18. If X is a compact metric space, then 2-parameter semigroups are
9B -compact with compactification time0.
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Corollary 1.3.19. A %-compact 2- parameter semigroup ¢ is PB-eventually
compact, and a 9-eventually compact ¢ is % -asymptotically compact.

Proof. Let t € I and 2 € 9. Since the first assertion is clear by definition we re-
strict to the second one. We know that there exists an T € T such that y; (t) isrel-
atively compact. Now choose sequences t;,, — oo, x,, € %B(t —t), where w.l.o.g. we
can assume t, = T. Then u, := ¢(t, t — ;) x,, defines a sequence in the relatively
compact fiber y; (1) and consequently there exists a convergent subsequence of
() nen; thus, ¢ is 98-asymptotically compact. O

We arrive at the main result of this section:

Theorem 1.3.20. Let o/ € . If @ is B-asymptotically compact, then

(@) wy is nonempty,
(b) wgy is compact,
(©) wy is{d}-attracting.

Moreover, provided ¢ is continuous, then v is invariant.

Proof. Let o € % and t € [ be fixed.

(a) Since ¢ is Z-asymptotically compact, for arbitrary sequences t, — oo and
X € o (I - ty), we can extract a convergent subsequence (@(Z, £ — ) Xp,) 120 from
(@(t, t— 1) Xn) n=0. By construction, the limit of ¢(z, ¢ - ;) x,, belongs to the fiber
W (1) and we have w (1) # @.

(b) We already know from Thm. 1.3.11 that w(#) is closed. Thus, in order to
show its compactness, it suffices to see that for any sequence (y,,) n=0 in w4 () we
can extract a convergent subsequence. Due to y, € wy () there exist ¢, = n and
X, € & (t - ty) such that

d(p(t, t—ty)xp, yn) << forallneN. (1.3d)
Keeping in mind that ¢ is %-asymptotically compact, we obtain a subsequence
(tn))1z0 such that y :=lim;_.o ¢(t, t — ty,) X, exists and thus

1.3d
W3d)
ﬁm

Ay, yn) <Ay, @t t— ty) Xp,) +d(@(t, £~ tn,)xn,,yk,,l)
Hence, w. has compact fibers.

(c) For our given nonautonomous set o € 9 we have to show the limit relation
limg_. oo dist((z, t — s)/ (t —5),we () =0 (cf. (1.3¢)). We proceed indirectly and
suppose this relation does not hold. Then there exists an € > 0 and sequences
t;, — 00, X, € & (t — ) so that
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dist(p(t, t — tp) xXp, Wy (1) = €. (1.3e)

However, from the sequence (¢(t, t — ;) X;,) n=0 We can extract a convergent sub-
sequence with limit y € w (?); this contradicts (1.3e).

Let ¢ be continuous and we get from Thm. 1.3.11 that w, is forward invariant.
It remains to prove the inclusion w4 (#) € @(¢,T)wy (1) for T < t. For (t,y) e vy
there exist sequences f, — oo, X, € &/ (t — t,) with y = lim, (¢, t — ;) x,
(cf. Lemma 1.3.9). Forreals t, = t—7and 7, := t, + T — £ we have

@, t—1ty)xp uﬁc)(p(t,r)w(r,r—rn)xn (1.3f)

and as the 2-parameter semigroup ¢ is %8-asymptotically compact, T, — oo and
xn € A (T — 7,) holds, there exist subsequences 7,,, — 0o, X, € (T — T5,,) with
z:=liMpy—0@(T,T — Ty, ) Xn, € Wy (7). Hence, by (1.3f) and the continuity of ¢
we obtain y = @(f,7)z € @(t, T) 0y (T). O

Exercises

Exercise 1.3.21. Let A, B,C be (nonempty) subsets of a metric space (X,d) with
C < A. Prove the monotonicity relations

dist(C, B) < dist(A, B), dist(B, A) < dist(B, C) (1.3g)

and find an example illustrating that the Hausdorff semidistance is not symmetric.

Exercise 1.3.22. Suppose that 0; : X — X is a semidynamical system. Then the
w-limit sets of a point ¢ € X resp. of a set B < X are defined by

w(@:= [l s, w(B):= [l 0s(B).

r=0 s=r r=0 s=r

Verify the inclusion Ugep w($) S w(B). Does equality hold in general?

1.4 Attractors and global attractors

We continue our studies of the asymptotic behavior of 2-parameter semigroups.
Our primary interest is the nonautonomous set which consists of all bounded en-
tire motions, the so-called global attractor. In this section we present results that
construct attractors as w-limit sets of absorbing sets. This construction requires
at least asymptotical compactness of the 2-parameter semigroup.

In general, the global attractor has a complicated geometry reflecting the com-
plexity of the longtime behavior of a given system. Yet, in our abstract set-up we
desist from tackling such delicate issues and focus on existence issues. For this,
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assume the T-interval [ is unbounded below and X is a metric space. In addi-
tion, suppose throughout that 48 is a family of nonempty subsets of & and ¢ is a
2-parameter semigroup on &

Definition 1.4.1 (attractor). A compact nonautonomous set.of * € & is said
tobea Q?-attractor, if it is invariant and .@-attracting. In case the attraction
universe % consists of all uniformly bounded subsets of &', a 9B-attractor
is called global attractor.

Remark 1.4.2. For a global attractor «f* the elements of 9 form a cover of the
extended state space & . We speak of alocal attractor, whenever 9 consists only of
neighborhoods of <« *.

Proposition 1.4.3. A global attractor «/* < % admits the (incomplete) dy-
namical characterization

g c {(1,6) € X : there exists an entire motion through (T,E)},
{(T, &) e X : there exists a bounded entire motion through (z, {)} cA”.

Proof. Concerning the first inclusion, pick (7,¢{) € o/ * arbitrarily. Due to the in-
variance of the global attractor </ *, Prop. 1.3.3 yields that there exists an entire
motion ¢ through (7, ).

Concerning the second inclusion, if there exists a bounded entire motion ¢ for
¢, then the nonautonomous set ¢ is invariant and uniformly bounded. Since </ *
attracts uniformly bounded nonautonomous sets, we have

0= lim dist(p(z,1 - ) {p(t-9}, o™ (1) = distp(D)}, /" (1)) forall rel,

thus ¢(¢) € clo/ * (¢). Hence, the closedness of o/ * implies ¢ < o/ *. O

Corollary 1.4.4. A uniformly bounded global attractor «/* admits the com-
plete dynamical characterization

oA* = {(T, &) € X : there exists an entire bounded motion through (t, {)}
and is therefore uniquely determined.

Proof. Since «* is uniformly bounded, the entire solution ¢ from the first inclu-
sion in the above proof of Prop. 1.4.3 is clearly bounded. O
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Fig. 1.5 Motions from Ex. 1.4.5, complete motion ¢y, uniformly bounded global attractor </

As demonstrated by Ex. 1.3.14, in general one cannot expect forward con-
vergence towards global attractors. The following example shows that attractors
need not to be unique, and without uniform boundedness assumptions also
global attractors are not uniquely determined.

Example 1.4.5. Suppose Z = Z x R and consider the 2-parameter group ¢ from
the above Ex. 1.3.14. Given an arbitraryy € R, it is easy to see that

t

al fort=0,
r):=
or(® Y{ai fort<0

defines an entire motion for ¢. Hence, the nonautonomous sets Z x {0} and ¢y are
invariant, as well as (cf. Prop. 1.3.4) their union <y := (Zx{0})U¢y. In Ex. 1.3.14 we
saw that Z x {0} attracts uniformly bounded subsets of & and Rem. 1.3.13(1) guar-
antees that also <fy has this property. Since all the fibers </, (1), T € Z, are compact
(in fact finite), each <4y is a global attractor for ¢, among which < is the unique
uniformly bounded global attractor. An illustration is given in Fig. 1.5.

Definition 1.4.6 (absorbing). A nonempty nonautonomous set &/ € % is
called

(@) @-absorbing, ifforall t €, 9B € 9 there exists an T = T;(9B) = 0 with
Ot t—5B(t-s)cA(t) foralls=T,
(b) 9B-uniformly absorbing, if for all 8 € 98 there exists an T = T(%8) = 0 with

ot t—8)B(t—s)cf(t) foralltel,s=T
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and we denote the family 9 as absorption universe. A 2-parameter semi-
group is called 8-dissipative, if it has a bounded 2-absorbing set. More-
over, a %-dissipative 2-parameter semigroup is called uniformly bounded
(bounded, compact) dissipative, if % consists of all uniformly bounded
(bounded, compact) subsets of .

Remark 1.4.7. (1) Any &-uniformly absorbing set is 9 -absorbing.
(2) Bounded dissipative 2-parameter semigroups are uniformly bounded dissi-
pative and compact dissipative.

Example 1.4.8. We consider a nonautonomous ODE
X=f(t,x) (1.4a)

with a right-hand side f : R x R? — R? guaranteeing existence and uniqueness of
solutions, and satisfies the estimate

(f(t,x),x)sg—%lxl2 fOI’dlltER,xERd. (1.4b)

with reals a > 0, B = 0. Given fixed initial data T € R, ¢ € R? and the general so-
lution ¢(;7,¢) to (1.4a), we abbreviate ¢(t) := @(t;7,&) and p(t) := (p(1), (1)),
which implies

(0 = 2(p(0, (D) = 2(f (1,00, 00) "2 B-a|p)2 = p-ap(o.

We multiply this inequality with e®! to obtain

% (e p(0) = ae p(t) +e* p(1) < pe’

at _ ear)

. . . 8
and integration between T and t yields e*' p(t) — e*"p(1) < a (e , hence

lo(r;7,8)| < \/e“(T*” 1€1? + g (1-ear=0),

Now let B < RxR? be uniformly bounded, i.e. 8(t) < Bg(0) for all t € R. We choose

po > g and from the limit relation limg_.., \/e"“R2 + g (1—e™a%) = \/g we see
that there existsa T = T(98) = 0 such that

@(t;1—5,PB(t—35)) S By (1) forallteR,s=T.
Hence, the nonautonomous set &f := {(t, X eRxR: |x| < po} uniformly absorbs
all uniformly bounded subsets of R x R,

Lemma 1.4.9. If </ is a 9-absorbing nonautonomous set, then wg < w .y for all
B € B holds and in case o/ € B one additionally obtains
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Wy Sclef, cdd | wz®)=wyt) foralltel (1.4c)
BeRB

Proof. We arbitrarily fix 28 € 98 and a pair (¢, y) € wg. By Lemma 1.3.9 there exist
sequences t,; — oo and points x;, € %(t — t,;) such that

r}ijlgo¢(t, t—th))xp=1Y. (1.4d)

Since the nonautonomous set <« is %8-absorbing, for each m € N there exists a
tpn,, = msuch that one has ¢(t —m, t - t,,,)B(t - t,,) < &/ (t — m) and we define
points y,, := @(t —m, t — ty,,) Xp,, € </ (t —m). This yields

Ot t =ty X, 20 @t t = M)t =, £ = L)) X, = P2, E = 1) Y

and thus lim,;,—.oc ¢ (¢, t —m) y,, = y by (1.4d). By the inclusion y,, € &/ (t — m), our
Lemma 1.3.9 implies y € w (1); since (¢, y) € wg was arbitrary, we have wg € w .
For the remaining part of the proof suppose </ € 98. Since <« is %-absorbing,
there exists a real T = T;(%8) = 0 with ¢(t,t — t;)x; € </ (¢) for all [ € N such that
I = T and therefore we have y € cl</(f). This guarantees wg(t) < cl.</(¢) and the
remaining relation is a straight forward consequence of the above. O

Under the assumption of continuity, we arrive at the first main theorem.

Theorem 1.4.10. Let a2-parameter semigroup be continuous and 98-asym-
ptotically compact with 8 -absorbing set . If «f € 2B, then:

(a) The nonautonomous setsf™ .= wyy isa .@-attmctor,

(b) L* cclot,

(c) «/* is minimal in the following sense: Every closed and 9-attracting set
o, X satisfies ™ < oA,

(d) every fiber of «/* allows the characterization

d*)=cl |J wzg(t) foralltel
BeB

Remark 1.4.11. If a 2-parameter semigroup is uniformly bounded dissipative
with uniformly bounded absorbing set, then its global attractor «f* < & is uni-
formly bounded and has the complete characterization from Cor. 1.4.4.

Proof. Let t €l and we define of * := w .
(a) The compactness of o/ * follows readily from Thm. 1.3.20(b). Thanks to the
inclusion Uy, 5 wa (1) < «/* (1) (see (1.4c) in Lemma 1.4.9) we obtain

(1.3g)
dist(@(t, t— $)B(t—s), 4™ (1)) Sg dist(p(t, t —$)B(t—5),wxz (1))
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for s = 0, where the right-hand side tends to 0 for s — co by Thm. 1.3.20(c), and the
relation limg_., dist(@(¢, t—5)B(t—s), </ * (1)) = 0 for all B € 28 follows. It remains
to show the invariance of attractors. For this, we observe from Thm. 1.3.20 that

(lélc)

¥ (1) cdJ wzg®=d U ¢t 1D0z@) =cet,1) | 0z®)

BeB BeB BeB

for 7 < 1. Since ¢ is continuous and clUg, 4 wg (1) compact (cf. Lemma 1.4.9),

cot,7) |J wz@ =91 | wz@);
BeR BeRB

thus, we have ¢(f,7)/* (1) = /" () forall T < t.

(b) We give another proof of the left relation in (1.4c). Since < is Q;-absorbing
and «f € 9, there exists a real Ti(of) = 0 with @(t,t — s)/ (£ — 5) < </ (¥) for all
s = T;(«/) and consequently, from Def. 1.4.6 and assertion (a) follows

AW =wyg)=[dUet t-9L (-3

r=0 s=r

c N dUet -9«
reTy(sd) S=1

c (] cdog®=cL ).
r=T;(<f)

(c) Now, let o/, € & be a closed and @—attracting nonautonomous set, i.e.
in particular limg_. dist(¢(t, t — $)Z (¢ — 5), /. () = 0. For each pair (¢,y) € «/*
one has y = lim,_., ¢(t, t — t;)x, with sequences t, — oo, x,, € (t — t) (cf.
Lemma 1.3.9), and consequently we derive y € cl/, (f) = o/, (¢). This yields the
inclusion «f * (f) € <, ().

(d) See Lemma 1.4.9. O

Uniformly bounded global attractors are topologically connected:

Corollary 1.4.12. Let X be a Banach. If one of the conditions (a) or (b) from
Prop. 1.3.16 holds, then «/* < & is connected.

Proof. On the basis of Thm. 1.4.10 we can deduce that v, = o/ is compact, in-
variant and also 98-attracting. Then Prop. 1.3.16 implies our claim. O

We round off this section with another central result on the attractors of para-
meter-dependent 2-parameter semigroups.

Theorem 1.4.13 (upper-semicontinuity of attractors). Let X,P be metric
spaces and P be complete. If p(-; p), p € P, is a continuous, 9 -asymptotically
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compact and B-dissipative parameter-dependent 2-parameter semigroup
with $-absorbing set « € 9B (uniformly in p € P), then:

(a) Every@(:;p) hasa B-attractor 4* )

() if ot € B is uniformly bounded and 9 contains all uniformly bounded
finite sets, then <f,; is upper-semicontinuous, i.e.

l}i_)r}lo dist(s#), (1), () =0 foralltel, po€ P

Proof. Let t€l, p € P and we restrict to the discrete time case.

(a) The existence of %-attractors &f; follows from Thm. 1.4.10(a). Here, d; is
given as w-limit set of o w.r.t. the 2-parameter semigroup ¢(-; p).

(b) W.l.o.g. we can assume that «f € & is closed. From Thm. 1.4.10(b) we ob-
tain o/ < o/ and consequently the nonautonomous set ¥’ given by the fibers

V()= o, foralltel
peP

is bounded. Due to the compactness of each </, (#) (cf. Thm. 1.3.20(b)) the
bounded union 7 is relatively compact. In order to prove the upper semiconti-
nuity of a fiber d; (1), we must show the following: Provided (p;) jen, (X) jen de-
note convergent sequences in the spaces P, X, resp., with x; € d;j and respective
limits pg € P, x € X, then one has xj € d;o (.

Since the nonautonomous set d;j is invariant (cf. Thm. 1.3.20), there ex-
ists a point yjl. € d;j(t— 1) with x; = ¢(¢,7 - l;pj)y} (cf. Prop. 1.3.3). Because
the fiber 7/ (¢ — 1) is relatively compact and < (¢ — 1) is closed, we may assume
that the bounded sequence (y}) jen has a limit yé € o/ (t — 1); the continuity of
¢ guarantees xp € @(f,1 — 1; po) yé. In the same fashion, for all n € N there ex-
ists a convergent sequence (y]'.l)jeN in d;j (t — n) with limit yg € o/ (t — n) and
@(t, t—1n; po)yy = Xo. Having this at hand, introduce a sequence ¢ in X,

G(t+n):=yjed(t—n) foralln<o,
d(t+n):=@p(t+n,t;po)xy foralln=0;

by definition, ¢ represents an entire motion for ¢(-; pg). Due to the fact that </ is
a 98-absorbing set, for every m € Z; there exists an N(im) € Z§ with

pt+m)=@(t+m,t—n;po)yj €4 (t+m) forall n=N(m).

Therefore, the sequence ¢ is a bounded entire motion for ¢(-; po). Because, by
assumption, d;o attracts uniformly bounded finite sets, we can show as in the
proof of Prop. 1.4.3 that ¢(t) € d;o (),i.e.xp € d;o (1). O
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Exercises

Exercise 1.4.14. Let 0 > 0. A 2-parameter semigroup ¢ is called 0 -periodic, if the
relation @(t + 0,7 + 0) = @(t,1) holds for all T < t. What can you say about the
periodicity properties of the resulting w-limit sets?

Exercise 1.4.15. Determine the global attractor of the autonomous scalar differ-
ential equation

X = —x(x4 —2x%+1- p)
depending on the parameter p € R.

Exercise 1.4.16. Determine the global attractor of the following difference equa-
tions depending on a parameter p > 0:

(a) Forp>0:

(b) Forp>1:







Chapter 2
Linear differential equations

...dichotomies, rather than Lyapunov’s characteristic exponents, are the key to
questions of asymptotic behaviour for nonautonomous differential equations.
W.A. Coppel [Cop78]

Our previous considerations dealt with difference and differential equations,
i.e. discrete and continuous time, simultaneously. Now we restrict to finite-di-
mensional differential equations and follow [SS78, Sie02], but point out that a
corresponding discrete theory can be found in [ASO01].

In Ex. 0.0.2 we have illustrated that even for periodic equations, eigenvalues
of coefficient matrices do not yield stability properties. To circumvent this prob-
lem, several more adequate spectral notions have been developed. Among them,
exponential dichotomies and the related dichotomy spectrum are the most ap-
propriate for us.

2.1 Preliminaries

In this chapter we deal with linear ordinary differential equations

@

with a continuous coefficient matrix A : R — R?*¢_ We point out that our subse-
quent theory can be extended to the situation that A is piecewise continuous, or
even A€ Llloc([R, [R{dx‘i) (cf. [AW96, Kur86]). The natural set to describe the dynam-
ics of (L) is the extended state space & := R x RY.

Let @ : R xR — R?*? denote the transition operator or transition matrix for (L),
i.e. ®(-, 7)¢ solves the initial value problem x = A(#)x, x(r) = ¢. Itis a 2-parameter
semigroup satisfying ®(t, s) € GL([Rd) and

D1®(t,s) = A(D)D(t,s), O(t,5)P(s,7) =P(t,7) forallz,s, teR. (2.1a)

29
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In order to classify the solutions to (L) according to their exponential growth, we
introduce the notions:

Definition 2.1.1 (y*-boundedness). Let y, € R. A continuous function ¢ :
R — R is called

(@) y*-bounded, if sup,_,e?*? |(p(t)| < 00,
(b) y~-bounded, if sup ., e"7 |p(1)| < oo,
(©) y-bounded, if sup ;g """ |Pp(1)| < oo.

Remark 2.1.2. (1) Note that 0-boundedness corresponds to the conventional no-
tion of boundedness. The zero function is y* -bounded for everyy € R.
(2) The sets of y* -bounded functions

Xiy= {</>: [7,00) — R sup e’ ™" (1) < 00}’ l¢ll7., :=supe” ™7 |g(0)],
T<t ’ T<t

Xoy:= {</>: (—o0,7] — R|sup "™ (1) <°°}’ l¢ll7,, = supe” ™" |p0)]
t<t ! I<T

are Banach spaces. Indeed, the form a scale of Banach spaces in form of the impli-
cations

ysysx;ygx;y, Ysy=X;, <X

In classical autonomous dynamical systems, a particular important class are
the so-called hyperbolic matrices A € R?*% resp. hyperbolic differential equations

@b

which are characterized by the fact to have no eigenvalues on the imaginary axis
in C. Their importance is due to the fact that also a perturbed matrix B is hy-
perbolic, as long as B — A € R?*? has a small norm, as well as their prototypical
dynamical behavior:

Indeed, for a hyperbolic matrix A € R?*? one has the spectral decomposition

U(A):{/,Ll;---r/ltn}o{/,Ln+1;---;ﬂfm}
with integers 0 < m < n < d, and
RA;j<0 foralll=j=m, RA;>0 forallm<j<n.

Moreover, if Eig; A < R? denotes the generalized eigenspace! corresponding to
the eigenvalue A}, it is not difficult to deduce the dynamical characterization

. . . . . d .k
! a generalized eigenspace is defined by the relation Eig jA=01_ N(A-A;id)
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S:= {cfEle: lim e’”ézO}: EeR?: sup|efé| <oof =™ Eig; A,
t—o0 >0 j=1 J
— d. yi ~Atzr _ ol d. —At _ a1 .
U.—{EEIR .tlLIglce 6—0}—{E€R .st15110)|e E|<oo}—eaj:m+lE1ng.

For obvious reasons, S is called the stable and U the unstable subspace of (2.1b)
(see Fig. 2.1); onehas RY = So U.

fc\\f Rd

Fig. 2.1 WARNING!!! Not correct Hyperbolic spectral decomposition for A (left). Stable (green)
subspace S and unstable (red) subspace U

Our next goal is to obtain a similar dynamical characterization for nonauto-
nomous difference equations
Xir1 = ApXr, (L)

where Ay € R4 k e, is assumed to be a sequence of invertible matrices; the
latter assumption is for the sake of a simple presentation only.
An invariant projector for (L) is a function P : R — R?*? of projections P(z),
t € R, satistying
P()®(t,s) =D(t,s)P(s) foralls, teR. (2.1c)

Due to the relation P = ®(:, s) P(s)®@(s, ) an invariant projector is continuous and
the spaces P(1), t € R, have the same dimensions. This also holds for the fibers of
the associated vector bundles

N (P):={(1,§) e X : € N(P(1))}, R(P):={(1,) eX : { € R(P(1))}.
For later use, we also define Green'’s functionT : R x R — R?*? by

D(t,5)P(s), s<t,
I'(t,s):=
{—CI)(t,s)[id—P(s)], r<s.

Definition 2.1.3 (exponential dichotomy). Alinear differential equation (L)
is said to possess an exponential dichotomy (ED for short), if there exists an
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invariant projector P : R — R4*¢ and reals a > 0, K > 1 such that

|®(2,s)P(s)| < Ke *=9 foralls<t,
|D(t,5)[id—P(s)]| < Ke®“™9 forallt<s.

Remark 2.1.4. Lety € R be given.
(1) In the following the shifted system

X =[A(?) —yid]x (Ly)

will play an important role; its transition operator reads as ®y(t, s) = Y6~ 0@(t, 5)
foralls, teR.

@) If (Ly) admits an ED with projector P(t) = id (resp. P(t) =0), then also (L¢)
also has an ED with the same projector fory < (resp.{ <y).

(3) We define the invariant vector bundles

Sy = {(T,f) €X:D(T)E X;Y}, Uy = {(T,f) €X:D( )€ X;Y},
and observe their monotonicity properties:
14 = Sy S Sy and Uy 2%; .

Example 2.1.5. The linear autonomous equation

__(-10
x—(o l)x (2.1d)

has the invariant vector bundles R x {(0,0)}, . :=R xR x {0}, % :=R x {0} x R and
RxR2. Their projections {(0,0)}, S := Rx {0}, U := {0} xR and Rx R? are usually called
invariant subspaces. Note that S and U are the eigenspaces corresponding to the
eigenvalues —1 and 1 of the coefficient matrix in (2.1d). We deduce the dynamical
characterization

H={T,H eRxR*: (e "7¢,e77E) e X/},

Uo={(7,0) eRxR: (7 V¢1, 62 € X}

Proposition 2.1.6. Lety € R. If (L) has an ED with projector P, then

Sy =R(P), Uy =N (P), FoUy =2
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Proof. We only prove %, = Z(P), since the proof of %, = A (P) is dual and the
claimed Whitney sum is a direct consequence. Let 7 € R.
(<) Given ¢ € % (1) we obtain the existence of a C = 0 such that

|D(t,7)é| < Ce"™ D forallT <t

and consequently |(I>Y(t, T)E| < C. Let us decompose ¢ = ¢ + & with &} € R(P(1)),
& € N(P(1)) and verify &, = 0. Due to (2.1a) one has

$2 =@y (7, )Dy (£, 7) [Id - P(7)I§ = Oy (7, H)[Id - P(7)]Dy (£, 7)¢ forallteR

and the ED of (L,) implies

1&y] < Ke¥T=0 |<I>y(t, T)E| <CKe®C D forallt<r.

Since a > 0 we obtain in the limit ¢ — oo that é, = 0.

(2) Conversely, suppose ¢ € R(P(1)), i.e. £ = P(r)¢. Our first dichotomy esti-
mate ensures

" D(t, 1)¢ = |0y (1, 1) = Ke D¢ < K[é| forallT <t.

Thus, ®(-,7)¢ € X;Y and we have ¢ € (7). O

Corollary 2.1.7.(a) If5 <y+a, then (Ly) has a unique 5™ -bounded solution
in N (P), namely the trivial one.
(b) Ify-a<§, then(Ly) has a unique §~ -bounded solution in Z(P), namely
the trivial one.
(0 Ify—a <6 <y+a, then the unique 6-bounded solution of (Ly) is the
trivial one.

Proof. (a) Let ¢ € X', be a solution of (Ly) in .4 (P). Then Prop. 2.1.6 implies
¢(1) € R(P(1)) and consequently ¢(7) € R(P(1)) N N(P(1)), i.e. ¢(1) = 0.
(b) can be shown analogously, while (c) follows from the above. O

Next we consider linear inhomogeneous differential equations

X =[A(®) —yidlx+r(¥) (2.1e)

with a continuous inhomogeneity r : R — R,

Theorem 2.1.8 (linear-inhomogeneous perturbations). Lery,t € R. If (Ly)
admits an ED and d € (y — a,y + a), then the following holds true:
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(a) Forevery xy € R% and every inhomogeneityr € X there exists exactly one
solution ¢* € X;rﬁ of (2.1e) with (t,¢* (1) — xo) € N (P); one has

6" 1175 < Klxol+ C1@® i} 5- 2.19

(b) Forevery xy € R% and every inhomogeneity r € X 5 there exists exactly one
solution ¢* € X_; of (2.1e) with (7,¢" () — xo) € Z(P); one has

lo* I;.5 < Klxol + CL®) 75 5,

with the real constant Cy (6) := ﬁ + (HLM.

Proof. (a) Let 7 € R be fixed, xy € RY re XT‘r s be arbitrary and let I'y denote
Green’s function associate to (Ly). Then the function ¢* : [7,00) — R4,

¢ (1) := Dy (t,7)P(1) X0 +f Ly, s)r(s)ds (2.1g)

T

is well-defined and using the decomposition
¢* (1) :CDY(t,r)P(r)xo+thCI)y(t,s)P(s)r(s) ds—ftoocby(t,s) d—P(s)r(s)ds
we deduce
|p* (0] < |<I>y(t,T)P(T)|Ixo|+f1t|©y(t,S)P(S)|Ir(S)I ds
+ftoo|cby(t,s) [id-P(s)l|Ir(s)| ds

t 00

< KeW*“)(FT)IxOHKf VD=9 ()| ds-i—Kf eVOU=9 11(g)| ds
T t

< Ke(Y—a)(t—T) | %ol

t (o]
+lx f Sr-0(=9 01 go 4 K f Q-9 5(5-1) g g
T t

N
It

< Ke(y—a)(t—r)lxol+ (e(i(t—r)_e(y—a)(t—r))+ e6(t—r)] ||r||:5

o-yv+a Y+a-90

for all T < . From this we obtain

|¢*(t)|e5(T—t) < Ke(Y—5—(1)(l‘—T) |X[)| +
[\ —

<1

K
l_e(y—6—a)(t—r))+ ] it
a( Y+a-94 Il

5—
€0,1]
< Klxol+C1(®) lIrl] 5 forallr <t
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and passing over to the least upper bound over 7 < t we deduce ¢* € X;r 5 aswell
as the estimate (2.1f). Furthermore, we define A, (¢) := A(f) —yid and compute

t
b (1) =¥ Ay(t)CDY(t,‘r)P(T)xo+P(t)r(t)+AY(t)f O,(£,)P()r(s)ds
+[id-P(D)] r(1) —Ay(t)footby(t, S)[id—P(s)]r(s)ds
t

= Ay(0) ¢y(t,T)P(T)x0+f Ly, s)r(s)ds|+r(1) (Zég) Ay(P* (D) + (1)
T

on R and thus ¢* is a solution to (2.1e). It remains to show (7,¢* (1) — x¢) € A (P),
which follows from

w219 *©
P (1) =" P(@)Py(7,7)P(7) X0 +P(T)f Ly, s)r(s)ds
T

= P(m)xg +f P@)y(T,8)r(s)ds= P(7)x0.
T

Finally, ¢p* is uniquely determined. Indeed, if we suppose that v, € XT+ 5 is an-
other solution to (2.1e) satisfying (7,%. (1) — xp) € A (P), then the difference
¢ -y X' s is a solution of the homogeneous system (L) and we obtain

P() [¢* (1) —w. ()] = P(1) X0 — P(1)x = 0.

Hence, ¢* -1, isa §* -bounded solution of (Ly) in A (P), and Cor. 2.1.7(a) implies
¢ —y.=0.
(b) Completely analogous to step (a) one shows that ¢* : (—co, 7] — RY,

T

Ly(t,9)r(s)ds (2.1h)

¢* (1) := @y (,7) [id—P(T)] X0 +f

is a 6 -bounded solution of (2.1e) satisfying the assertions. In particular, its
uniqueness follows from Cor. 2.1.7(b). O

Theorem 2.1.9 (linear-inhomogeneous perturbations). Lety € R. If (Ly)
admits an ED and b € (y—a,y+a), then for every § -bounded inhomogeneity
r:R — R? the equation (2.1e) has a unique &-bounded solution. It is given

by
¢* (1) :=fl“y(t, S)r(s)ds (2.1i)
R

and satisfies for every T € R that

sup e® T |p* ()] < C2(6) sup e® T |1 (1) 2.1j)
teR teR
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with the real constant C»(0) := C1(0) + max{ﬁ, )ﬁ} and C1(0) > 0
from Thm. 2.1.8.

Proof. The proofis similar to the one of Thm. 2.1.8 and omitted. O

Theorem 2.1.10 (roughness theorem). Suppose that (L) admits an ED with
constants K, a. If B : R — R**? s a continuous function satisfying

a
B(t)-A(D| = —;,
stlelugl (1) - A e

then also the perturbed equation x = B(t)x has an ED.

Proof. We refer to [Cop78, p. 34] for a proof. Note that more recent proofs of
Thm. 2.1.10 use very similar methods like the ones we are about to apply in
Chapt. 3 for the construction of integral manifolds. O

Exercise 2.1.11. Show the relation
t
|D(t,5)| < exp (f [A(r)] dr) foralls, teR.
S

Exercise 2.1.12. Prove that an invariant projector P : R — R4 for a linear differ-
ential equation (L) with a continuous coefficient mapping A: R — R*4 is contin-
uously differentiable.

Exercise 2.1.13. Find the invariant vector bundles of
X = k2 X
134
and determine the sets #,,%y fory € R.

Exercise 2.1.14. Verify that an autonomous linear equation (2.1b) has an ED, if
and only if A has no eigenvalue on the imaginary axis.

2.2 Dichotomy spectrum

In this section we investigate a spectral concept which is appropriate to establish
a qualitative theory for nonautonomous differential equations. The following no-
tion is crucial:
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Definition 2.2.1 (dichotomy spectrum). The dichotomy spectrum of (L) is
the set
2(A) := {y €R: (Ly) admits no ED}

and its complement p(A) := R\ 2(A) is called resolvent set.

Lemma 2.2.2. The resolvent set p(A) is open. This means for everyy € p(A) exists
an e = g(y) > 0 such that (y — €,y + €) < p(A) and moreover

=%, U =%Uy forallle(y—¢g,y+e). (2.2a)
Proof. For each y € p(A) the shifted equation (L,) admits an ED, i.e.

|<1>7,(t, s)P(s)| <Ke =9 foralls<rt,
|y (£, 9)[id-P(s)]| = Ke®"™? forallz<s

with an invariant projector P : R — R%*4 and the reals K = 1, @ > 0. For € := % >0

and ( € (y—¢,y +¢) we have O, (¢, s) = er—0=9) ®y (¢, ). Now P is also an invariant
projector for (L;) satisfying the estimates

| (2, ) P(s)| < KeV=0=9  foralls<t,
| (£, 5)[id—P(s)]] < KeT<*DU=9) forall r <3,

hence, { € p(A). Moreover, since the EDs involve the same projector P, the dy-
namical characterization from Lemma 2.1.6 yields (2.2a). O

Lemma 2.2.3. Letyy,Y2 € p(A) withy, <y>. ThenV := %y, NS, is an invariant
vector bundle for (L) satisfying exactly one of the following two alternatives and
the statements in each alternative are equivalent:

Alternative I Alternative Il
A V=0 A)V#0
(B) [y1,y21 < p(A) (B) thereisa( € (y1,y2) NZ(A)

(C) Py =Sy, and Uy, = Uy, (C)dimF, <dimF),
(D) Sy =F, and Uy =%y, (D) dim%,, >dim%,,
forally € [y1,y2]

Proof. (B) = (D) Arguing indirectly, we assume there exists ay € [y1,7Y2] such that
Sy # Ly OF Uy # Uy,. W1.0.g. we restrict to S, # ), and define

{or=inf{C €[y, y2l: F = F,}.

The inequality %, # %, implies (o € [y, y2] and therefore {y € p(A). There are two
cases to consider:
(i) F%, = F,, for which Lemma 2.2.2 implies #; = % for { € ({o — €,{o +€)
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(i) F, # Fy,, for which Lemma 2.2.2 guarantees # # %, for { € ({o —&,{o + &)
with some € > 0. Both conclusions contradict the definition of (.

(D) = (C) is obvious.

(C) = (B) The two shifted equations (Ly,) and (Ly,) admit EDs with constants
Ki =21, a; >0 for i = 1,2. Since ¥, = S, and %y, = %,y,, Prop. 2.1.6 ensures
that both EDs have the same invariant projector P. We define K := max{K}, a :=
min{a;,a»} and deduce

|y, (2, 9)P(s)| = Ke™®"™9 foralls<t,
|®y, (£, 9)[[d—P()]| = Ke®"™ forallt<s

and i = 1,2. The first inequality for i = 1 and the second one for i = 2 imply

|y (£,5)P(s)| = Ke ™9 foralls<t,
|y (£, 9)[id-P(s)]| = Ke®"™? forallt<s

for every y € [y1,72] and consequently [y;,y2] < p(A).

(C) = (A) Prop. 2.1.6 implies V' = %y, NSy, = Uy, N F, = 0 and we have
established the implications (B) < (C) & (D) = (A).

(C") & (D) Prop. 2.1.6 yields dim.#, + dim%,, = d for i = 1,2, and the equiv-
alences dim %), <dim%), © d —dim%,, <d-dim%,, < dim%,, > dim%y,.

(B") = (C", (D) Since (B') is the opposite of (B), the established implication
(C) = (B) yields #, # S, or %y, # %Uy,. Monotonicity guarantees %, & %,
or Uy, 2 %y,, and w.l.o.g. we focus on the first inclusion. Then there exists an
instant 7 € R such that #, (1) ¢ #, (7). For subspaces, however, this is possible
only if dim %, (1) < dim ., (¢).

(Ch, (D) = (A') Using dim %, < dim.#;, and dim.%, +dim%,, = d we obtain

dim7 =dim (%, N %,) = dim%y, +dim %, —d > dim%,, +dim.%, -d =0

and therefore 7 is not the trivial invariant vector bundle, which is 0-dimensional.
(A") = (B') Since (A) is the opposite of (A), the proved implication (B) = (A)
implies the opposite of (B), which is (B’). Thus, we have shown that the assertions
in Alternative II are equivalent.
(A) = (B) remains to show, but this is equivalent to the proved (B) = (4"). O

Before stating the main result of this section, we observe the relation
Xi2X, => XinY+X)=XinY)+X, (2.2b)
for subspaces Xi, X», Y of alinear space X.

Theorem 2.2.4 (spectral theorem). The dichotomy spectrum Z(A) of (L) is
the disjoint union of n € {0,...,d} closed intervals, so-called spectral inter-
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vals, i.e. one has Z(A) = @, 2(A) = R or one of the four cases

[ay, b1] [an, byl
2(A) =K or Ulay, boluU...Ulay—1,bp-11UA or (2.2¢)
(=00, b1] [ay;,00)

withrealsa; < by < ap < b, <...< ay < by,. Moreover, if we choose

* Yo € p(A) with (-00,y0) S p(A) if possible and otherwise set Uy, := &,
Fy =0,

* ¥n € p(A) with (y,,00) € p(A) if possible and otherwise set Uy, = O,
Py =&,

then the sets Vy := Sy, Vn+1 := Uy, are invariant vector bundles of (L). If
n=2andy; € (b;,a;+1) < p(A), then the intersections

Vii=Uy,_nSFy,; foralll<i<n

are called spectral manifolds and have the following properties:

(@) V; is an invariant vector bundle of (L) withdim7; > 0,
(b) ¥;,0<i<n+1, areindependent of the choice of y; above,
(¢) one has the Whitney sum¥&...® V41 =% .

Remark 2.2.5. The robustness Thm. 2.1.10 guarantees that for each sufficiently
small € > 0 and each y € p(A) there exists a 6 = (g,y) > 0 such that y is also
contained in the resolvent set p(B) of a perturbed equation x = B(t)x, provided
B:R— R4 js q continuous function satisfying

sup|B(t) — A(t)| < 6.
teR

Nevertheless, under perturbation of (L) two nearby spectral intervals in (2.2¢) can
melt together, or a spectral interval can break up into two new intervals. One says
that 2(A) depends upper-semicontinuously on A.

Proof. Above all, recall that the resolvent set p(A) is open due to Lemma 2.2.2 and
therefore the dichotomy spectrum X(A) < R is the disjoint union of closed inter-
vals. Next we establish that the set X(A) consists of at most d intervals. Indeed,
if Z(A) contains d + 1 components, then one can choose points {; < ... < {4 in
p(A) such that each of the intervals (—o0,(1), ({1,{2),..., ({4,00) has a nonempty
intersection with 2(A). Now Alternative II of Lemma 2.2.3 implies

0=dim¥, <...<dim%,<d

and therefore dim.#;, = 0 or dim %, = d holds. W.L.o.g. we suppose dim.%; , = d,
which means .#;, = Z. Thanks to Prop. 2.1.6 the invariant projector P of the cor-
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responding ED for (L) is the identity and Rem. 2.1.4(2) implies the contradiction
(€ 4,00) < p(A). This proves the above representations (2.2c) of Z(A).

Evidently, the sets 7;, 0 < i < n+1, are invariant vector bundles (cf. Prop. 1.3.4).
To show that dim7; > 0 for i = 1, let us assume that dim7; = 0 and therefore
WUy, N Fy, = 0. If (oo, b1] is a spectral interval, then .#,, = @ and the projec-
tor of the corresponding ED for equation (Ly,) equals 0. Hence, Rem. 2.1.4(2)
implies the contradiction (—oo,y1) € p(A). If [a;, b1] is a spectral interval, then
[Y0,Y11NZ(A) # @ and Alternative Il of Lemma 2.2.3 yields a contradiction. There-
fore, dim7] > 0 and similarly dim 7, > 0. Furthermore forn =3 andi=2,...,n—-1
one has (y;_1,7;) N Z(A) # ¢ and Alternative II of Lemma 2.2.3 implies dim 7; > 0.

Fori < jwehave ¥; € %, and ¥j < %y, , <%y, and with Prop. 2.1.6 this gives
vinVicHy,NUy; =0,s0V;NV;=0fori# j.

To show the representation 7% + ...+ 7,41 = &, we recall the monotonicity re-
lations (cf. Rem. 2.1.4(3))

S-S Hn Uyy2...2%y,

and the identities %, + %,, = R? for 0 < i < n. Thus, & = ¥, + %y,. Using the
algebraic relation (2.2b) for n = 1, one has

X =W+ Uy N (Fyy +Uy,) =W+ (Uyy N Fy)) + Uy, = Vo + TN+ Uy,
N —r
=x
X =W+N+%Uyy O (Fy, +Uy,) =Vo+ T+ WUy N Fyy) + Uy, =N+ 1+ V2 + Uy,
N et

=X

and mathematical induction yields & =7 +... + 7j41.
In order to finish the proof, let dy,...,0, € p(A) satisfy the same properties as
the reals yy, ...,y given above. Then Alternative I of Lemma 2.2.3 guarantees

Fyi = F5;» Uy, =%Us, forall0<i=<n

and consequently the invariant vector bundles %, ...,%;,+1 do not depend on the
choice of yo, ..., Yn- O

Exercise 2.2.6. Show that a scalar differential equation x = a(t)x, a: R — R piece-
wise continuous, has the transition operator

t
D(t,s) =exp (f a(t) dr) foralls, teR
S

and compute the dichotomy spectrum Z(a) for the following coefficient mappings:

(@ a(t) =t

b) a(t)=t

© att) = B+t t<O0,
B B, t=0
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a, <0,
@ a(t)={
a+t, t=0
@ a={% ="
B =0

withreals a < f.

2.3 Bounded growth

In this section we investigate the dichotomy spectrum for a class of equations
frequently met in applications. A linear differential equation (L) is said to possess
bounded growth, if there exist constants K = 1, a = 0 such that

|D(z,5)| < Ke¥'™% foralls,teR. (2.3a)

From Exercise 2.1.11 we see that systems (L) with a bounded coefficient func-
tion A: R — R%*4 and in particular autonomous and periodic problems, have
bounded growth. This class features a simple dichotomy spectrum:

Theorem 2.3.1. A linear equation (L) has bounded growth, if and only if it
possesses a nonempty and compact dichotomy spectrum

n
2(A) = Jlai, bi] withl<n<d,
i=1

the spectral manifolds ¥y, V;,+1 are trivial and thereforeh &...@V, =% .

Proof. (=) We assume that (2.3a) is fulfilled and choose y > a. Fora:=y—-a >0
the estimate (2.3a) implies

|<Dy(t, s)| <Ke %9 foralls<t

and consequently (L,) admits an ED with projector P(¢) = id. In particular, we
have y € p(A) and similarly for y < —aitis 2(A) < [—a, al, i.e. the dichotomy spec-
trum is bounded. In addition, Prop. 2.1.6 guarantees 7y = 7,41 = O, since

H=Z, U,=0 forally>a,
S =0, Uy =% forally<-a.
It remains to verify that Z(A) is nonempty. For this, yo := inf{y € p(A): H =% }

fulfills yg € [—a, al. Arguing indirectly, let us assume y, € p(A) and we distinguish
two cases:
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* % =%:Then Lemma 2.2.2 implies #, = & fory € (yo —€,yo +€)
* ¥, =0:Here, Lemma 2.2.2 implies /), # & fory € (yo —¢&,y0 +€)

for some ¢ > 0. Both conclusions contradict the definition of y.
(<) Choose points yq,...,Y» € p(A) such that

Yo<ai<bh <y <...<yp-1<anp<b,<yn.
Monotonicity implies the inclusion ¥; = %, | N %y, € Uy, N Fy,, 1 <i < n, and
therefore 71 +... + ¥, € %,, N #,. Since by assumption & = 71 +...+ 7, one

arrives at %y, = & and %, = & Thus, Prop. 2.1.6 shows that (L,,) admits an ED
with constants K = 1, a1 > 0 and projector P(¢) =0, i.e. the dichotomy estimate

|®(z, 5)| < KeVoral=9 forallr<s

holds. Also the shifted equation (Ly,) has an ED with constants K > 1, az > 0,
projector P(¢) =id and itis

(1, )| < KeVn+® =9 forall s < r.
We finally combine the two above estimates with
K :=max{K}, a:=max{0,—yo—a1,Yn— a2}
in order to obtain |®(t, s)| < Ke™~* for all 5, t € R. O

Exercise 2.3.2. Given A € R™? compute the dichotomy spectrum of an au-
tonomous equation (2.1b).



Chapter 3
Integral manifolds

Study the behavior of solutions of the linear equation y' = A(t)y near y =0, and
then show (if possible) that the solutions of the nonlinear equation

Y =AWy +F(y,t)

near y = 0 inherit the same behavior.
G.R. Sell [Sel78]

In qualitative studies on nonlinear dynamical systems, invariant manifolds are
omnipresent and play a crucial role in a variety of ways for local as well as global
questions: For instance, local stable and unstable manifolds dictate the saddle-
point behavior in the vicinity of hyperbolic solutions (or surfaces) of a system.
Center manifolds are a primary tool to simplify given dynamical systems in terms
of a reduction of their state space dimension — this manifests in the celebrated
reduction principle of Pliss. Concerning a more global perspective, stable man-
ifolds serve as separatrix between different domains of attractions and allow a
classification of solutions with a specific asymptotic behavior. Systems with a gra-
dient structure possess global attractors consisting of unstable manifolds (and
equilibria). Finally, so-called inertial manifolds are global versions of the classi-
cal center-unstable manifolds and yield a global reduction principle for typically
infinite-dimensional dissipative equations.

For nonautonomous differential equations, invariant manifolds are denoted
as integral manifolds. More precisely, an integral manifold # < R x R? is an in-
variant nonautonomous set, where each fiber #/(¢) is a (smooth) manifold. For
linear differential equations

x=A)x

the spectral manifolds 7; constructed in Thm. 2.2.4 are examples of integral man-
ifolds. In the present chapter we rigorously investigate how 7; persist under non-
linear perturbations.

43
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3.1 Semilinear differential equations

In this section we deal with semilinear differential equation
X=A)x+F(t,x) )

in the state space R“. In this context the term "semilinear" means that the nonlin-
ear term F: R x RY — R? is so weak (in a sense to be specified) that the dynamics
of (S) is largely determined by its linear part (L).

The transition matrix of (L) is denoted by ®(t, s) €
for the general solution to (S).

We begin by stating some frequently used assumptions for our prototype sys-
tem (S). From now on we assume:

R%*4 and we write o(t;1,8)

Hypothesis 3.1.1. (i) The linear part (L) has the dichotomy spectrum
n
2(A) =Jlai,bi] withl<n<d.
i=1

(ii) One has the identity
F(t,00=0 onR (3.1a)

and the continuous mapping F : R x R? — R? satisfies a global Lipschitz esti-
mate
|F(t,x)—F(t,%)| < L|lx—% forallteR, x,xeR? (3.1b)

with L = 0. Moreover, for some dmax > 0 we require

6max

L<——,
4K

(3.1¢c)
choose a fixed § € (4K L, max) and abbreviateT'; := (b; + 6, a;+1 — 6).

(iii) Assume the partial derivatives D§F(t, 3, t € R, exist, are continuous on R4 up to
order m € N, and suppose they are globally bounded, i.e. for 2 < k < m we have

|Flp:=  sup |(D§F(t, X) “ < oo
(£,x)eRx R4

Remark 3.1.2. (1) We choose y € p(A), say y € (b;,a;s1) for 0 < i < n' and ob-
tain that the shifted differential equation (L) admits an ED on R with invariant
projector Q; and complementary projector P; :=id —Q;. This means we can choose
reals a; < B; such that

|D(2,5)Q;(s)| < Ke® =9, |d(s,)P; ()| < KePI™ D foralls<t.  (3.1d)

It is easy to see that the existence of suitable values for 6 follows from (3.1c). Due to
the inequality 0 < 6 < Omax there exist functionsy such thata; +6 <y < f; - 6.

1 this includes the convention by = —oo and @, = co
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(2) As a consequence of (3.1b), the partial derivatives D, F are globally bounded
onR x R? by the Lipschitz constant L.

(3) Under Hyp. 3.1.1(i)-(ii) the solutions ¢(-;1,¢) exist and are unique on R for
arbitrary initial pairs T € R, & e R%,

(4) There are two possible interpretations of the smallness condition (3.1c).

e When interested in local results near the trivial solution of (S), by means of a
cut-off-technique using radial retractions, we can replace the strong assump-
tion on the existence of L < oo and (3.1c) by

F(t,x)-F(t,x ) .
lim ;_() =0 uniformlyinteR.
X,X—0 lx— x|
Similarly, using C™-bump functions (cf., for instance, Lemma 3.2.6), one sub-
stitutes the existence of |Fl,, i =1,2, n€{2,...,m} and (3.1c) by

liII(l)DgF(Z', x)=0 uniformlyinteR.
x~>

As mentioned above, however, the obtained results hold only locally, i.e., as long
as solutions stay in a neighborhood of zero.

* On the other hand, for differential equations (S) possessing an absorbing ball
Br(0) S RY, R >0, it is sufficient to assume a Lipschitz condition on Bg(0) only
(uniformly in t € R). Provided the gap B; — «; in Z(A) is sufficiently wide, one
can choose Omax S0 large that (3.1c) holds after the nonlinearities F have been
restricted to Br(0) using the above cut-off approaches.

At this point we transplant most of our technical preparations into an abstract
lemma. It particularly allows to characterize the y* -solutions of (S) as fixed points
of a suitable so-called Lyapunov-Perron operator.

Lemma 3.1.3. Assume Hyp. 3.1.1(i)-(ii), choose T € R fixed and set 6 max := ﬁz;“
Then for growth ratesy € (a, 8), the operator Ty : X;f,), x R4 — X;jy,
T (v; x0) :=P(-, ) Q(7) X0 +f O(,5)Q()F(s,v(s) ds
TOO
—f D, )P(s)F(s,v(s))ds (3.1e)

is well-defined and has, for fixed xo € R%, the following properties:

(a) v:|[1,00) — RY isa y* -bounded solution of (S) with Q(t)v(t) = Q(1)xo, if and
onlyifve X; y solves the fixed point problem

v = T;(v; Xp). (3.19)

Moreover, in casey € [a + 8, f— 8], we have:

(b) T (-;xp) is a uniform contraction with Lipschitz condition
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1Tz (v; %0) = T (V; x0) 7, < €1V =Vl ., 3.1g)
where ¢ := %(L <1,
(c) the unique fixed point v (xp) € X;Y of Tr (+; xo) does not depend on the growth
ratey, it satisfies v (0) = 0, v} (xo) = v; (Q(7) xo) and we have

2

lipP(T)v;()(1) < 5_2KL’

(3.1h)

(d) fory €T the mapping v} :R% — X;r,y is continuous.

Proof. Let T € R be arbitrarily fixed, and choose a growth rate y € [a + 8, S —]. We
show the well-definedness of the operator T;. Thereto, let xp € R? be arbitrary.
Forv,ve X; y we obtain

| Tr (v; x0) (£) = T (¥; x0) (1) €77~

(3.1e)
<

t
f ®(t,5)Q(s) [F(s,v(s)) — F(s,7(s))] ds| e’
T

+ e?=D

f D(t,5)P(s)[F(s,v(s)—F(s,v(s)] ds
t

G iy - ) :
< Kf e |F(s,v(s)) — F(s,v(s))| dse” (3.1Q)
T
+Kf ePU=9 |F(s,v(s)) — F(s,¥(s))| dse? 9
t

(3.1b) b oali-s) (s ® Bl-5) y(s—1) -
< |K| e ¥ s+ K ePi=SeY5=l g Lliv-vl3,
T t

K K
< ( +—)L||v—17||;ry forallT <t
y-a p-vy ’

To verify that T is well-defined, we observe

I, (v; X0) (D] €T < | T7(0; x0) (8)] €70 + | T (v; x0) (£) — T (0; X0) (1) € T~7

(3.1a) _
<" 1@, )Q@) X0l €T+ Ty (v; x0) = Tr (03x0) 5

(3.1d) K
< K|.X,'[)| +
’)/_

K
+——|LlIvIF, forallt<t
p ) vz,

B-vy
and taking the supremum over ¢ € [7,00) implies T (v; xo) € X;' "
(a) Let xy € R? be arbitrary.

=) IfveX/ yisa solution of (S) with Q(7)v(r) = Q(7)xp, then v also solves the
linear-inhomogeneous differential equation

x=A)x+F(t,v(1) (3.1j)

on [1,00), where the inhomogeneous part satisfies
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_pn B. _p B.la)
IF(t,v(1) "0 P2V B (1, v(0) - F(2,001 "0 “<" Lvll}, forall<t

and is therefore in X, y- Then Prop. 2.1.8(a) implies that v is uniquely determined
and given by the right hand side of (3.1e). So v satisfies (3.1f).
(o) IfveX] y solves the fixed point problem (3.1f), then a direct computation in
(3.1e) yields that v solves the differential equation (3.1j) and thus also (S). More-
over, from (3.1f) and (3.1e) we have Q(7)v(7) = Q(7) xp.

(b) Passing over to the least upper bound for ¢ € [7,00) in (3.1i) yields

| T (v; x0) = Ty (V3 x0) 17, < ZIIV—VII;Y forallv,ve XT+:Y

Yy —
and our choice of 6 in Hyp. 3.1.1(ii) guarantees ¢ < 1. Therefore, the contraction
mapping principle implies that there exists a unique fixed point v; (xo) € X’ y of
T; (+; xo), which moreover satisfies

K
[ (x0) ||T+Y =Ty x| forallveX;,.

(c) The fixed point v; (xo) € X7, is independent of y € [a + 8, — ], because
we have the inclusion X:,aﬂs c X;r'},, and thus, every T (; Xo) : X;jy — X;Y has
the same fixed point as its restriction 77 (; xp)| x+ 5 Using the assumption (3.1a)

T,0+

and the uniqueness of solutions, we see ¢(t;7,0) = 0 on [1,00) and since trivially
¢(571,0) € X;Y holds, the assertion (a) with xy = 0 implies that ¢(-;7,0) solves
the fixed point equation (3.1f). This fixed point, in turn, is unique and so we get
v;(0) = ¢(-;7,0) = 0. Directly from (3.1e) we obtain the identity

v (Q(T)xo) = Tr (v; (Q(1) x0); Q(1) x0) = T7 (v (Q(T) X0); Xo)
and therefore, v; (Q(7)xo) is the unique fixed point of T; (-; xp), i.e., we have
Vi(x0) =vi(Q(T)xp) forall xeRY. (3.1K)

To prove the Lipschitz estimate (3.1h) consider xg, X € R? and the corresponding
fixed points v (xg), Vi (Xo) € X;r’ y of T;(-; x0) and T (-; Xp), respectively. We have

Vi o) =vi G,

1f)
O e v g v0) = T v Gl ) [, + | T (v ()i x0) = T (v (R Fo) |,

(3.1g)
<0 |vi o) = v (Ro) 17, + I T (v; (Ro)s x0) = T (v (Ros %0) | 7,

and thus,

1
v o) —vi o7, = 77 |7 )i x0) = T (v (o) o) I,

s1d K (3.1D)
GL9 _~_ sup 10(7)Q1) (o — o) 7T O )7|xO—Xo|-

1= tefr.00) 1-



48 3 Integral manifolds
Moreover, directly from (3.1e) and (3.1f) we get the identity

POV (x) %29 - f D(, $)Q(S)F(s, v (x0)(s)) ds

and similarly to the proof of () this yields

* * = K * * =
1PO) [vi (o) = v Goll7, < 5y Llvi o —vi G I7,
which, together with (3.11), implies (3.1h). We have established the assertion (c).
(d) The continuity of v} : R — X7 y is clear due to (3.11). m]

Having collected the preparations in Lemma 3.1.3, we may now head for a gen-
eral and quantitative version of the stable manifold theorem. It generalizes the
classical theory in two directions: First, it holds for nonautonomous equations.
Second, besides stable and unstable manifolds, we can additionally construct
the whole hierarchy of invariant manifolds including strongly stable/unstable or
center-stable/-unstable manifolds.

Theorem 3.1.4 (pseudo-stable and -unstable integral manifolds). Assume
that Hyp. 3.1.1(i)-(ii) is fulfilled. If we choose 1 < i < n such that

(ai,Bi)NZ(A) =@ (3.1m)

and Smax = £ 2%, then the following statements are true:

(a) Thepseudo-stable integral manifold
W= {(r,xo) eRxR: (5T, x0) € X;onrally € 1",'} (3.1n)
is an integral manifold of (S) possessing the representation
¥ ={@ e+ wf @, eRxRY: (7,0 e 2(Q))} 3.10)
with a unique continuous mapping w;r ‘R xRY — RY satisfying
w; (1,%0) = w (1,Q;(1)x0) € R(P;(v)) forallteR, xp€ RY  (3.1p)
and the invariance equation
Pi(t)p(£;7,x0) = w; (£, Qi (1) p(£;7,x0)) forall (v, x) €¥;"  (3.1q)
and t € R. Furthermore, it holds:

(a1) w:r (1,00 =0 0nR,

(ay) w;r ‘R xR — R4 is continuous and satisfies the Lipschitz estimate
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2

KL
llp w:— (1,) =< m fOT' allt e R, (3.1r)

(a3) ifadditionally Hyp. 3.1.1(iii) and the gap condition
mja; < pi
holds for some m:' €{l,...,m}, and if we set

Bi—a; ﬁi—mai}
2 ) )

2m

Dtz 7= min{

J
~e3)
m, and there exist reals M >0, such that

then the partial derivatives Dy, ., w} exist, are continuous up to order
Diw!(t,x)|<M]! foralll<j<m] 1€R, x0 € RY,
(as) if the differential equation (S) is T-periodic for some T > 0, then

w? (-, Xo) is T-periodic for all xo € R%.
(b) Thepseudo-unstable integral manifold

W= {(r,xo) eERxR?: ¢(57,x0) € X, forally € F}

1

is an integral manifold of (S) possessing the representation
W, = {(T,T]+ w; (t,m) ERx RY . (T,n) EQ(Pi)}
with a unique mapping w; :R x R — RY satisfying
w; (t,%0) = w; (7, P;(T)x0) € R(Q; (7)) forallteR, xp€ R?
and the invariance equation
Qi (t;T,x0) = w; (£, Pi(D@(57,%)) forall(z,xp) eW;”, (3.1s)

and t € R. Furthermore, it holds:
(by) w; (r,0)=0 0nR,
(b2) w; :Rx R — R? is continuous and satisfies the Lipschitz estimate
KL
lipw; (r,") < ———— forallTteR,
R Y

(b3) ifadditionally Hyp. 3.1.1(iii) and the gap condition

a; <m; B
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holds for some m; €{1,..., m}, and if we set

Bi—a; mﬁi_ai}
2’ 2m ’

Dtz 7= min{

then the partial derivatives D{Z 3 W™ exist, are continuous up to order

m;, and there exist reals Mf > 0, such that
Dlw; (t,x)|=M] foralll<j<m;,TeR, xo€ RY,

(bg) if the differential equation (S) is T-periodic for some T > 0, then
w; (-, Xp) is T-periodic for all x, € R4,
(¢) Under the condition L < & only the zero solution of (S) is contained both
inW;" andw;:, i.e.
W0, =Rx{0},

and hence the zero solution is the only y-bounded solution of (S) for any
growthratey €T';.

Remark 3.1.5 (gap condition). Under Hyp. 3.1.1(iii) the integral manifolds #;*
and¥;" are of class C'. Higher order differentiability is more subtle: If a; < 0, then
the gap condition ma; < B; is always fulfilled and the integral manifolds ;" are
as smooth as the function F. Dually, for 0 < §; one has a; < ; and also#;” inherit
its smoothness from F.

Remark 3.1.6 (global stable/unstable manifolds). In the hyperbolic case0 ¢ 2(A),
say for b; <0 < aj+1, we can choose 0 € T';. Then the set 7//l.+ is called the global
stable manifold, while #;™ is the global unstable manifold; both do not depend on
the choice of the growth ratey € T';.

* Choosingy <0, the global stable manifold %" consists of all solutions which
decay exponentially to 0 in forward time. It is as smooth as the nonlinearity F.

* For0 <Yy the global unstable manifold #,~ consists of all solutions which decay
exponentially to 0 for t — —oo. It has the same smoothness as F.

Integral manifolds 7I/j+, J < i, associated with spectral gaps left of 0 are denoted as
global strongly stable manifolds; they share the smoothness with F. Accordingly,
7//].‘, i < j, corresponding to spectral gaps right of 0 are called global strongly un-
stable manifolds.

Proof. Let T € R be arbitrary, but fixed, and letus choose y e I';. Wekeep 1 <i<n
fixed and suppress the dependence on i.

(a) First of all, we want to show that #* is an integral manifold of (S). By
definition, the solution ¢(-;7,¢&p) is ¥*-bounded for arbitrary pairs of initial val-
ues (1,&p) € #'*. The 2-parameter group property (1.2c) implies for any instant
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to € [1,00) that ¢ (t; o, ¢(10;7,$0)) = @(£;7,80) on Ty . Hence ¢(; fo, ¢(0;7,50)) is a
y*-bounded function and this yields (£, ¢ (fo; T,&0)) € #'* for tg € [1,00).

For xp € RY, by Lemma 3.1.3(a), the unique fixed point v (xo) € X;Y of T; (+; xp)
is a solution of the differential equation (S) satisfying Q(z)v; (x0)(7) = Q(7)xo.
Now we define

w* (1, x0) := P(1)V} (x0) (1) 3.11)

and evidently have w*(r,x9) € R(P(1)). In addition, Lemma 3.1.3(c) implies
w™ (1, x9) = w* (z,Q(1) xp) (cf. (3.1k)). We postpone the continuity proof for w™ to
the end of part (a) and verify the representation (3.10) and the invariance equa-
tion (3.1q) now.

(S) Let (1,x0) € W™, i.e., (5T, x0) is y* -bounded. Then ¢(-; 7, xp) trivially satis-
fies Q(1)(t;1, X0) = Q(7) X9 and is consequently the unique fixed point of (3.1e),
i.e., we have ¢(;7,x0) = v; (xo) (see Lemma 3.1.3(a)). This implies

X0 =5 (x0) (1) = Q(0)V; (x0)(7) + P(1) V] (x0) (T) = Q(7) X0 + P(7) v (Q(7) x0) (1),

since v (xg) = v (Q(7)xp) holds due to T;(-; x0) = Tz (; Q(7)xo) (cf. (3.1e)). So, set-
ting ¢ := Q(7)xp € R(Q(7)), we have xo = & + P(1)vi (&) = &+ w' (7,¢) by (3.1t) and
(3.10) is verified.

(@) Letxp € R4 be of the form xo =&+ wt(1,8), E € R(Q(1)). Then

xo 2%+ PV (@)(1) = QVE (€)(T) + P@)VE (€) (1) = vE (€)(1)

and therefore, due to the uniqueness of solutions, one arrives at the identity
PG, x0) = 9T,V (M) =vi () € X7,
With (z,&g) € #* the invariance of #* implies

O(51,80) = QD(t;7,&0) + w' (1, QD (£;T,Ep))

for 7 < t and multiplication with P(¢) yields (3.1q).

(a1) From Lemma 3.1.3(c) we get w™ (7,0) = P(1)v;(0)(7) =0 (cf. (3.11)).

(az) To prove the claimed Lipschitz estimates consider xg, X € R? and corre-
sponding fixed points v} (xg), Vi (Xo) € X;’ y of T;(-;xp) and T;(-; Xp), respectively.
One gets from Lemma 3.1.3(c)

_ L @IY ) @1h K%L )
|w* (1, x0) — w* (1,%0)| "= |P(1) [V} (x0) (@) =V} (X)(@)]| "= 52k 0~ %ol
(a3) Due to its technical complexity, we omit the differentiability proof for the
mapping w™. It is based on a “formal differentiation” of the fixed point identity
(3.1f) w.r.t. the variable x; € R4, Concerning the details, we refer to [PS04].
It remains to show the continuity statement for w*. Thereto, let 7g € R, &o € RY.

Then for arbitrary 7 € R, xy € R? we obtain the estimate

N . 61y 2K°L
|w* (1, x0) —w* (1,&)| "< 5 ikl

1% — &l + | w™ (7,&0) — w (10, &0)|
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and to verify the continuity of w™ in (7, &), it remains to prove the limit relation

lim w*(1,&) = w (10,¢0). 3.1u)
T—To

We abbreviate ¢(1) := @(1; 7o, Q(T9)éo + w* (19,&0)) and remark that the solution
¢ of (S) exists in a neighborhood of 7¢. Moreover, as a preparation we have the
estimate (cf. (a7))

2K2L
§—4KL

3.1d) @3.11)
|Q(ro)éo + w* (T0,é0)| "= KI&ol+|w™ (10,&0) — w* (70,0)] < (K+

Jica

and we therefore obtain
}LIITIO¢(T) =¢(70). (3.1v)

By definition of ¢ we get P(10) (1) = w* (g, &), Q(T0)d(To) = Q(10)ép from (3.1t)
and (3.1q) implies P(1)¢(1) = w* (7, Q(1)p(1)). Hence, we arrive at

(3.1p)
|w* (1,é0) - w* (0, &0)| = |w* (T, QM) - w* (T, QD))
+|w* (1,Q@ ) — w (10,é0)|
@1 2K3L
<
0—4KL

|é0 = p(@)| + |P(@)p(x) - P(T0)p(T0)],

and so (3.1v) readily implies the desired limit relation (3.1u), because the invari-
ant projectors P,Q : R — R*“ are continuous.

(as4) Choose a growth rate y € I' and an arbitrary o € R(Q(7)). Then the solu-
tion v:= @(;1,& + wt (1,&p)) of (S) is y*-bounded. Because of the T-periodicity
of (S), we know that also v := v(- — T) is a y*-bounded solution. Hence, we have
the inclusion (7 + T, ¥(t)) € # * and consequently

wr@+ T,60) U2 W+ TLOQ@VET+1+ 1) = w* (@ + T,Q( + T)¥(z + T))
C1Y pr+ My + 1) P2 wt e, &),
i.e., we established the T-periodicity of w™(-,&p) in case &y € R(Q(r)). Now the
T-periodicity of w* (-, x9) for general x € R? follows from (3.1p).
(b) Since the present part (b) of Thm. 3.1.4 can be proved along the same lines
as part (a), we present only a sketch of the proof. Analogously to (a), for xy € R%,
the y~-bounded solutions v the differential equation (S) with P(r)v(r) = P(1)xo

may be characterized as fixed points of the operator T : X;. y X R4 — Xiy

T (v; x0) :=<I>(-,T)P(r)xo+f'<1>(-,S)P(T)F(s,V(S))ds

T

+f. ®(,5)Q(r)F(s,v(s)) ds.
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Here a counterpart to the above Lemma 3.1.3 holds true in the Banach space X7,
It follows from the assumption (3.1c) that T: (-; xo) is a uniform contraction on
X;,y and if vy (xo) € X y denotes its unique fixed point we define the mapping
w :RxRY — R4 by w™ (7, x0) := Q(1)v] (x0) (7). The claimed properties of w~
can be proved using dual arguments as (a).

(¢) Let v: R — R% be any y-bounded solution of (S). By means of Hyp. 3.1.1(ii),
the mapping F(-,v(-)) is y-bounded and the unique y-bounded solution of (3.1j),
which additionally satisfies

_p B1b) 3K _
sup[v(9)] e’ "D < —Lsup|v(1)| """,
teR 0 teR

0

Using L < 8K

we thus obtain v = 0 and the proof of Thm. 3.1.4 is complete. O

The above Thm. 3.1.4 states that for each gap in the dichotomy spectrum X(A)
there exists a pair of integral manifolds #;" and %™ intersecting along the trivial
solution. These integral manifolds are nested, i.e. ordered w.r.t. the set inclusion:

Corollary 3.1.7 (pseudo-stable and -unstable hierarchy). Foreachl<i <
n choose reals a; < B; satisfying (3.1m). If we define 6 max := minlﬂ:‘l1 @,
then one has

(a) the pseudo-stable hierarchy

Rx {0} =:#; cH c...cW," W, =RxRY,

n

(b) the pseudo-unstable hierarchy

Rx{0}=:W, W, 1<S...SW, W, =RxR%,

Proof. If we choose y; € I'; for 1 < i < n, then y; < y;4; holds true. Then the
inclusion 71/;“ c 7//111 follows from the dynamical characterization (3.1n) and
Rem. 2.1.2(2). Thus, we have shown (a) and assertion (b) follows accordingly. O

In the linear case of Thm. 2.2.4 we investigated spectral manifolds constructed
as intersection of a pseudo-stable spectral manifold ¥ with an appropriate
pseudo-unstable one % . These integral manifolds persist in our semilinear sit-
uation. Thereto, we define the subspaces

2] = {0 eR! xR ¢ € RQi() NR(Pj1 ()],

2]:={@,0 eRIxR?: £ RP; (1) + RQj1 (7))}
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Proposition 3.1.8 (intersection of integral manifolds). We assume that
Hyp. 3.1.1()—(ii) is fulfilled. For each 1 < i < n choose reals a; < fB; satis-
fying 8.1m) and for1 < j < i < n define max = Mingey; j_13 ﬁ";ak. If the
Lipschitz constant L is sufficiently small, then the nonautonomous set

%j:={(r,é)eu%xu%d

there exists a solution ¢ : R — R% of (S)
with¢p(v) =¢ R and p € X;\ ,pe X s

is an integral manifold for (S), which is independent of y €T, 6 € I'j_y and
possesses the representation as graph

7//l,j = 7//1.+ rﬂ//]f_l = {(T,T]+ wlj(r,n)) ceRxRY: (r,n) € Q”ZJ} (3.1w)
of a uniquely determined mapping wl] ‘R x R4 — R4 with

w! (1,8 = w! 1, Pl m& e 2/ (@) forall (z,&) eRx R (3.1%)

Furthermore, it holds:

(a) wl] ‘R x R% — R? is continuous with wl] (0,M =00nR,

(b) wl] (7,-) is globally Lipschitz,
(¢) under additionally Hyp. 3.1.1(iii), and if the gap conditions

m]a; < i, aj1<mlfj

are fulfilled, then the partial derivatives D{‘ wl] (z,-) exist, are continuous
and globally bounded up to order m{ <m,

(d) ifthe differential equation (S) is T -periodic for some T > 0, then w; (-, Xo)
is T -periodic for all x € R?.

Proof. We only provide a sketch of the proof and omit the technical details. Sup-
pose 1 < j < i < N and subdivide the proof into several steps:

() Our Thm. 3.1.4 guarantees the existence of two integral manifolds 7I/l.+ and
7//].‘_1. For sufficiently small L = 0, one sees from Thm. 3.1.4(ay) and (b,) that the

corresponding functions w; and Wi, both satisfy
lip, w/ <g<1, lip, wji-1=g<1

for some ¢ € [0, 1). Having this at our disposal, for every 7 € R we define the oper-
ator Ty : R? x R x R? — R¥ x R¥ by

T:(x,z;y) = (w;r(r,2+y),wjf_1(r,x+y)). (3.1y)
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Considering y € R? as a fixed parameter, thanks to the estimate

|,

H Wiy (T,x+y) - w]T_l(T,fc+y)“}~

| T: (x, 2 y) = T2 (%, 2 y) || = max{||w] (r,2+y) - w] (x,2+)

< q|(x-%2-2)| forallx%zzeR?

the operator T: (-, y) : RY x R? — R4 x R? is a uniform contraction in 7 € R and
yE RY, Similarly, we deduce from Thm. 3.1.4(ay) and (by) that lip; T < oo and
the uniform contraction principle ensures that there exists a unique fixed point
Y@y =] ,Y; )@ ) eR xR of T (-, y).

(IT) Now we infer the representation (3.1w) of 7I/l.j as graph of a function w{
over ?}’l] . From Thm. 3.1.4(a) we know that a point (7, xp) € R x R4 is contained in
7//l.+, if and only if there exists a {p € R(Q; (7)) such that xg = o + w;r (t,&p) and ac-
cordingly Q;(7)xp = ¢o + Q; (1) w:r (7, x9) = &o. This yields (t, xo) € Wi+ if and only if
X0 =Q;(T)xo+ w;r (7,Q;(1)xp). Analogously from Thm. 3.1.4(b) we have the inclu-
sion (1, xg) € WJ:I if and only if xo = Pj_1(7)xo + ijfl'(r,Pj_l(r)xo). The unique
decomposition xo = {+n+{ into ¢ € R(Q;(1)), n € 9’11 (1), { € R(Pj_1(7) leads to
the equivalence

(t,x0) € 71/,.j & X =Qi(Mxo+w; (r,Q;(1)xo) and
Xo = Pj-1(m)xo+w;_, (7, Pj-1(7) X0)
& (=w/@i+mandi=w;_ (T,n+()
(3.1y)
< (&) =TE& G,
i.e. the pair ({,{) € R(Q;(7)) x R(P;-1(7)) is a fixed point of T;(-;n); from the
above step (I) it is uniquely determined by Y; ;(z,n). As a result, if we define
wlj (T, xp) := Y;j (T,Pij (T)x0) + Y;j (T,P{ (1) xp) for (7, xp) € R x R4, then the repre-
sentation (3.1w) holds. Moreover, by construction one has

w] (, Pl (1) x0) = w] (1, x0) = w} (1,x0) + wy_, (1, x0) € 2] ().

(a) Since the contraction T (; y) depends continuously on (7, y) € R x [Rd, also
its unique fixed point is continuous in these parameters due to the uniform con-
traction principle.

(b) The mapping T (x, z;-) fulfills a global Lipschitz estimate. This properties
carries over to the fixed point mapping Y; ; and the claim follows.

(c) Due to Thm. 3.1.4(as) and (b3) the mapping T is of class Cmt!. By the uni-
form C™-contraction principle, also the fixed point mapping has this property.
(d) follows directly from Thm. 3.1.4(a4) and (by). O
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Corollary 3.1.9 (extended hierarchy of integral manifolds). If we define de-

finedmax := min;’z‘l1 @, then one has the extended hierarchy

7//11 C7//21 c...c Wnl_l c RxR?

u u U
2 2 2
Wysc..c Wy, W,
U U
u U
n—1 n—1
W, o<W,
U
Wl’l

Remark 3.1.10 (classical hierarchy). We suppose that 0 € 2(A), say 0 € [a;, b;],
and obtain intervals T';_1 € (—00,0), I'; € (0,00). This spectral splitting yields the
following integral manifolds:

. 7//l.l = 7//l.+ is the global center-stable manifold. Thanks to 0 < b; <y; € I'; it
contains all solutions, which are not growing too fast as t — oo in the sense of
Y| -boundedness. In particular, all forward bounded (or periodic or constant)
solutions are contained in .

. Wll_l = 7//;:1 denotes the global stable manifold. Due to the inclusiony;—; €I';_;
withy;—1 < a; <0 it consists of all solutions decaying exponentially as t — oo,
i.e. beingy!_,-bounded.

. 7//,1’ =W,_, is the global center-unstable manifold. All solutions of (S) which are
not growing too fast as t — —oo (in the sense of y;_, -boundedness) are included
in the center-unstable manifold. This time, all solutions which are bounded in
backward time (or periodic or constant) lieon #;_,.

¢ The global center manifold 7//l.i =W nW,_, consists of solutions both on the
center-stable and -unstable manifold. Particularly, all bounded (or periodic or
homoclinic/heteroclinic) solutions lie on this integral manifold.

. Wn’ 1= W is the global unstable manifold. It consists of all solutions decaying
to 0 exponentially as t — —oo in the sense of y; -boundedness mit0 < b; <v;.

In the autonomous case, thanks to Thm. 3.1.4(ay), (by) and Prop. 3.1.8, these inte-
gral manifolds reduce to the classical five invariant manifolds.

Proof. The cases i =1 and j = n have already been shown in Cor. 3.1.7 in form
of the pseudo-stable and -unstable hierarchy Wil =W resp. W, = 7//j:1. We
thus restrict to indices 1 < j < i < n. Above all, we choose growth rates y € I';,

6 €T'j_; and point out that the sets 7//1.] are dynamically characterized using solu-
tions being both y*- and §~-bounded. A growth rate y € I'; ;1 satisfies y < ¥ and
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Rem. 2.1.2 yields the inclusion X, < X 7 guaranteeing 7//l.j c 7I/lil Analogously,
for growth rates § € I'j_, one has § <6, X, 5 S X sand thus Wl.] c 7//l.]_1. o

Theorem 3.1.11 (asymptotic phase). Assume that Hyp. 3.1.1(i)-(ii) is ful-

filled. For 1 < i < n choose reals a; < B; satisfying (3.1m), define dmax :=

@ and choosey € I';. If L is sufficiently small, then the following holds:

(@) The pseudo-unstable integral manifold #;~ from Thm. 3.1.4(b) possesses

an asymptotic forward phase, i.e. there exists a mapping '} : Rx R — R4
with the property

lp(t; 7,0 —p7,7 (@,0)| = CHUEN’™™  forallt<t,  (3.12)

where the function C; : [0,00) — [0,00) maps bounded sets into bounded
sets. Moreover, n;“(r, )R — W (7) is a continuous retraction onto the
T-fiber W, (1), satisfying p(t;7,) o} (z,)) =7} (t,-) o p(t;7,") forallT < t.

(b) The pseudo-stable integral manifold ;" from Thm. 3.1.4(a) possesses an
asymptotic backward phase, i.e. there exists a mapping w; : R x R — R4
with the property

lp(t;7,6) — (61,77 (1,6)| = C; (1N forallt <7,

where the function Ci‘ : [0,00) — [0,00) maps bounded sets into bounded
sets. Moreover, 7 (t,) : R — 7//l.+ (t) is a continuous retraction onto the
T-fiber W;" (1) satisfying p(t;7,-)on; (r,-) = 7; (t,) o @(t;7,) forall t < 7.

Proof. The proofis relatively involved and therefore omitted. However, it is based
on the constructions of so-called invariant foliations; for details we refer the in-
terested reader to [AW03]. O

Exercise 3.1.12. Consider the semilinear differential equation (S) in R*> with

T A

with fixed reals a < B and a parameter €. Discuss the dynamics of x = Ax+ F(x) for
different values of € and relate it to the spectral gap condition (3.1c).
3.2 Local integral manifolds

In this section, we make the first attempt to weaken the global assumptions in
form of Hyp. 3.1.1(ii)—(iii). Thereto, we consider a general nonautonomous ODE
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with a continuous right-hand side f : R x R — R? being of class C™, m > 1, in the
state space variable with continuous partial derivatives D, f. For simplicity, we
assume that f is defined on the whole set R x R?. The general solution is denoted
by ¢(t;7,¢).

We suppose that (O) has a bounded reference solution ¢* : R — R?, which
might be a constant, a periodic or a general bounded solution. We are interested
in the behavior of (O) in the vicinity of ¢p*. In particular, we want to provide a local
description of the stable set corresponding to ¢*,

+ . d| . —h* —
Wy ,_{(T,g)eRxR ‘tlg&hp(tmf) ¢ (t)I—O}y
as well as of the unstable set corresponding to ¢*,
- . dl . —h* —
Wi = {@0 eRxR?| lim |o(t;7,0)-¢" (0] =0},

For our differential equation (O) we make the following assumptions:
Hypothesis 3.2.1. Let po >0, m,n € N and suppose that:

(i) Thevariational equation

| %=Daf(1,¢" (1)x] V)

has the dichotomy spectrum Z(¢*) = 17'1:1 la;, bjlwithl<n<d.
(ii) The following limit relation holds uniformly in t € R,

1
lix%f [D2f(t,¢* (1) + hx) — Dy f(£,* (1)) dh] = 0. (3.2a)
x—0Jo

(iii) The partial derivatives D§ f, 1 = k = m are uniformly bounded, i.e. for each
bounded B < R% one has sup ,cg SUp e |D§f(t, x)| <oo.

Remark 3.2.2. The condition (3.2a) will guarantee (see below) that a nonlinearity
is of order o(x) as x — 0 uniformly in t € R. This can be seen from the mean value
theorem (see [Lan93, p. 341, Thm. 4.2])

flt, x+¢* () = f(t, 0™ (1) — Do f (£, ™ (1) x
1
=f0 [sz(t,x+ ho* (1) —sz(t,gb*(l‘))] dhx
Before we formulate our first result, a weaker version of the invariance notion
from Def. 1.3.1 is due, which is tailor-made for the things to come. Given a vector

bundle 7 € R x R% and an open neighborhood % <R x R? of ¢*, we say a graph

W= {(r,5+ w(T,&) eRxRY: feV(r)n%(r)}
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of a given mapping w: ¥ n% — R? is a local integral manifold of eqn. (0), if
(to,x0) €W = (Lot 10, X)) €W

holds for all ¢ as long as ¢(t; fy, xo) € 2 (t). In case 2 =R x R% we say # is a global
integral manifold of (O), if the above conditions holds for all # € R. One speaks of
a C™-integral manifold of (O), provided the partial derivatives D} w exist and are
continuous for n € {1,..., m}.

Theorem 3.2.3 (local integral manifolds). Under Hyp. 3.2.1 there exist reals
p€(0,00), Y0,---»Ym = 0 such that for all 1 < i < n the following holds:

(a) Equation (O) has a local C' -integral manifold
P +W ="+ {(1,17+ wi@m eRxRY: (1, € BBP(O)}

with a C'-mapping w; : %B,0) — R satisfying (3.1q) forallT € R, & €
By (0). Moreover, for (t,£) € 98,(0) one has:
(a1) wi(7,0)=0onRand|w] (7,&)|=<p,
(az) limy_oDow; (t,x) =0 uniformly in t e R,
(az) under the gap condition
mao; < ﬁ,‘ (3.2b)

holds, then ¢* +W;* is a C™ -integral manifold with
|D}wi(,8)|<yn forallo<n<m. (3.20)

(b) Equation (O) has a local C' -integral manifold
BT W =+ {(T,n+ w7 (T,m) eRxRY: (1,m) € ,98,)(0)}

with a C'-mapping w; : Bp0) — RY satisfying (3.1s) forall TR, & €
By (0). Moreover, for (7,§) € 9B,(0) one has:
(by) w; (1,00=00nR and | wi’(r,f)| <p,
(b)) limy_.gD>» w; (t,x)=0 uniformlyinteR,
(b3) under the gap condition a; < mf;, then*+#;” isaC™ -integral man-
ifold with
|D}w; (t,8)|<yn forallo<n<m.

(c) Onehas (p*+W#, )N (P*+W;7) ="

The pseudo-stable and -unstable manifolds ¢* +#;" and ¢* + #;” intersect
along the solution ¢*. Moreover, due to D, w;—’ (7,0) = 0 on R, they are tangential
to the invariant vector bundles Z(Q;) resp. Z(P;).
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s (1)

*****

Fig. 3.1 The bump function from Lemma 3.2.5

Remark 3.2.4. Ifboth (0) and ¢* are p-periodic, then the integral manifolds 7//;—“
are also p-periodic. In particular, for autonomous eqns. (O) and constant solutions
¢* the fibers are constant and one calls 7//i+ (r) or #;” (1) aninvariant manifold.

Before we can tackle the proof of Thm. 3.2.3, some preparations on smooth
extensions of functions are due. They address bump functions and provide a kind
of optimality in their Lipschitz constant (cf. Fig. 3.1).

Lemma 3.2.5 (bump functions). For every real s > 1 there exists a function 9 €
C®(R) such that 9(t) = 1 on (—oo,1], 9(t) € [0,1] for t € [1,2], I(¢) = 0 on [2,00)
and DI(t) € [-s,0] for t e R, as well as t9(t) € [0, s] forall t = 0.

Proof. Forreals r >0 consider the bump function w, :R — R,

exp(-—L=) for|t|< 3,
wr(t)::{ ( 01 47 ) for ItIE%
of class C*® (cf. [AMRS8S, p. 94]). Then 9, : R — R, 9,(f) := f_toow,/ffgow, is
an increasing C*°-function with 9,(1) = 0 for r < -4, 9,(1) = 1 for r = § and
the derivative D9,(t) = w,(1)/ ffgowr. From the properties of w, we see that
min;eg DI, () = 0 and m(r) := maxeg DI, (1) = exp(—r)/ffgowr. It is not diffi-
cult to prove that m: (0,00) — R is a strictly increasing continuous function with
lim,\ o m(r) = 1. Thus, for every s > 1 there exists a r* > 0 such that m(r*) < s,
and therefore DI, (¢) € [0, s] for all £ € R. In conclusion, the function 9 given by
(1) := 0= (% — 1) satisfies the assertions.

Yet, it remains the establish the final estimate. By construction, the minimal
slope of 9 is greater or equal than —s. Due to 9(2) = 0, this yields 9(#) < —s(t—2) for
all € [2—1,2] (see Fig. 3.1). Thus, itis t9(r) = st(2— 1) <2— 1 forall r€ [2—1,2]
and since also t9(1) < t < 2—1 holds for r € [0,2 - 1], we have deduced the desired
inequality t9(f) =2 — % for all £ = 0. Having this at hand, the elementary estimate

2-1<s 5>1,yields our claim. o
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Proposition 3.2.6 (cut-off functions). For all reals p >0 and s > 1 there ex-
ists a C™-function y,, : RY — R such that y,(x) =1 for |x] < p, xp(x) € (0,1)
forlxl € (p,2p), xp(x) =0 for|x| = 2 and | Dy, (x)| < 5. as well as the inclu-
sion xy(x) € By, (0) forall x € R4,

x|

Proof. Given p >0 we define y,: RY — R by Xp(X):= 1‘)(?) with a bump function
9 from Lemma 3.2.5. In a neighborhood of 0 we have y,(x) = 1. Outside this set,
by assumption, ¥, is the composition of C"”*-mappings and therefore of class C".
The bound for the derivative follows from the chain rule yielding

Dy, (0| < L[ pa(s) for all x € R

o)

< S
Y

using Lemma 3.2.5. It is a consequence of the final estimate in Lemma 3.2.5 that

|xp(xX)x| = p? (%) % < ps for all x € R? holds and we are done. o

Proposition 3.2.7 (C™-extension). IfF:RxR? — R? is a C™-mapping in
the second variable with

0(r) :=lip, Flg, ) <oo forallr >0,
then for every s > 1 and p > 0 there exists a C"™-mapping F° : R x R¢ — R4
with the following properties:
(a) FP(t,x)=F(t,x) forall t€R, x € By(0),
(b) one has the global Lipschitz estimate

lip, F? < (1+25)4(p),

(c) if the derivatives D}F, n € {0,...,m}, are uniformly bounded, then the
same holds for FP.

Proof. Foragiven s> 1 choose p > 0. We define the modification F* : Rx R% — RY
by FP(t,y) := F(t, xp(x)x), which is of class C"™ in the second argument and sat-
isfies assertions (a) and (c). In order to establish the remaining claim (b), we
consider the C™-function 0, : R4 — R, 0,(x) := xp(x)x. By the product rule
(cf. [Lan93, p. 336]), Prop. 3.2.6 and Lemma 3.2.5 one has the estimate

\Dep(x)| < \D}(p(x)x| + \Xp(x)| < % | x| + |)(p(x)| <2s+1 forall x e R?

and thus lipf, < 2s+ 1 by the mean value inequality (cf. [Lan93, p. 342, Cor. 4.3]).
Forall r€R, x, x € R? this yields the Lipschitz estimate
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|FP(t,%) = FP(1,%)| < 1(sp) |0p(x) — 0, (D)| < (1 +25) 01 (sp) |x — XI.

We introduce the equation of perturbed motion
=ft,x+¢*(0) - f(t,¢" (1) (P)

and observe that it has the trivial solution. Note that the behavior of (O) near ¢*
is the same as the behavior of (P) near 0. Moreover, we point out that even if (O)
does not depend on time, then (P) is still nonautonomous as long as ¢* varies in
time. This emphasizes the role our nonautonomous theory even in the classical
field of autonomous dynamical systems. An equivalent representation of (P) is

x=A(t)x+F(t,x) (3.2d)
with the functions A: R — R?*? and F: R x R — R given by
A():=Daf(£,0" (1)), F(t,x):= f(t,x+ " (1))~ f(£,¢" (1)) = D2 f (£, " (1)) x.

Proof of Thm. 3.2.3. Let p > 0. Above all, we use Prop. 3.2.7 in order to obtain a
C™-smooth modification FP. Due to (3.2a) one has the limit relation

lin}) |D,F(t,x)|=0 uniformlyin teR
Xﬁ

and hence lim\ olip, F|3, (0) = 0. For p > 0 sufficiently small, by Prop. 3.2.7(b), we
can make also lip, F as small as we want. Then the modified equation

X=A®x+FP(t,x) (3.2¢)

satisfies the assumptions of Thm. 3.1.4. Thus, there exist global integral manifolds
71/;—’ given as graph of a mapping wli over vector bundles Z(P;) resp. Z(Q;). Then
the mappings wli = LD:—’ |28, (0 fulfill the assertions claimed in Thm. 3.2.3. O

The following example shows that the gap condition (3.2b) is sharp, i.e. the
integral manifold #;" from Thm. 3.2.3(a) is not of class C™ in general, even if f is
a C*-function.

Example 3.2.8. Given an integer m = 2, let us consider the planar autonomous
differential equation
X=x
{y:my_'_xm, (3.2f)

with the trivial solution ¢* = 0. It fulfills the assumptions of Thm. 3.2.3(a) in form
of the dichotomy spectrum Z(¢p*) = {1, m}. Consequently, there exists an integral
manifold #;* < R x R? given as graph of a function w; : %,(0) — R* for some
p > 0. On the other hand, for everyy € R the sets

Wy :={(&m € Bp0)\ (0}: = S Ing?+ v LU 0}
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wy($)

| Wy (f)

0 ¢

Fig. 3.2 Graphs of the functions w), from Exam. 3.2.13

contain the origin and are (locally) forward invariant w.r.t. (3.2f), i.e. Rx Wy isa
Jforward invariant integral manifold. Additionally, each pair (§,n) € B,(0), ¢ #0, is

2
contained in exactly one of the sets Wy, namely fory = Ei’” - % Thus, the integral

manifoldW," from Thm. 3.2.3(a) has the formRx Wy« for somey™ € R (see Fig. 3.2).
Every fiber Wy is graph of a C™ ! _function wy (&) =1, but wy fails to be m-times
continuously differentiable. Note that in the present example the gap condition
a1 < mgf is only fulfilled for 1 < ms < m.

Corollary 3.2.9 (invariance equation). The mappings w;—r satisfy the invari-
ance equations

A@wy (1,8 +Pi(0)F(,¢+ w; (1,8))
= Dow; (1,6) (A@E + Qi (1) F(1,& + wi (1,8))) + Dy wj (7,8)

forallt €R, ¢ € By (0) N R(Q;(7)) and

A@w; (1,8) +Q;(T)F(7,¢ + w; (7,¢))
= Dow; (1,8) (A + Pi(0)F(x,& + wy (1,8)) + Dyw; (7,€)

forallt €R, & € By (0) N R(P;(7)).

Proof. See Ex. 3.2.18 O
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WuC%uCRXRd

U U
We = Wes
U
Ws

Wcs

Fig. 3.3 Classical hierarchy of invariant manifolds (left) and classical invariant manifolds #;
(dotted), #;,, (dashed) and #,,, #s, . (right)

Proposition 3.2.10 (local center manifolds). Let m € N and assume that
Hyp. 3.2.1 are satisfied. If (i, j) is a pair satisfying 1 < j < i < n, then there
exists a p € (0, po) such that the intersection

O+ =W W
is a local C" -integral manifold of (0), representable as graph
71/l.j = {(T,T]+ w{(‘r,n)) eERxRY: (T,n) € ,%9(0)}

ofa c! -mapping wlj :%,(0) — R4 satisfying (3.1x) for all (z,&) € 9B,(0). Fur-
thermore, for all (7,&) € 9, (0) it holds:

(a) w{(r,O) =0onR and | w{(r,§)| < p forall(z,$) € %,(0),

(b) limy_.q D, wl] (t,x) =0 uniformlyint € R,

(¢) if additionally the gap conditions ml].a;." <pBianda;_; < m{ﬁj_l hold,

then ¢* + 7//l.j is a local C™ -integral manifold.

Remark 3.2.11 (classical hierarchy). For equations (0) with 0 € Z(¢*), for exam-
ple0 € [a;, b;], we get the following classical integral manifolds associated to ¢*:

* Stable manifold ¢* + #; = ¢* + #1 |
* Center-stable manifold ¢* + #;s = ¢* + ¥/
* Center-unstable manifold ¢* + #,, = ¢* + ¥}
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* Unstable manifold ¢* + %, = ¢* + #,*!
* Center manifold ¢* + ¥, := ¢* + ¥}

These integral manifolds form the classical hierarchy depicted in Fig. 3.3, and ¥,
W, inherit their smoothness from (0). As long as solutions stay in the nonautono-
mous set ¢p* + B, (0) one can describe them asymptotically as in Rem. 3.1.10.

Remark 3.2.12. For a p-periodic eqn. (O) and solutions ¢* the integral manifolds

7//ij are also p-periodic. In particular, for autonomous eqns. (0) and constant ¢*
one speaks of invariant manifolds and the above classical special cases are denoted
as stable, center-stable, center-unstable, unstable resp. center manifold.

Proof. The argument is parallel to Thm. 3.2.3 and we omit further details. O

Next we illustrate that the center-unstable manifolds as postulated above in
Thm. 3.2.3 need not to be uniquely determined.

Example 3.2.13. The2-dimensional autonomous equation

Xx=-x,
{ . 5 (3.2g)
y=y,

with the trivial solution ¢* = 0 fulfills the assumptions of Thm. 3.2.3(b); the dicho-
tomy spectrum reads as 2(¢*) = {—1,0}. For everyy € R it is easy to verify that

Wy = {(T,E,n)E[R{x[R{x(—oo,l):5:yel/”forn<OandE:0forn20}

is a local integral manifold of (3.2g) in the sense that ¥, is a locally invariant
graph containing the zero solution and being tangential.

We continue with an asymptotic description of the stable and center-stable
manifolds, as well as of their unstable counterparts.

Corollary 3.2.14. Under Hyp. 3.2.1 the following holds:

(a1) Ifp—¢* decays exponentially in forward time, then there exists a ty € R
such that (t,p(t)) € p* + W5 forall t = 1,

(ay) thereexists a p; € (0, p) such that every forward solution of (O) starting in
¢ + (Ws N 9By, (0)) decays exponentially to ¢p* in forward time.

(b)) Ifd— @™ decays exponentially in backward time, then there exists a ty € R
so that (t,¢p(1)) € o* + Wy, forall t < 1y,

(b2) there exists a p; € (0, p) such that every backward solution of (O) starting
ing* + Wyun By, (0) decays exponentially to ¢* in backward time.

Proof. By passing over to the equation of perturbed equation (P) we can assume
that ¢p* is the trivial solution of (O).
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(a) We choose 1 < i < n with with b; <0 < a;;; and growth rates a, § with

a+
_'B<
2

bij<a<pB<aij, 0.

Thus, as in the proof of Thm. 3.2.3(a) there exists a global integral manifold # *
of (3.2e), consisting of forward solutions to (3.2e) in X’ y Withy < aTJ’ﬂ

(a1) Since the solution ¢ is exponentially decaying, there exists a 6 < 0 such
that ¢ € XT+ s T € R; by an appropriate choice of @, f one has § < y. Thus, there
exists an entry time fp € R with ¢(#) € B, (0) for ¢ = #y. Because the stable manifold
#; of (O) and # * coincide on %,(0), one has (,¢(1)) € #; forall ¢ = 1.

(az) Every initial pair (7, ) € #;n%,(0) is contained in an integral manifold W
of the modified eqn. (3.2e) and moreover yields a y*-bounded solution @(-;7,¢)
of (3.2e). Due to y < 0 this solution decays exponentially in forward time. Ac-
cordingly, for sufficiently small p; € (0, p) one has (z,(£;7,$)) € #5 N 9B, (0) and
@(-;7,¢) coincides with a solution of (O) starting in (7,¢).

(b) can be shown analogously. O

Corollary 3.2.15. Under Hyp. 3.2.1 the following holds: If there exists a ty € R
with (t,¢(1)) € By (™) forall

(@) ty<t,then(t,d(1) €™ + W, forallty<t,
(b) t<ty, then (t,p(1)) € ™ + Wy forall t < ty.

Proof. W.l.o.g. we again suppose that ¢p* is the trivial solution of (O).

(a) First, choose 1 < i < m minimal with 0 < b; and growth rates a, § such that
b; < @ < B < aj+1- The proof of Thm. 3.2.3(a) guarantees an integral manifold W+
of the modified system (3.2e). We know that # * consists of y " -bounded solutions
for some 0 < y. If a solution ¢ : [7,00) — R? of (O) stays in B, (0) forall t = 1y, then
it also solves (3.2e) and is y*-bounded. Hence, the solution is contained in #'*
for £ = ty and therefore on #.s = #* n BBy (0).

(b) One proceeds analogously. O

In the remaining, we discuss a canonical application of local integral mani-
folds to stability theory. The simplest situation is given for solutions ¢* with a
hyperbolic variational equation (V) with associated dichotomy spectrum X(¢*).

Theorem 3.2.16 (principle of linearized stability). Under Hyp. 3.2.1 the fol-
lowing holds:

(@) IfZ(¢p*) < (—00,0), then ¢* is uniformly asymptotically stable.
(b) If there exists a spectral interval [a;, b;] of 2(¢™) with 0 < a;, then the so-
lution ¢* is unstable.
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Proof. W.l.o.g. we can restrict to the equation of perturbed motion (P) in its semi-
linear form (3.2d).

(a) Thanks to our assumption Z(¢p*) < (—oo,0) there exist K = 1 and a > 0 such
that the transition operator of (V) fulfills

Dz, 5)| < Ke ®C9 foralls<r. (3.2h)
Rather than (3.2d) we consider the modified equation
x=A(t)x+FP(t,x) (3.21)

and choose p > 0 so small thatlip, F¥ < %.Givent € R,{ € R the general solution
@ of (3.2i) also solves the linear inhomogeneous equation

X=A)x+FP(t,p(t;1,8)

and using the variation of constants formula we arrive at
t
Q1,8 = <D(t,1)6+f @(t,5)FP (s,p(s;7,8))ds forallt <t
T

Using the estimate (3.2h) this implies

t
|p(7,8)| < |<I>(t,r)llfl+f |D(z, )| |FP (5, (5;7,8)) — FP(5,0)| ds
T
(3.2h) —a(t-1) ! —a(t-s) ~
< Ke lEl+K | e |FP(s,@(s;7,) — FP(5,0)| ds
T
t
< Ke‘““‘”lfHKliszpf e Y | p(s;7,8)| ds
T
and consequently

¢
|<ﬁ(t;r,§)|ea(H) SK|£|+Klip2pr |¢(s;r,£)|e“(57”ds forallt<t.
T

Now the Gronwall inequality applies and leads to
|p(t;7,6)| < K¢ eKlip2 FP=a)(t=7) g0 4] 7 < ¢

our assumptions on p yield Klip, F? — a < 0. Hence, the trivial solution to (3.2i)
is uniformly asymptotically stable. Since the general solutions of (3.2i) and (3.2d)
coincide on 98, (0), the solution ¢* of (O) inherits this property.

(b) Our assumptions guarantee that the trivial solution to (P) admits an unsta-
ble integral manifold. It contains all solutions leaving a sufficiently small neigh-
borhood of 0 in forward time. O

In absence of an unstable integral manifold, the above principle of linearized
stability yields (exponential) stability of ¢*. Conversely, if there is an unstable
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manifold, one obtains the instability of ¢*. Between these two cases is the situ-
ation of a nonhyperbolic variational equation (V), where a center-unstable inte-
gral manifold #;, exists. Then stability properties are determined by the behavior
on %, and therefore by a lower-dimensional equation (O) reduced to ¢* + #,,:

Theorem 3.2.17 (reduction principle). Suppose Hyp. 3.2.1 is satisfied and
choose 1 < i < n with b; < 0. The solution ¢* of (O) is stable (uniformly
stable, asymptotically stable, uniformly asymptotically stable, exponentially
stable, or unstable), if and only if the zero solution of the reduced equation

y=A@My+Pi(OF(t, y+w; (t,y) (3.2))

in Z(P;) has the respective stability property.

Proof. First, we can restrict to the equation of perturbed motion (P).

Our assumptions guarantee that one can choose y € I'; with y < 0. In addition,
there exists a pseudo-unstable integral manifold #;~ associated to the trivial solu-
tion of (P); itis graph of a function w; defined on a neighborhood %, (0) in % (P;).
By construction (cf. the proof of Thm. 3.2.3(b)), 7I/l.‘ is the restriction of global in-
tegral manifold 7/71.‘ for the modified eqn. (3.2e) as in the proof of Thm. 3.2.3,
which is graph of a mapping w; and w; = w; |4, (o) with

w; (1,00=0 onR, lip, W] = ¢ < oo. (3.2k)

Thanks to Thm. 3.1.11(a) the integral manifold #; has an asymptotic forward
phase 7} satisfying (3.1z). More precisely, with the constant C;" (I{]) > 0 occurring
in (3.1z) one has

CHiEn = C1él, |Qi@nf (7,0 < C1El forallTeR, & eR? 3.2D)

with some reals C;,Cs > 0.

(=) The reduced eqn. (3.2j) describes the dynamics of (P) on the locally in-
variant pseudo-unstable integral manifold #;". This local invariance yields that
stability properties of the zero solution for (P) carry over to (3.2j).

(«<) Conversely, if the zero solution of the reduced eqn. (3.2j) is unstable, then
by invariance of #;, also the zero solution of (P) is unstable.

Now, let € > 0, T € R be given. We suppose the zero solution of (3.2j) is stable, i.e.
there exists a 6 € (0, p) so that

&€
2(1+9)

|po(1)] < forall r=7 (3.2m)

and any solution ¢y : [7,00) — R of (3.2j) with ¢o(7) € B5(0) N 2 (P;)(1). In the
following, let ¢ : [,00) — R be an arbitrary solution of (P) with
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o) <min{i,i},
3C,'2C,

Due to the asymptotic forward phase from Thm. 3.1.11(a), we establish that there
exists a corresponding solution ¢y : [7,00) — R? of the global equation

y=AWMy+Pi(OF(t,y+w; (t,¥))

(cf. (3.2)) in the pseudo-unstable vector bundle Z(P;) with

|@(t;T,¢() = @57, Po(T) + W (7,0 (1)))] 027 Ci|p@)|e"™™ forallt<t,
where @ is the general solution of (3.2e). We have from Thm. 3.1.11(a),

~ 21
o) = | @it o] % ¢ o] <6

and thus (3.2m) gives us |po(t)| < —=5 ] for all ¢ > 7. But this yields (note

2(147; (©
e’"=? < 1 for 7 < t) with the triangle inequality and Thm. 3.1.4(b,),

|p(5;7,(1)]

IA

|p(;7,0(0) - @(t;7, 7] (7,0()) | + |@(57, 77 (7, (1))
C1 || e + |Po (1) + w; (£, Po(1))]

<
(3.2
=

e |p@)|+ @ +0)|po(r)| <& forallr =<t

and 0 is a stable solution of (3.2e). However, since (O) and (3.2e) coincide on the
ball 8,,(0), and due to @(£;7,¢(7)) € B,(0) for all T < ¢, it is ¢ = @(;; 7,¢(7)). Thus,
the zero solution is also stable w.r.t. (P). Keeping in mind that #; is uniformly
exponentially attracting (cf. (3.1z)) with constants independent of 7 € R, a similar
reasoning gives us the assertion on the remaining stability properties. O

Exercise 3.2.18. Prove Cor. 3.2.9.
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