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Abstract

In this paper we present an existence and smoothness result for center-like invariant
manifolds of nonautonomous difference equations with slow and fast state-space variables.
This result can be seen as a first step to obtain Fenichel’s geometric theory for difference
equations. Hereby, our basic tool is an abstract integral manifold theorem.
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1 Introduction and Preliminaries

Many problems from the applied sciences lead to dynamical systems, where the state space
variables have certain components which vary rapidly, and others which vary relatively slowly
in time. Usually one approaches such problems within the framework of singular perturbations
and integral manifolds. In fact, the investigation of singularly perturbed ordinary differential
equations (ODEs) using the method of integral manifolds is a classical matter, since its origins
reach back to BARIS [3] or even ZADIRAKA [22]. Meanwhile their approach has been developed
further in various directions, and we only mention the contributions of HENRY [8], SACKER &
SELL [17], SAKAMOTO [18], RYBAKOWSKI [15], as well as the very applicable considerations in
Nipp [11, 12] here. Moreover, FENICHEL [7] provided a largely complete geometric theory of
singular perturbations in continuous time over 20 years ago.

In the case of difference equations the situation is significantly different, because the existing liter-
ature on singular perturbations is comparatively small. Using asymptotic methods, COMSTOCK
& Hs1a0 [4], KELLEY [9], SUZUKI [21], or in a simple situation AGARWAL [2, pp. 92-95], obtain
results concerning individual solutions instead of a whole set of solutions. Other approaches
based on invariant manifolds have their origins in discretization theory of ODEs, namely in the

*This paper is dedicated to George R. Sell on the occasion of this sixtyfifth birthday.
TResearch supported by the “Graduiertenkolleg: Nichtlineare Probleme in Analysis, Geometrie und Physik”
(GRK 283) financed by the Deutsche Forschungsgemeinschaft and the State of Bavaria.



2 1 INTRODUCTION AND PRELIMINARIES

occurrence of singularly perturbed Poincaré-mappings (cf. STIEFENHOFER [20]) or in numerical
approximation of singularly perturbed differential equations (cf. e.g. N1PP & STOFFER [13]).

The aim of this paper is to show the existence and smoothness of a center-like invariant manifold
for certain types of difference equations, which can be interpreted as discrete counterparts of sin-
gularly perturbed ODEs with fast time. Such a result in the continuous autonomous situation
and the corresponding geometric ideas are already contained in [7], but with a proof heav-
ily depending on a “differential-geometric” approach developed in [6]. However, our technical
machinery is purely analytical and basically inspired by [8] and [18, 19].

The present paper is organized in a straight-forward manner: Section 2 contains the two basic
technical tools, namely a perturbation result for exponential dichotomies (Theorem 2.1) and
the quite general Theorem 2.2 about invariant fiber bundles — the discrete pendant of integral
manifolds. Both are new for difference equations and of independent interest, but the proofs are
lengthly and technical, and therefore omitted here. The main result (Theorem 3.6) is deduced
in Section 3 after some preparations. As a general philosophy, and although this article belongs
to the qualitative theory of (nonautonomous) dynamical systems, we have tried to state our
results as quantitatively as possible.

Now we introduce our basic terminology. Z denotes the integers and N the set of positive integers.
The Banach spaces X', ) are all real (F = R) or complex (F = C) throughout this paper and
their norm is denoted by ||-|| y, ||-||;, or simply by ||-||. On the cartesian product X' x Y we always
use the norm ||(z,y)|lyy = max {[|lz|ly,llylly} and B,(z) is the ball in a normed space with
center z and radius p > 0. £, (X;)) is the Banach space of n-linear continuous operators from
X" to Y iforneN, Lo(X;Y) =Y, LX) := L1(X;X); Iy is the identity map on X and GL(X)
the multiplicative group of bijective mappings in £(X). We write N (T) := T~1({0}) for the
kernel and R(T) := T'(X) for the range of an operator T' € L(X).

DF stands for the Frechét-derivative of a mapping F, and if F' : (z,y) — F(z,y) depends
differentiable on more than one variable, then its partial derivatives are denoted by D1 F and
Dy F, respectively, provided they exist. Higher order derivatives, like e.g. DY F, n € Ny, are
defined inductively.

Finally, we use the notation

Az = f(k, ) (1.1)

to denote the difference equation Az(k) = f(k,z(k)), with the forward difference operator
(Ax)(k) == z(k+ 1) — x(k), k € Z, and the right-hand side f : Z x X — X. Let A\(-;k,§)
be the general solution of equation (1.1), i.e., it solves (1.1) and satisfies the initial condition
ANk K,§) = for k € Z, £ € X. In forward time (k > k), A(-; k,&) can be defined recursively as

‘ - 13 for k=«
A(k; K, &) == { Ak =Lk, &) + f(E =LAk = 1;k,8)) for k>r’

and if the inverse mapping [Ix + f(k —1,-)]7' : X — X exists for k < &, then A(-; k, &) can be
extended on Z by defining recursively

Mk —1;5,6) i= [T + f(k —1,)] " Mk 5, €)  for k < k.

A subset W of the extended state space Z x X is called an invariant fiber bundle of (1.1), if for
any pair (k,&) € W, the solution A(+; s, ) exists on Z, and if it follows that (k, A\(k;k,€&)) € W



for all k € Z. Given an operator sequence A : Z — L(X), we define the evolution operator
®(k, k) € L(X) of the linear difference equation Az = A(k)x as the mapping given by

I for k==&
Ok, k) = { [[X+A(k_1)]x..-[IX+A(/-@)] for k> r’

and if Ty + A(k) is invertible (in £(X)) for k < &, then

Bk, k) = [Ty + AK)] ' [Ix + A(k — 1] ' for k < k.

2 Exponential Dichotomies and Invariant Fiber Bundles

We need some preparations to establish the announced results in Section 3, namely a nonau-
tonomous concept of hyperbolicity, its robustness under perturbations, and a generalized center-
manifold theorem. Thereto consider an operator-valued sequence A : Z — L(X). Then a
nonautonomous linear difference equation

Az = A(k)x (2.1)
is said to have

(i) v -bounded growth (with constant C'), if there exist real numbers v > 0, C' > 1 such that
[®(k, )| < Oyt~ for k > 1,

(i) (y,0)-bounded growth (with constant C), if Iy + A(k) € GL(X), k € Z, and if there exist
reals 7,0 > 0, C > 1 such that ||®(k,1)|| < Cy*! for k > [ and || ®(k,1)| < Co* for
[ > k.

Differing from the situation of ODEs (cf. CoPPEL [5, pp. 8-9]), bounded growth of (2.1) can
be characterized in terms of boundedness of the coefficient operator A. Precisely, the equation
(2.1) has (v, d)-bounded growth with constant 1, if and only if

11x + AR)|| < 7, H[IX+A(1€)}*1H <5 forkeZ

holds. Accordingly, the left inequality is necessary and sufficient for y+-bounded growth of (2.1)
with constant 1. Furthermore, in the finite dimensional setting X = F¥, the boundedness of
Iy + A : Z — GL(FN) implies that [Ty + A(-)]™" : Z — GL(FN) is bounded (cf. [5, p. 47,
Lemma 1]). Autonomous linear difference equations evidently have bounded growth.

A sequence of projections P : Z — L(X) is called a regular invariant projector of (2.1), if
P(k+1)A(k) = A(k)P(k), N(P(k+1) CR(Ix+ A(k)) forkeZ

holds. Then it is not difficult to show that the restriction ®(k,1) := ®(k,1)|y(pq)) : N(P(1)) —
N(P(k)), k > 1, is a well-defined isomorphism, and we denote its inverse by ®(l, k). The system
(2.1) is said to possess an ezponential dichotomy with a, 3, K1, K2 on Z, if there exists a regular
invariant projector P : Z — L(X) of (2.1) satisfying

@k, )P()|| < K1a*~t for k > 1, |®(k, 1) [Ix — P(1)]|| < Ko8*" for 1 >k,
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where 0 < a < (3, K1, Ky > 1 are real constants. In the autonomous situation A(k) = A, the
equation (2.1) has an exponential dichotomy with «, 3, if the spectrum of Iy + A € L(X) can
be separated into spectral sets disjoint from the annulus {\ € C: o < |\| < 8} in the complex
plane C. A comprehensive introduction to exponential dichotomies for difference equations can
be found in, for example, HENRY [8, pp. 229-237].

The next result is crucial and concerns the robustness of exponential dichotomies under slowly
varying parameters. Related results for ODEs are provided by e.g., [5, p. 50, Proposition 1],
SACKER & SELL [16, Theorem 6], [8, pp. 240-241, Theorem 7.6.12] or SAKAMOTO [19, Theo-
rem 1]. However, it is new for difference equations to our knowledge.

Theorem 2.1 (slowly varying coefficients): Let (Q,d) be a metric space, A : Z x Q — L(X) be
a mapping, and let C1,Co, L > 0, K1, Ko > 1, 71,72,02 > 0, 0 < o < 0 be reals such that for
any q € Q the following holds:

(i) A satisfies the Lipschitz condition

|A(k,q) — Ak, @Il < Ld(q,q) forkeZ, g€ Q, (2.2)

(ii) the linear difference equation

’Aw = A(k,q)a:‘ (2.3)

has 'yf’ -bounded growth with constant C,

(iii) (2.3) possesses an exponential dichotomy with o, 3, K1, K1 and the regular invariant pro-
jector Py : Z — L(X) on Z.

Now, if we fix reals v,0 with a <y < < and choose h € N so large that

max {log s (K1Kz), log (K1), logs (Ka) | < h,
a a d

then for arbitrary fized real numbers 01 < 1 < 0y with g—f = %[1 + (g)h] and any sequence
q* : Z — Q satisfying
(iv) the following Lipschitz condition is fulfilled
d(g*(k),q" (1)) <Ok =1 fork,l €Z, (2.4)
where the Lipschitz constant 9 > 0 is so small that
Lh? < gy, Lhmax {Ky, Ko} C(7,0)9 < &
and £g,e1 > 0 suffice the estimates

2Kie1 gmin{l—el,ﬂg—l}, C(’Y,(S)&< 1,

whereby C(7,9) := % + % +max{'y[51a’ %}}

C(r.8) = ht, K, hOy K32 © max ht K, hOy K32
o) 610" — Kial ~ ph — 63 Koyh 619" — Kol gl — 0, K50" |7
1 2€1K1’7{L

e = C |eoCi(m + Clgo)hil T h1261K1] 7



(v) the linear difference equation

Az = A(k, g (k) | (2.5)

has (72, 62)-bounded growth with constant Cs,

also the system (2.5) possesses an exponential dichotomy with ~y, 4,

- 5\" C(v,6)s C(y,6)8
Ls(v,0) = max {1’02 <52> <1 1ol 5)) 1—eC(y,9)

and a regular invariant projector Q : Z — L(X) satisfying

(2.6)

C(v,0)0 C(v,6)%
1- 50(7,6)) 1—eC(v,0)

1Q0) = Pyogo (0)| < 21+ ¢ <1+ Jork € .

Proof. The detailed proof is technically involved and can be found in POTZSCHE [14, pp. 121—
128, Satz 2.3.6, Korollar 2.3.10 and Korollar 2.3.11]. Nonetheless it is roughly modeled after [8,
pp. 240-241, Theorem 7.6.12] or [19, Theorem 1]. O

Now we turn our attention to invariant fiber bundles of nonlinear systems. The related theory
on integral manifolds of ODEs is wide-spread, and for the Lipschitz-smooth case we only refer
to [19, Theorem 6], whereas [8, pp. 275-277, Theorem 9.1.1] also treats C''-smoothness. Thereto
let X', )Y be Banach spaces over F.

Theorem 2.2 (invariant fiber bundles): Let m € N, po >0, K1, Ko > 1 and 0 < a < 1 < f3,
Y1 =79,00 >0, Cy = Cy > 1 be reals. Consider a nonautonomous difference equation

Ax=A(k,y)x + f(k,z,y)
{ Ayz g(k,:c,y) (27)

under the following assumptions:

(i) A:7Z xY — L(X) is m-times continuously differentiable in y € Y with globally bounded
partial derivatives:

|A‘n = sup H‘DSA(k7y)H£n(y,£(X)) <oo formné€ {07 .- '7m}7
(ky)eZxy

(ii) f:7Zx X x)Y — X is m-times continuously differentiable in (x,y) € X x Y with globally
bounded partial derivatives:

floi= s | Dy flkay)|
(k,x,y)ELXX XY

Cn(XXy,X)<OO forn€{07‘~-,m},

(iti) g:7Z x X x Y — Y is m-times continuously differentiable in (x,y) € X x Y with globally
bounded partial derivatives:

<oo formed{0,...,m},
Ln(XxY3Y) i { }

lgl,, = sup HD&,?,)g(k,x,y)’
(k,z,y) ELX X XY
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(w) if  : Z — X is an arbitrary sequence with supyey | (k)| < po, and if vy denotes the
general solution of the difference equation Ay = g(k,v(k),y), then the linear difference
equation

Az = Ak, vy (k; k,m))x

has (72, 02)-bounded growth with constant Co (uniformly in k € Z, n € Y, ©), and the
linear difference equation

’Ax = A(k,vo(k; K, n))x‘

possesses an exponential dichotomy with «, 3, K1, Ko on Z (uniformly in k € Z, n € Y),

(v) the mappings A, f, g satisfy the following estimates:

1
lgly < min{Q,l % g—l} (2.8)

1 [B=11-a 155 NM+a
- —-1,1—
]g]1<2m1n{ TR 5 , 5 }

and
|A|1|9|1 1+’9’ ) 0 < €o,
KKy (1+|gl)" | KiKa(1+]g],)"
Al lgly — T+ — 0o < €1,
B —a—pBlgl B—a—algl

2C1, 1, (0 B) ALy | flo + 4CK, ki, (s B) £y < 1,

20%, i, (@ ) [ flo < po,
40%(1,K2(a7ﬁ) (20}1(171{2(0{,/3) |A‘1 |f|0 + |f|1) < ]-’
with an integer h > max {logg(KlKg),logw(Kl),log2,3(Kg)},
a 2a +5
2% \" ; (14a 148 1468\" 1 (1t 148
. Ca (1—1—%) Ly (T’T> Cs (2@) Ly (T’T>
CKl,Kg(a75) = 1—a + 5_1 +
h
G (f) 1 (40 ) @ (8) ()
+ max 1—a , -1 R
2 l+a 148 145 l+a 148
) . Ca (113) L (%7 T) & (W> Ly (Ta7 T)
CKl,KQ(a7ﬁ) = CK1,K2(a713)+ ]_—Oé + 6_1

and the reals €y, e1 > 0, Ly (H—O‘ #) , Lo (170‘, Tﬁ) > 1 from Theorem 2.1.
Then there exists a uniquely determined mapping w : Z x Y — X, whose graph
W= {(k,w(k,n),n) ELXXxY: k€L neEV}
can be characterized dynamically as
W=A{(k,&n) €EZXx X xY: [|M(k;r,&n)l < po for k € Z},

where A = (A1, A2) is the general solution of (2.7). Moreover, we obtain:



(a) w:Z xY — X is globally bounded: |w(k,n)| < 2C}<17K2(a,ﬁ) |flg fork € Z,ne Y,

(b) w:ZxY — X is m-times continuously differentiable in n € Y with globally bounded
partial derivatives,

(c) the graph W is an invariant fiber bundle of the difference equation (2.7).

Remark 2.3: (1) Under the condition (2.8) it is an easy application of the contraction mapping
principle (cf. LANG [10, p. 360, Lemma 1.1]) to show that the solutions vy (-; &, n) exists on Z,
keEZL,ne).

(2) The uniformity of the exponential dichotomy in (iv) means that the dichotomy constants
a, B, K1, Ko are independent of k € Z, n € ), whilst the corresponding invariant projector is
allowed to depend on these parameters.

(3) If one replaces (i), (ii), (iii) by global Lipschitz conditions for the mappings A, f, g, which

are uniform in k£ € Z, then the existence of Lipschitz-smooth invariant fiber bundles yields
analogously (cf. [14, p. 154, Satz 3.2.15]).

Proof. The above result is a special case of [14, pp. 210-211, Satz 3.3.15]. O

3 Slow Invariant Fiber Bundles

For this main section and for the rest of the paper let ) be an arbitrary Banach space, and let X’
be a C™-Banach space, m € Ny, i.e., a complete normed space, where |||, \ {0} — R is m-times
continuously Frechét-differentiable. The setting within we work is a system of nonautonomous
difference equations in X x ) under the subsequent standing

Hypothesis 3.1: Let m € N\ {1}, K;,K2 > 1,0 < a <1 <  and € € R be reals. Consider a
nonautonomous difference equation

Ax= F(k,z,y)
{ Aysz(k‘,m,gy/) (3.1)

under the following assumptions:

(i) F:Zx X x)Y — X is (m+ 1)-times continuously differentiable in (z,y) € X x Y with
globally bounded partial derivatives:

F| = sup HD” Fk,m,y‘ < oo, 39
o (k,z,y)€EZXx X XY (23) ( )ﬁn(;\.’xy;x) (3.2)
Flr = sup  |D§F(k,z,9)llz, vy < [Fl,

(X3%)

(kyx,y) EZXX XY
for n € {0,...,m+ 1},

(ii) G:Z x X x Y — Y is m-times continuously differentiable in (z,y) € X x Y with globally
bounded partial derivatives:

G, = sup HD?Qvg)G(k,x,y)’
(kyz,y) EZXX XY

< 00 (3.3)
L (XXP;Y)

for n € {0,...,m},
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(iii) there exists a mapping wq : Z x ) — X such that

wO(k7y)+F(kaw0(k7y)ay) Ewﬂ(k+17y) on 7 x ya (34)
and wg is m-times continuously differentiable in y € ) with globally bounded partial
derivatives

|w0’n = Sup HDng(kvy)Hﬁn(y;X) <0 (3.5)
(ky)EZXY

forn € {1,...,m},

(iv) the linear difference equation

’Aw = DgF(k‘,wo(kz,y),y)x‘ (3.6)

possesses an exponential dichotomy with «, 3, Ki, K2 on Z (uniformly in y € ) and
Ix + DoF(k,wo(k,y),y) € GL(X), k € Z, y € Y, such that

b= s |Tx+ DaF (b, wo (k. y),y) 7| < oo
(k,y)EZXY

Remark 3.2: (1) Finite dimensional Banach spaces X are C'°°-Banach spaces, like Hilbert
spaces as well. Nevertheless, in general infinite dimensional Banach spaces X', norms are only
C™-mappings on X \ {0} for some finite m € Ny. Explicit examples and further results can be
found in ABRAHAM, MARSDEN & RATIU [1, pp. 387-388].

(2) In case of an autonomous difference equation (3.1) every mapping wg : Y — X parameterizing
the zeros of F(-,n), n € Y, satisfies the identity (3.4). Hence, in such a setting, the graph of wy
is a manifold of equilibria for (3.1) in the limit case € = 0.

(3) For simplicity reasons only, we have omitted the dependence of the mappings F,G on the
parameter ¢ € R. If I and G depend on ¢ and are of class C™*! and C™, respectively, in
(z,y,e) € X x Y xR with globally bounded derivatives, then the following results yield similarly.

(4) Using Theorem 2.1 it is possible to derive sufficient conditions for an exponential dichotomy
of (3.6) with a, 8 by making assumptions on the spectrum of Iy + DoF (k,wo(k,y),y) € L(X)
for fixed k € Z, y € Y. Actually, one considers the parameter space @ = Z x ), the sequence
q* (k) = (k,y), y € ), and has to require:

(iv); There exists a neighborhood N C C of the annulus {\ € C: o < |A| < 8} such that for
any k € Z, y € Y the spectrum of Iy + DoF (k,wo(k,y),y) is disjoint from N.

(iv)a The coefficient operator DoF(k,wo(k,y),y) of (3.6) satisfies a Lipschitz condition in
(k,y) € Z x Y with a sufficiently small Lipschitz constant L > 0 (cf. (2.2)).

Difference equations of the form (3.1) are discrete counterparts of singularly perturbed ODEs
with fast time (see e.g. [7]). Here ¢ is real parameter with small absolute value, and for obvious
reasons, the x variable is called the fast variable, while the y variable is called slow. The system
(3.1) in the limit case £ = 0, namely

{ Az =F(k x,y)

Ay 0 (3.7)




will be denoted as the singular system. Unlike the situation of singularly perturbed ODEs,
we are confronted with a nonautonomous equation here. By Hypothesis 3.1(iii) each sequence
pn 22— X XY, py(k) = (wo(k,n),n), n €Y, is a solution of (3.7), and hence the set

Wo = {(KJ,WO(’@U)»U) CLXXXY: I{GZ,T}GJ)}

is an invariant fiber bundle of the singular system (3.7). Because of the particular y-equation
in (3.7) the extended state space Z x X x ) near the invariant fiber bundle W is foliated by
“horizontal fiber bundles” which are parameterized by y € J. On each of those fibers bundles,
the behavior of the solutions of system (3.7) is described by the parameter depending x-equation

Az = F(k,x,y).] (3.8)

The qualitative behavior of the solutions of this system (3.8) near the solution wo(-,n) : Z —
X, n € Y, is determined its linearization, i.e., the dichotomy properties of equation (3.6) in
Hypothesis 3.1(iv). Now from a perturbation point of view, it is reasonable to conjecture the
existence of an invariant fiber bundle W. C Z x X x Y for (3.1) near Wy, assumed that |e] is
small. More precise, W. allows the representation

We :{(“7w0(’ian)+wa("éﬂ7)ﬂ7) ELXxXXY: K€L, 77637},

where the mapping w. : Z x ) — X satisfies lim._gw:(k,n) = 0 for any k € Z, n € Y. The
relevance of this invariant fiber bundle W; is due to the fact that any solution of (3.1) which
remains sufficiently close to the manifold W for all k € Z lies entirely on W;..

To verify these statements using our Theorem 2.2 we have to transform the difference equation
(3.1) into a certain normal form:

Lemma 3.3 (normal form): Assume that the Hypothesis 3.1 holds. Then the change of variables
x +— x —wo(k,y) transforms (3.1) into the nonautonomous difference equation

AZ':A(k?,y)l'—FFl(k,lL',y,g)
Ay= eGi(k,z,y)’
where the mappings A : ZxY — L(X), F1 :ZX X XxYXR =X, G :ZxX x)Y — Y are
given by
A(k’y) = DQF(kaU}O(k’y)ay)a (310)
Fi(k,x,y5e) == F(k,x +wo(k,y),y) — DoF(k,wo(k,y), y)x —wolk + 1,y) + wo(k,y) —

(3.9)

1
. / Daywolk + 1,5 + heG(k, x + wo(k, y), y)) dh Gk, & + wo(k, ), ),
0
Gl(k,%?/) = G(k,x+w0(k,y),y)

and possess the following properties:

D2 Ak, )l 2, sy < max {1, [woly }[Fly, (3.11)

1Fr (ks o)l < 5 1FL5 l2)® + lel Jwoly |Gy » (3.12)

1D2Fy (k2,53 ) | 2y < |F Lo 2]l + 5 Ll woly |Gy 1Glo + le] [wol y |G (3.13)
1DsFy (B, 2, y3) | 2y iy < 201+ Jwol ) [Fly [l + 5 |l Jwoly [Glo |Gl (14 Jwoly) +

+ |e] [|w0]2 ’G|0 + |w0|1 ’G|1 (1+ |w0|1)], (3.14)

HD(2,3)G1(kuxa?/)”gl(;(xy;y) < (1 + |w0]1) ‘Gh (3'15)

forallkeZ,x e X, ye€) ande € R.
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Proof. Apparently the mapping (z,y) — (x —wo(k,y),y) is a C™-diffeomorphism on X x ) for
each fixed k € Z, by Hypothesis 3.1(iii). Furthermore, it transforms (3.1) into the difference
equation (3.9). Now Hypothesis 3.1(i), [10, p. 342, Corollary 4.3]), and (3.5) yields the Lipschitz
estimate

CED)

HD2F(7€ wo(k,y),y) — D2F(k,wo(k,9),y)|| <

3
i, (M) DY | < 1, ol 3
y—y

for k € Z, y,y € YV, which in turn implies (3.11). With a quite similar argument one can show
(3.15). The estimate (3.12) is a consequence of Taylor’s formula (cf. [10, p. 349]) applied to
Fi(k,z,y;¢) using (3.4), (3.2), (3.3) and (3.5). We can derive (3.13) by differentiation and a
direct estimate using [10, p. 342, Corollary 4.3] and (3.2), (3.3), (3.5). Finally, the remaining
inequality (3.14) yields by analogous arguments. O

Lemma 3.4: Assume that the Hypothesis 3.1 holds. Now if vy denotes the gemeral solution of
the difference equation Ay = eG(k,wo(k,y),y), and if ¢ € R satisfies the estimates

max {1, [wol, } [F'ly |Glo h|e] < eo,
l+a 1+0 (3.16)

2 )

maX{Kl,KQ}C< )max{l lwoly } [ F|y |Gy b le] < e,
with the real constants h € N from Theorem 2.2, and g,e1 > 0, C <1+0‘ 1+5) > 0 from Theorem
2.1, then for any k € Z, n € Y the linear difference equation

Ax = Ak, vo(k; k,m))x (3.17)

possesses an exponential dichotomy on Z with HTO‘,#, Ly (%,#) Lo (i,%ﬁ> > 1
(uniformly in k € Z, n € Y).

Remark 3.5: Due to Hypotheses 3.1(i) and (iv), equation (3.17) has (72, d2)-bounded growth
with constant Cy = 1, where 75 = 1+ |F|]. To determine the size of £9,£1 > 0 in Theorem 2.1,
one in addition has to set v1 = 1+ |F|], C1 = 1. These values of v1,72,d2 > 0 and C1,Cy > 1
should be used subsequently to calculate the constants C}ﬁ’ K, (@, B), C}(h i, (@, 8) >0 as well.

Proof. We apply Theorem 2.1 with Q =Y, v = HTO‘, 0= # to the linear difference equation
Ax = A(k,y)x, (3.18)

depending on the parameter y € ). Then due to (3.11) the mapping A satisfies (2.2) with the
Lipschitz constant L = max {1, |wo|,} |F|, and (3.18) has v; -bounded growth with v; = 1+|F|]
and constant 1. Hypothesis 3.1(iv) guarantees that (3.18) possesses an exponential dichotomy
with «, 8, K1, Ko uniformly in y € Y. For arbitrary kK € Z, n € Y we define the mapping
G« : Z — Y, q«(k) := vo(k; k,n) and using the solution property of vy we readily obtain by
“telescope summation”

k—1 3.

)| < 3 16, woln, ")), )| S [el Gl (6 — D)

n=I

lq* (k) Z Ag*(n
for k > [; an analogous estimate for [ > k implies that the Lipschitz condition (2.4) holds with
Lipschitz constant © = |¢| |G|,. Under the assumptions (3.16) together with Remark 3.5 we
ultimately obtain the assertion of Lemma 3.4. O
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Theorem 3.6 (slow fiber bundles): Assume that the Hypothesis 3.1 and
ACE 1, (B2 52) 1Pl <1 (3.19)

holds, and set

1
20}, 1 (552 552) hwol, G,y
1-4ct, ,, (B2 52) 1F);

po(e) =

whereby C}(hKQ (a, B) > 0 is defined in Theorem 2.2 and the real numbers L1 = Ly (i, Tﬁ),

Ly = Ly (HTO‘, #) from Theorem 2.1. Then there is a real constant emax > 0, depending on

a, B, 62, K1, Ka, |F|{,|F|y, |Gly,|Glys [woly, |woly, as well as on m > 2 and on the space X,
such that for any € € [—€max, €max| there exists a mapping we : Z x Y — X, such that the graph

We = {(k,wo(k,n) + we(k,n),n) EZXX XY: k€L, neEY}
is denoted as slow fiber bundle of (3.1) and can be characterized dynamically as
We ={(k,&,n) € Zx X XV ||Ai(k; 5, 6,m) —wolk, Aa(k; 5, & m)|| < pole)  for k € Z},

where A = (A1, A2) denotes the general solution of (3.1). Moreover, we obtain:

(a) we : Z xY — X is globally bounded: ||wz(k,n)|| < po(e) fork € Z, n e,

(b) we : Z xY — X is m-times continuously differentiable in n € Y with globally bounded
partial derivatives,

(c) the graph W: is an invariant fiber bundle of the difference equation (3.1).

Remark 3.7: (1) Due to the transformation in Lemma 3.3 we loose one order in the smoothness
of We compared to the mapping F(k,-) : X x Y — X, k € Z. In case of ODEs, [11] or [18, 15]
are confronted with the same deficit, while the method provided in [12] eludes this problem.

(2) During the proof of Theorem 3.6 we will see that the constant e, > 0 in particular depends
on the desired order of smoothness m for W.. The larger m € N\ {1} is, the smaller one has
to choose emax. Hence, if F(k,-) and G(k,-) are e.g. C*°-functions, then w, is the smoother the
smaller ey is taken. A precise estimate illuminating this fact is given in (3.23) below.

(3) The global Hypotheses 3.1 are hardly ever met in applications. Nevertheless, in case of au-
tonomous ODEs, e.g. [11, 12] shows the existence of invariant manifolds in singular perturbation
problems under much more reasonable assumptions, like e.g., a bounded domain of wy. Here
one modifies the right hand side of (3.1) outside a neighborhood of W such that certain global
hypotheses are fulfilled, and applies a result like Theorem 3.6 afterwards.

Proof. We subdivide the proof in two steps:

(I) First of all we introduce the abbreviation w := (1 + |wp|;) |G|, and choose epax > 0 so small
that € € [—€max, €max) satisfies the estimates (3.16). Consequently, we can use Lemma 3.4 to
verify that the linear system (3.17) possesses an exponential dichotomy with 1‘*'7‘" # L, =

Ly (HO‘ 18 , Lo = Lo 1+°‘ 1+5) on 7Z. Before we can apply Theorem 2.2 to the transformed

difference equatlon (3.9), one has to modify the mapping F} : Z x X x Y x R — X in an
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appropriate way. Thereto let p > 0 be given. Since X is assumed to be a C"-Banach space,
because of [1, p. 473, Lemma 4.2.13] there exists a C™-cut-off-function © : X — [0,1] with
O(z) =1 on By(0) and O(z) =0 on X \ B2(0). Hence, due to Hypothesis 3.1 and Lemma 3.3

also fp : Zx X xY xR = &, fy(k,x,y;¢) := 0O (%) Fi(k,z,y; ) defines a mapping such that
folk,€), k € Z, |e] < emax, is of class C™ with globally bounded derivatives. Furthermore,
Lemma 3.3 yields

. (12)
ufpw,x,y;e)rr:e(p) Bk, o)l < 2|F 0%+ el fwol, (Gl (3:20)

for ke Z,x € X,y €Y and € € R. Additionally, by reproducing the explicit construction of
©: X — [0,1]; from [1, p. 473, Lemma 4.2.13], one can see that ||, := sup,cx ”D®(33)||L1(X;R)
exists and depends on the smooth norm |-||,, therefore on the normed space X. Using the
product rule (cf. [10, p. 336]) and Lemma 3.3 we see that

D2, (k55 < HD@p()H Pk 559+ 6 () 1D (k. p50) <

31 e T
o, (2\F2p+ wol, G, ’p‘) ‘e (p) | D2 (k, 2, 3:2)]| <

) E
< e <2 |F‘29+ |[woly |G|0 ,0) +2 |F‘QP+ % |5‘2 |w0|2 |G|, ‘G|0 + [e] [woly ’G|1>
X
|Ds (k.. 5:)| < © (p) |DsFy (k2. y:2) | <

(3.14)
< AL+ Jwoly) [Fly p + 5 el [woly |Glo w + [e] (Jwoly |Glg + [wo]; w)

for ke Z, x € X, y € Y and ¢ € R, which in turn implies the existence of the least upper
= SUD(j,2,4)€Zx X xY HD23 f\/—(k x,Y;€ H for n € {0,1}, as well as the

bounds

limit relatlons

i%‘f@nzo for n € {0,1} . (3.21)

Additionally, the modified difference equation

{ Azx=A(k,y)x + f\/m(k‘,x,y; €)

3.22
Ay= eGi(k,x,y) (3.22)

coincides with (3.9) on the set Z x Bm(()) XYCZxXx).

(IT) With a view to the above step (I), the difference equation (3.22) satisfies all the hypotheses
of Theorem 2.2. Beyond step (I), we choose emax > 0 so small that

I3 <
max 2 1 ﬁ

1 . |p-11-a ,./3+ m[3+a
amaxw<mm{ S g 45—1,1— 1 } (3.23)

2
and po(emax) < 1,

Emax Max {1, [wol, } [Fly w (1 4 emaxw)” hpo(emax) < €0,
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L1L2 (1 + Ernaxw)h L1L2 (1 + E1rnaxw)h
2 1 F h <
6maxrnax{ a|w0|1}| |2w <ﬁ—0&— (1+ﬁ)5maxw B—a-— (1+a)5maxw pO(smax) = e,
1 1
20, 1, (442 552) max (L lwoly} IFla | £, | +4€E, 1, (Ha +B) <1,
163, 1, (552, 5) (204, 1, (552, 52) mase {1, fuol, ) |F, 5 1) <1,

which is possible due to lims_g po(s) = 0 and the limit relations (3.21); here we have applied
the abbreviations h € N such that

h > max {IOgW(Lle),logm(Ll)a IOgW(Lz)}
1+ 242 3+

and C}(l’KQ (o, B), CI2<1,K2 (v, B) > 0 from Theorem 2.2. Using assumption (3.19) and the estimate
iy : 1 1 1+B
(3.20) we additionally obtain 2Cy ;. ( e, ) e

completely verified the assumptions of Theorem 2.2. Hence for each fixed ¢ € [—emax, Emax)s
there exists an invariant fiber bundle W. C Z x X x Y of the modified difference equation (3.22),
which can be characterized dynamically as

< po(e). Consequently, we have

W, = {(m,f,n) €ZxXxY: Hj\l(k;/i,g,n)H < pole) forkEZ},

where A\ = (A1, \2) is the general solution of (3.22). Moreover, W is the graph of a mapping
we : 7 x Y — X with the properties

o lwe(k,y)ll < po(e) for k€ Z,y €,

o w, : Z x)Y — X is m-times continuously differentiable in € ) with globally bounded
partial derivatives.

Since the modified difference equation (3.22) and the system (3.9) in normal form coincide on
the set Z x B, (5)(0) x Y CZ x X x Y, also (3.9) possesses the invariant fiber bundle W, with
the above properties, as well as its dynamical characterization. In regard to the transformation
from Lemma 3.3 we obtain that the graph of the mapping w. +wqg : Z x )Y — X is an invariant
fiber bundle of the initial difference equation (3.1) and the proof of Theorem 3.6 is complete. [
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