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Abstract

The standard obstacles in developing a bifurcation theory for nonautonomous
differential equations are the lack of steady state equilibria and the insignifi-
cance of eigenvalues in stability investigations. For this reason, various different
techniques have been proposed to specify changes in the qualitative behavior of
time-dependent dynamical systems. In this paper, we investigate and compare
several approaches to nonautonomous bifurcations using SIR-like models from
epidemiology as a paradigm. These models are sufficiently simple to allow ex-
plicit solutions to a large extent and consequently enable a detailed discussion
of the different results.
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1. Introduction

Many phenomena in the life sciences crucially depend on time-varying fac-
tors. They might be intrinsic caused by a temporally fluctuating environment,
or extrinsic due to control or regulation strategies. Provided these phenomena
allow a description in form of evolutionary differential equations, the mathemat-
ical models consequently have to be nonautonomous. Hence, a thorough analy-
sis of such problems requires a generalization of the classical dynamical systems
theory due to several of its limitations. Among them are the facts that eigen-
values do not yield stability information anymore or that steady state equilibria
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might not exist. In particular, the concept of a bifurcation in nonautonomous
systems is far from being well-understood and various different approaches ap-
pear in the literature. They range from stability transitions [26] over changes
in the structure of minimal sets [19] to essentially analytical approaches [22].

To illustrate this we consider a classical and well-known model from math-
ematical epidemiology in form of the SIR equations (cf., e.g., [18, 16, 20, 14]),
in which the coefficients are allowed to be time-dependent. There is a strong
biological motivation to include time-dependent coefficients into epidemiological
models. Certainly the probability to contract a disease is hardly constant over
time and it depends rather on the season (indicating periodic coefficients in (x)
below). Moreover, in childhood diseases, for instance, the school calendar must
also be taken into account, thus making it necessary to consider more general
time dependencies (see [30, 8, 29]).

The goal of the present paper is two-fold. Firstly, the SIR equations are
sufficiently simple and therefore an ideal vehicle to exemplify and illustrate
some fundamental principles from the recently developed theory of (determinis-
tic) nonautonomous dynamical systems (see, for instance, [13]). Secondly, and
more specifically, they allow different corresponding concepts of a bifurcation for
nonautonomous ordinary differential equations (ODEs) to be presented clearly
without technical distractions.

An immediate issue is the lack of steady state solutions, which requires
the set of possible candidates for bifurcating objects to be enlarged. Three
approaches have been proposed in the literature: [17] and [24] investigate entire
bounded solutions, while [26] is based of changes in attraction rates, and finally
[19] looks at changes in dynamically minimal sets reflecting the characteristics
of the time-forcing.

Our aim is to apply these approaches as well as geometrical tools such as
nonautonomous center manifold reductions to appropriate SIR models. Four
appendices provide background material on basic concepts from the field of
nonautonomous dynamics, including Bohl exponents as a substitute for eigenval-
ues, the process and skew-product formulations of nonautonomous systems and
their attractors, as well as a transcritical bifurcation result due to [26] and cen-
ter integral manifolds. We consider both the intuitive process (two-parameter
semi-group) formulation of nonautonomous dynamical systems, since it is the
most natural generalization of the (semi-)groups known from the autonomous
theory, and the alternative formulation of skew-product flows (cf. [28]). Here
the references [9, 10, 22] deal with bifurcation problems in nonautonomous sys-
tems; the “small-coefficient assumption” in [11, 7] does not, however, fit into our
setting, while the results in [17, 26, 19, 24] are tailor-made for it. A nonauto-
nomous center manifold theory [3, 21, 25] becomes important since [17, 26, 19]
are limited to scalar ODEs. Finally, our approach is based on preparations from
[14] providing some required stability conditions, which were generalized in [2]



to equations under the effect of diffusion.

The SIR equations are a classical model describing the spread of an epi-
demic in a population, which is partitioned into S (susceptibles), I (infected)
and R (recovered) individuals. Such models will be investigated here under
time-variable parameters or deterministic forcing in the model, so that the total
population N(t) = S(t) + I(t) + R(t) need not be constant. In a temporally
fluctuating environment it turns out to be crucial, which temporal horizon is
of importance, i.e., on which time interval J the dynamical behavior is of in-
terest. Biologically, J might be finite, but mathematics often requires J to be
unbounded in at least one time direction, i.e. of the form

Ry := [0, 00), R_ :=(—00,0].

Fluctuations will be achieved first through a temporal forcing term given by
a function ¢ : J — R taking nonnegative bounded values, i.e., q(t) € [¢7,q 7]
for all ¢t € J for some 0 < ¢~ < ¢, and later with a time varying interaction
coefficient v between the S and I variables.

The general SIR model investigated here is a 3-dimensional system of ODEs

S = aq(t) — aS + bl — 'y(t)]\f(lt),
I= _(a+b+c)1+7(t);é), (%)

R =cl —aR,
where the parameters a,b and ¢ are positive constants. Later they will also be
allowed to vary in time within suitable nonnegative bounds. This means that
solutions with nonnegative initial values remain nonnegative. Moreover, from a
technical perspective, the functions ¢, v : J — R are typically assumed to be
continuous or essentially bounded.
Adding both sides of the system (x) gives the scalar nonautonomous ODE

N = a(g(t) - N) (L1)

for the total population N, which has the general solution

t
N(t) = Nye~@(t=to) 4 ae_“t/ q(s)e* ds (1.2)

to

satisfying N(tg) = Ny. Since ae™? ftto e® ds = 1 — e~ *(t=%0) by the positivity
bounds on ¢(t) the integral in (1.2) takes values between

t
q- (1 — e_a(t_t‘))) < ae_“t/ q(s)e™ ds < q* (1 — e_a(t_t")) for all t > 1.

to

This means the total population is bounded from above and below, specifically

g+ (No—q7) el < N(t) < g + (No — gT) e,



Figure 1: Simplex slap Egt

Hence the simplex slab (see Fig. 1)
25 ={(S,I,R)eR*: S,,R>0,N=S+I+Re€(qg,q"]}

attracts all populations starting outside it and populations originating within it
remain there. When the forcing term ¢(t) is not identically equal to a constant,
the simplex slab th will, in fact, absorb outside populations in a finite time
and will be positively invariant (rather than strictly invariant), so attention can
be restricted to the dynamics in Z? Moreover, Esi then contains an attractor,
which, in the present time-varying framework, is a pullback attractor (cf. [13,
pp. 37ff, Chapt. 3]).

Due to its nonautonomous character the ODE (1.1) has no steady state so-
lutions, but has what Chueshov [5] called a nonautonomous equilibrium solution
in a random dynamical systems set-up. It is found by taking the pullback limit
in (1.2) (i.e., as the initial ¢) — —oo with the current time ¢ held fixed, see [13]),

namely
t

Ni(t) = ae_at/ q(s)e® ds. (1.3)

— 00
This concept requires the interval J to be unbounded from below. The nonau-
tonomous equilibrium N also forward attracts all other solution of the linear
ODE (1.1), i.e.,

IN(t) — N*(t)| = e %) |N(tg) — N*(tg)] = 0 as t — oo,

if J is also unbounded from above, so J = R. In particular, (1.3) reduces to the
nontrivial equilibrium N} (t) = ¢ on J for constant functions g, which clearly
reflects the leitmotiv that the steady state equilibria of autonomous equations
persist as bounded entire solutions for time-varying parameters (cf. [23]).

2. The SI equations with variable population

Suppose that the interaction coefficient «y in (x) is constant and, for simplic-
ity, assume that the R component is not present in (*) and ¢ = 0, which means



solutions can then be determined explicitly. The equations () reduce to

S—aq(t)—aS%—bI—'y]g(It),

I= —(a+b)I+’y]5(It).

(*2)

Without an infected population Iy = 0, then I(t) = 0. Hence the S face of
S5 ={(S,1)eR*: S,1>0,S+I€[q,q"]}

(see Fig. 2) is invariant and the equations reduce to the scalar linear problem

S =aq(t) — asS, (2.1)

which has the general solution

¢
S(t) = eatto) gy 4 ae*‘”/ q(s)e* ds
to
with S(tg) = Sp. As with (1.1) above, (2.1) has no steady state solution (unless
q(t) is constant), but it possesses a nonautonomous equilibrium S¥ that is again

found by taking the pullback limit (i.e., as tg — —oo with ¢ held fixed), namely

t

Sx(t) = ae_“t/ q(s)e* ds,

provided J is unbounded below. When J = R, this also forward attracts all

other solution of the S equation in the I = 0 face exponentially, i.e.,

[S(t) — Si(t)] =0 as t— oo.

t

Figure 2: The simplex slap EQi (shaded in grey) and nonautonomous equilibria to (x2):
Left: (S%,0) is globally asymptotically stable for v < a+b
Right: (S35(t), I5(t)) is globally asymptotically stable for v > a +b

In particular, the full ST dynamics in (*2) has no steady state solution,
but a nonautonomous equilibrium solution (S*(¢),0). We say such a solution



is (globally asymptotically) stable w.r.t. a set A C R? if it fulfills the usual
corresponding stability definition with initial values taken from A rather than
the full state space. The following results are taken from [14], where merely
stability rather than bifurcation issues were tackled.

Proposition 2.1. [14, Lemma 1] The nonautonomous equilibrium (S*(t),0) of
(x2) is globally asymptotically stable w.r.t. 23[ when v < a+b. It is unstable
w.r.t. ¥5, when v > a +b.

Proposition 2.2. [14, Lemma 2] The nonautonomous equilibrium (S5 (t), I3(t))
of (x2), where

e(V*G*b)t

S50 =N - L0, L) = —

t
——d
S AR
and N} (t) is from (1.2), is globally asymptotically stable w.r.t. the interior of
Ezi fory>a+0b.

If the contact rate -y increases through the critical value a + b, there is thus
a change of stability from the infection-free solution (S7(t),0) to the nontrivial
solution (SZ(t), I3(t)) (cf. Fig. 2). It is a folklore result from the autonomous
theory that this goes hand in hand with a bifurcation occurring at v = a+b. In-
deed, for the autonomous special case with constant ¢ the asymptotically stable
steady state equilibrium (S*,0) = (¢,0) undergoes a transcritical bifurcation
into the steady state equilibrium

(52,17) = %(a—i—b,v—a—b).

For time-varying ¢, a similar classification is possible. First, this requires a
nonautonomous center manifold reduction described in Appendix D (and thus
with J unbounded below) together with a suitable bifurcation result allowing
time-dependent parameters. We illustrate this using the approach from [26],
where a bifurcation means a change in the attraction and repulsion radii. An
application of the terminology from Appendix B.1 to the problem (x3) yields:

Theorem 2.3 (transcritical bifurcation in (x2)). If J is unbounded below, then
there exists a neighborhood I' C R of the critical parameter v* = a + b such that
for all v € T the disease-free nonautonomous equilibrium (S;(t),0) to (x2)

(a) is J-attractive for v < a+b and J-repulsive for v > a+b. In casey = a+b
and J =R, it is unstable.

(b) undergoes a bifurcation in the sense that its corresponding radii of J-at-
traction and -repulsion satisfy

lim pt(S? 0= lim p(S* .
Jm o3 (82(0),0)=0=_lim p7(S;(t),0)

The fact that the disease-free solution is unstable for v = a + b does not
contradict Proposition 2.1, since Theorem 2.3 takes a whole R?-neighborhood
of (8%(t),0) into account, rather than only initial values in the simplex slab ¥



Proof. After some preliminaries, the proof consists of three steps. By assump-
tion, the nonautonomous equilibrium S*(¢) of (2.1) satisfies ¢ < S*(t) < ¢©
for all t € J. Denote the right-hand side of (x2) by

ST
aq(t) —aS+bl —y5—
F(t,S,1) = S+1
— a2t
(a+0) +’YS+I

Then the equation of perturbed motion for (x3) corresponding to the entire
bounded solution (S(t),0) is given by the planar nonautonomous system

(S+Sx@nI
S+ Sx(t)+1
(S+ SNl |-
S+ Sx(t)+ 1
where we substituted v = a 4+ b+ A. It has the trivial solution for all A € R.

—aS+bI — (a+b+A)

(?) = f(t,S, 1), f(t,S,1I):=
—(a+ b+ (a+b+N)

(I) To perform a nonautonomous center manifold reduction, as in Appendix D
we augment the above ODE with A = 0 and apply the transformation

yw |l =0 1 0] (1
Y3 0 0 1 A
which gives the 3-dimensional system
y=Ay+ F(t,y) (2.2)
with A := diag(—a,0,0) and the nonlinearity
0
Fty) = |y, —(a+b)ys + yS(yi —y2+55(1))
Y+ Sa (t)
0

By Appendix D the nonautonomous system (2.2) in R3 has a 2-dimensional
center integral manifold W C J x R? given as the graph y; = w(t,y2,y3) of a
smooth mapping w and the ODE (2.2) reduced to W therefore becomes

. ys(w(t,y2,y3) —y2 + Sz () — (@ +b)y2

= = t .

Y2 =Y2 Wt 7, 93] + 52 (D) 9(t,y2,y3)
Taking into account y3 = A (constant) and the identity w(¢,0,A) = 0 as well as
D2 3yw(t,0,0) =0 on J (cf. (d1)), the reduced equation is

. a+b+ A,
v 2.
Y2 = Ay2 B0 vy +7(t,y2, A) (2.3)

with
)\(W(f,y27)\) _y2+sg<t)) — (a+b)y2 a+b+)\ 9

r(tay27)‘) = w(t,y27>\) ¥ S;(t) Y2 — )‘y2 + Wy2'

(IT) To verify a transcritical bifurcation in (2.3) we make use of Theorem C.1,
whose notation we mimic in the following. First, r(¢,0,A) = 0. We now succes-
sively verify the assumptions of Theorem C.1.



(i) The linearized equation g = Ays has the transition mapping ®,(¢,s) =
e*t=3) we choose K = 1 and the functions 74 (\) = 7_(\) = X are
monotone increasing.

(ii) With (D.7) we compute the second order term D3g(t,0,\) = —2 (a+b+
A)/Sk(t), which is strictly negative for A near 0. This gives the estimates

a+b+ X . ( a+b+)\> a+b+ A a+b+ A
—— <inf—— ) <s < —

q- teJ Sx(t) tes  Sx(t) qt
and therefore

a+b+ A a+b+ A a+b
OO<,\lgbtng( Sx(t) >_Ali>%21£( S5(t) >_ qa* <

(iii) It remains to check the conditions on the remainder in the third order
Taylor approximation of g near = 0. For this purpose, we deduce

Dig(t,x,0) = —2TETA (— 62255 (tywawn + 223 (1)

(wo + 55(¢))
+ 222S* (H)wows — 122SX (H)w? + 65 (t)?wy + 128 () wow;
+ 625 (t)2wy + 1228 (H)wows + 622w — 6z wowaw,

+ zwiws — 12zwow? + 6wiw; + 6mw8w2)

with the terms w; := Dgw(t,m,/\), 0 < j < 3, which are uniformly
bounded in a tubular set R x U, where U C R? is a neighborhood of 0.
Together with the boundedness of S; this guarantees that the two limit
relations assumed in Theorem C.1 are fulfilled.

Therefore, Theorem C.1 applies to the scalar equation (2.3).

(ITI) The attraction/repulsion properties of (S¥,0) are a consequence of the
reduction principle (see [3] or [13, Theorem 6.25]) guaranteeing that the behavior
of (2.3) extends the the planar equation (x3).

It remains to show that the nonautonomous equilibrium (S%(t), 0) is unstable
for v = a4+ b. This follows from the reduction property (d3) of W. Indeed, in
case A = 0 and referring to (2.3), the reduced differential equation becomes
g2 = —(a +b)y3/Sx(t) + O(y3) uniformly in ¢ € R, with unstable zero solution.
Again, by the reduction principle, this stability property extends to (x2). O

Such an observation corresponds to Propositions 2.1 and 2.2, where the
asymptotic stability of the solution (S;(t),0) is transferred to (S (t), I5(t)).
3. The SI equations with variable interaction

Consider the SI equations in () for a constant driving ¢ and thus with a
constant limiting population

N#)=St)+I(t)=1 on J, (3.1)



but now with a time-variable interaction term ~(t). For the sake of a bifurcation
analysis we suppose that v : J — R depends on a real parameter A and write
instead y,. In particular, we assume that vy : J — [y~,77"] is a continuous
function, where 0 < v~ < 4*; hence (*) becomes

S=a—aS+bl —y\(t)SI,
. (*3)
I'=—(a+b)I+:\(t)SI.

This planar ODE (x3) has the disease-free steady state equilibrium solution
(S*(t), I*(t)) =(1,0) on J

for all parameters A\. On adding, the equations reduce to the autonomous ODE

N =a—aN,

which has the globally asymptotically stable steady state solution N*(¢) = 1.
This allows the analysis to be restricted to the compact 2-simplex

Se={(S,1)eR*: $,1>0,S+1=1}.
Equation (x3) can be reduced to a Bernoulli differential equation
[=(n(t) —a—=bI - (*3.1)
which has the explicit solution
) exp (fi) [1a(s) — a — 1] ds)
B Iy f:o a(s) exp (j:) [yA(r) —a —b] dr) ds

I(t

satisfying I(tg) = Ip. Taking the pullback limit ty) — —oo, the planar system
(*3) possesses the nonautonomous equilibrium (I3 (¢), SX(t)),

-1

1;(t)=(/ %(ﬂe‘f:““)_“_bdsd’“) ;SN =1-It).  (3.2)

— o0
For constant interaction rates v,(t) = A on J we obtain

N A—a—0 N a+b
I3(2) N Si(t) = P

This is the nontrivial equilibrium to what is then the autonomous equation (x3).

3.1. Disease-free equilibrium

In [14] it was shown that the disease-free steady state equilibrium (S*, I*) =
(1,0) is globally asymptotically stable w.r.t. ¥ when v < a + b; it is unstable
when v~ > a 4+ b. In order to determine the stability of the trivial solution
without such uniformity assumptions on the function -y, we need the concepts
of upper and lower Bohl exponents, that are defined in Appendix A.



Proposition 3.1. The disease-free equilibrium (1,0) to (*3) is uniformly asymp-
totically stable for B;(vz) < a+b and unstable for B (yx) > a+b.

In the following we sometimes use the convenient abbreviation

v+ [, B8] i=]a+7,8+7] foralapf,veR.

Proof. Due to (3.1) we can restrict to the scalar equation (*31). Since both
a and b are constant in time, thanks to (A.1) the linear part of (x3.1) has the
dichotomy spectrum —a—b+[8 (1), B;(72)]- Propositions 3.9 and 3.10 of [24]
then imply the claim. O

This result indicates a bifurcation in (*5.1) (and thus (x3)) for interaction
rates 7, when the Bohl exponents satisfy 8 (vx) = a+b or By(v) =a+b A
more detailed analysis in this direction will be given now.

The first result is based on a skew-product formulation of (k3) resp. (*3.1),
i.e., the nonautonomity in () is induced by a driving-system on a compact
metric space §2. The required terminology is introduced in Section B.2 of the
Appendix. More precisely, this means the interaction coefficient 7, becomes

() =T(¢H(w),\) forallteJ=R

with a function I' : Q x R — R and a compact space €. The flow ¢! : O — Q is
assumed to be minimal and uniquely ergodic w.r.t. a unique ergodic measure my
satisfying mqo(Q) > 0. Writing I)(-;¢,w) for the solution to the corresponding
initial value problem

I=(T(¢'(w),\) —a—bI—T(¢"w),)I*,  I(0)=¢,

we see that (x3.1) generates a local skew-product flow @4 : R x Q — R x  with

ot = (M0

on R x Q. We use the terminology in Section B.2, in particular B, (a) and B, (a)
represent, respectively, the open and closed balls about a of radius r.

Theorem 3.2 (transcritical bifurcation in (x3) I). Let J = R. If there exists
a neighborhood V- C R of 0 such that ', D' : Q x V. — R are continuous and
satisfy

F(w,A\) >0, DoI'(w,A) >0 forall (w,\) €QxV,

then the disease-free equilibrium (1,0) to (x3) undergoes a transcritical bifurca-
tion at the critical parameter \* = 0 as follows: There exists a 6 > 0 and a
compact neighborhood U C Yo of (1,0) such that

(a) The set O := {(1,0)} x Q is the unique Pg-minimal set in U x Q and a
nonhyperbolic copy of the base.

10



(b) For all X € Bs(0) the set U x Q contains exactly one ®y-invariant set
besides O, namely

MA:{(lfI}(w),fA(w),w> : wEQ}. (3.3)

Here, M wvaries continuously in the parameter A € Bs(0). Furthermore,
both O and M) are hyperbolic copies of the base and have opposite-sign
Lyapunov exponents

A0) = /QF(w, A) dmo(w) — (a + b)me(2),

A(Iy) = /Ql“(w, N (1 = 215 (w)) dmo(w) — (a + b)mo(9).

(c) The limit limy_,o Sup,,co ’I}(w)‘ =0 holds.

Proof. (I) We mimic the notation of [19, Section 4.1] and write the right-hand
side of the scalar ODE (k3 1) accordingly in the form I = W (¢'w, I, \)I with the
affine function W (w, I, A) := T'(w,\) —a—b—T(w, A\)I. Clearly, W is continuous
as are its partial derivatives DoW(w, I, A) = —T'(w, A),

D3W (w, I, \) = DoT'(w, \)(1 — I), D3W (w,I,\) = 0.

The positivity assumption on I'(w, \) ensures partial derivatives DoW (w, 0,0) >
0 and D3W(w,0,0) > 0. Therefore, [19, Theorem 4.4] applies and yields the
nonhyperbolic set {0} x  as a unique ®y-minimal set in U x Q, which is a
copy of the base. In addition, for A € Bs(0) the set U x € contains exactly two
®,-invariant sets My = {(If(w),w) : w € Q}, which, furthermore, are both
hyperbolic copies of the base, vary continuously in the parameter A € Bs(0)
and have opposite-sign Lyapunov exponents

A(IE) = /Q P, A (1 — 23 () dmo(w) — (a + Bymo(©).

Moreover, limy_o Sup,cq |I§E (w)| =0.

(IT) Since (*3.1) has the trivial solution, one of the ®-minimal sets M;jL from
step (I) is the graph of the function I} (w) = 0 on Q. In view of the identity
(3.1), the assertion follows for Ty := I and M) as defined in (3.3). O

We now discuss two further and different possible bifurcation scenarios:

e A transcritical bifurcation caused by the fact that the amplitude of the
temporal fluctuation is increased.

e A shovel bifurcation due to a change in the range of the fluctuation.

3.1.1. Transcritical bifurcation
We suppose that the interaction term vy is given by v (t) = a + b+ A\d(t)
for a continuous function 6 : J — R having positive values in [d_, 4], where

11



0 < §_ < §4. With A serving as bifurcation parameter controlling the amplitude
of the interaction coefficient, (*31) reduces to

I=X(t)] = (a+ b+ A\(t))I? (*3.1)

and we obtain

Theorem 3.3 (transcritical bifurcation in (x3) II). If J is unbounded, then
there exists a neighborhood A C R of the critical parameter \* = 0 such that for
all X € A the disease-free equilibrium (1,0) to (x3)
(a) is J-attractive for X < 0 and J-repulsive for X > 0. In the case A =0 and
J =R, it is unstable.

(b) undergoes a bifurcation in the sense that the corresponding radii of J-at-
traction and J-repulsion satisfy

. + _ _ . —
Jip p37(1,0) =0 = Jim, (1,0).

An illustration of Theorem 3.3 for a concrete function § can be seen in Fig. 3.

Remark 1. (1) Restricting to solutions with nonnegative initial values, the
equilibrium (1, 0) is asymptotically stable for A = 0.

(2) In the biologically irrelevant situation that ¢ : J — R has negative values in
an interval [§_,d4] with _ < 4 < 0, a dual version to Theorem 3.3 holds with
attraction/repulsion properties as claimed in Theorem C.1(b).

Proof. Since it is a scalar ODE with trivial solution, we aim to apply Theo-
rem C.1 directly to (x3.1) with the right-hand side g(t, 2, \) := A\d(¢t)x — (a+ b+
A6(t))z?, while the transfers to the full planar system (*3) follows using (3.1).

(i) First, since Dag(t,0,A) = Ad(t), the transition matrix of the linear part is

t
D) (t,s) =exp <)\/ 5(r) dr) for all s,t € J

and thus we choose v4(A) = 61\ for A € R. In particular, v4 are strictly
increasing.

(i) Second, the relation D3g(t,0,A) = —2(a + b + AJ(t)) together with the
facts a +b > 0 and §(t) € [0—, 4] C (0,00) ensure that assumption (ii) of
Theorem C.1 holds.

(ili) Finally, D3g(t,z,A) =0 on J x R x R.

Therefore, Theorem C.1(a) applies to (x} ;) and (3.1) then establishes the claim.
O

On the other hand, equation () resembles the problems investigated in
[17] and beyond Theorems 3.2 and 3.4 we obtain the additional information:

Theorem 3.4 (transcritical bifurcation in (x3) III). If J = R, then there exist
neighborhoods U C R and A of A = 0 so that for all A € A the disease-free
steady state equilibrium (1,0) of (x3) undergoes a transcritical bifurcation at
the critical parameter A* = 0 as follows:

12
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Figure 3: Nonautonomous transcritical bifurcation in (*%L1 ): The trivial solution looses stabil-
ity at the parameter value A = 0 and a bounded entire solution becomes attractive (parameters

a=b=1,6(t) =4+3.5 sin(%) and A increases from the value —0.1 (top, left) to 0.15 (bottom,
right) in steps of 0.05)

(a) For A < 0 the equilibrium (1,0) is pullback attracting and there exists
another entire solution (S%(t),I5(t)) with I3(t) € U N (—00,0) for all
t € R, which is asymptotically unstable and satisfies

li (), Ix(t) = (1 lteR.
)\%(S)\( )7 )\( )) ( 30) fOT a €

(b) For A =0 the equilibrium (1,0) is (forwards) asymptotically unstable, but
still pullback attracting within Y.

(c) For A > 0 the equilibrium (1,0) is asymptotically unstable and there exists
another entire solution (S5 (t), I5(t)) with I(t) € UN(0,00) for allt € R,
which is pullback attracting within o and satisfies

li X I = (1 R.

)\1{%(5)\(07 /\(t)) ( 70) fO’f’ all t €
Proof. We mimic the notation of [17, Theorem 7] and denote the right-hand side
of (%31) by G(t,z,A) := X\5(t)x — (a + b+ X§(t))z2. Obviously, G(¢,0,\) = 0
and D2G(t,0,0) =0 on R x R. We introduce the abbreviations

f(t) := DaD35G(t,0,0) = 6(t), g(t):= —1D3G(t,0,0)=a+b forallteR,
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as well as y(t, A) :== \d(¢). Hence, we can write (1) as
L= A0 = [g(t) +(t V]I,
Then all of the assumptions of [17, Theorem 7] are fulfilled. O

3.1.2. Shovel bifurcation
Another, somewhat rough, bifurcation scenario occurs when the interaction
function v, has the form

M) =a+b+A+4(t)

with some continuous function ¢. The real bifurcation parameter A controls the
fluctuation of the interaction coefficient. Here, (x3.1) reads as

T=A+0t) = (a+b+ A+ 8(t)I2. (+31)

We understand a bifurcation now as a change in the number of bounded entire
solutions to (*3 ;) under variation of \.

Theorem 3.5 (supercritical shovel bifurcation in (x3)). If J = R, then there
exist neighborhoods U C Yo of the disease-free steady state equilibrium (1,0)
and A of the critical parameter \* = —fy(0) such that with \ € A:

(a) For A < —Bg(0) the unique entire bounded solution of (x3) in U is the
equilibrium (1,0); it is uniformly asymptotically stable w.r.t. 3s.
(b) For A\ = —fBg(8) and Bﬂh (8) < Br(0) the equilibrium (1,0) is asymptoti-
cally stable w.r.t. 3q.
(¢c) For A > —Bg(8) and
(c1) ifgﬂh (0) < Bg(9), then the equilibrium (1,0) is asymptotically stable,
and embedded into a 1-parameter family of bounded entire solutions
to (*3),
(c2) if§R+ (8) = Bg(6), then the equilibrium (1,0) is unstable.

Proof. The linearization of the scalar ODE (%3 ,) reads as I = (A + 6(¢))I and
the corresponding dichotomy spectra are ¥;(A) = A + [ﬁJ(d),BJ(é)]. Hence,
their maxima and minima are increasing with A and the smaller critical pa-
rameter value is given for \* = —f3(d). The claim then follows from [24,

Theorem 4.14(b)] in view of (3.1). O

Example 3.6. Given strictly decreasing functions 6 : R — R with limits
limy_y400 0(t) = 0+ and reals §; < d_, one deduces from Example A.1 that

B (0) = max {dy,0_} =0, Br, (9) = By _(0) =04

Consequently the assertions of Theorem 3.5(a)—(c;1) hold, while the assumption
of assertion (cq) is violated. More precisely, for A < —§_ the trivial solution of
(%2 ) is uniformly asymptotically stable and the unique bounded entire solution
to (¥2 ;). In the critical case A = —d_ the trivial solution is asymptotically stable
and for A > —J_ it is embedded into a family of bounded entire solutions. This
is illustrated illustration in Fig. 4(left).
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Figure 4: Shovel bifurcation in (*%1) with parameters a = b = 1 and the strictly decreasing
function §(¢) := “T'H’ arctan(—t):

Left (supercritical situation from Ex. 3.6): The uniformly asymptotically stable trivial solu-
tion bifurcates into a 1-parameter family of asymptotically stable solutions as A grows through
A* = —1 (for parameters A € {—1.5, -1, —0.5}).

Right (subcritical situation from Ex. 3.8): The asymptotically stable trivial solution is em-
bedded into a 1-parameter family of asymptotically stable solutions and becomes unstable as
A grows through the value A* =1 (for parameters A € {0.5,1,1.5}).

Theorem 3.7 (subcritical shovel bifurcation in (x3)). If J =R, then there exist
neighborhoods U C Yo of disease-free steady state equilibrium (1,0) and A of the
critical parameter \* = —[_(6) such that with A\ € A:

(a) For A < —B,(9)
(a1) if B5(0) = Br(8), then the equilibrium (1,0) is uniformly asymptoti-
cally stable and the unique entire bounded solution in U of (%3 ),
(az) if BL(d) = Bﬂh (0), then the equilibrium (1,0) is asymptotically stable,
and for QR(é) < By (9) it is embedded into an 1-parameter family of
bounded entire solutions to (x3),
(a3) if BR(9) < éﬂh (0), then the equilibrium (1,0) is unstable.
(b) For A= —p(8) and B,(0) < §R+ (0) the equilibrium (1,0) is unstable.

(c) For A > —fB_(6) the equilibrium (1,0) is unstable and the unique entire
bounded solution of (x3) in U.
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Proof. For the critical value \* = —f3_ (9) the claims follow as in the above proof
of Theorem 3.5 using [24, Theorem 4.15(a)]. O

The following example illuminates that a subcritical shovel bifurcation in
(2 1) can be interpreted as transcritical bifurcation on the nonnegative semi-
axis J = R4 in the sense of Theorem C.1.

Example 3.8. With the same asymptotically constant function § : R — R as
in Example 3.6 it follows from Example A.1 that

Pr(d) =4-, EROEE
B (8) =4, BRJ,(‘S):QM((S): +-

Theorem 3.7 can then be applied to (x2,) with the critical parameter value
A" = —d4. In detail, for A < —d4 case (az) applies, the trivial solution is
asymptotically stable and embedded into a 1-parameter family of bounded entire
solutions. At the critical value A = —¢,, Theorem 3.7(b) yields no stability
information on the trivial solution, but for A > —d the trivial solution becomes
unstable and isolated as a bounded entire solution to (2 ); see Fig. 4(right).

A further branching process occurs beyond this subcritical shovel bifurcation,
which we will describe now. Since the function ¢ is asymptotically constant for
t — oo with limit §,, the ODE (2 ,) is asymptotically autonomous with the
limit system

IT=M\+0)I—(a+b+A+d,)I%

It is clear that the trivial solution to this autonomous ODE transcritically bi-
furcates into the nontrivial branch (A 4+ d4)/(a + b+ A 4+ d4) at the critical
parameter \* = —J;. In addition, A* is also a critical value for a transcritical
bifurcation of the zero solution to the nonautonomous ODE (%3 ) in the sense
of Theorem C.1 on the semi-axis J = R,. Indeed, writing the right-hand side
of (¥2,) as g(t,x,\) = (A +3(t))z — (a+ b+ X+ §(t))x? gives

(i) Dag(t,0,A) = A44(t), thus lim;_, o, D2g(t,0,A) = A+ J4, so we can write
the linearization of (2 ,) along the zero solution as i = ax + b(t)x with

Q) = )\ + 6+, b(t) = 6(t) — 6+.

Under the summability assumption § — §, € L'(J,R), Proposition A.3
applies and yields

exp (/t Dog(r,0,\) dr) < KePHo)t=5) for all 5.t >0
with K = exp ([, |6(r) — 64| dr). Hence, we can choose the increasing
functions v+ (A) := A + 64 which satisfy limy_,_s, v+ (\) = 0.
(ii) For the partial derivative D3g(t,0,\) = —2(a + b+ X\ + 6(t)), since
a+b+A+0y <a+b+A+0(t)<a+b+A+6_ forallt>0,
we have

—2(a+b+A+6_) < tir>1£D§g(t,0,A) < sup D2g(t,0,A\) < —2(a+b+A+6)
> t>0
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and in the limit A — —d4 we obtain
_ _ < . . 2
2@+b+d_-—-964) < )\l:r_n(s+ tuzlg D5g(t,0, )
< lim sup D3g(t,0,\) < —2(a +b) < 0.

A——d4 t>0

(iii) Since D3g(t,z,)) = 0 the assumption (iii) of Theorem C.1 is also satisfied.

Specifically, Theorem C.1(a) applies to (3 ;) on J = R and shows that the
R -attractive trivial solution becomes R -repulsive as A increases through the
critical value —d, and, moreover, that the scalar ODE (x2 ;) exhibits a R -bi-
furcation with radii satisfying limy ~_s, p1 (0) = 0 = limyx\ _s, pj (0).

3.2. Endemic equilibrium

Consider now the possibility that a nontrivial equilibrium exists for the SI-
system (x3), i.e., with I # 0. It cannot exist as a steady state, so a nonau-
tonomous equilibrium (S5 (¢), I5(¢)) will be sought. As above, its explicit form
is given in (3.2). A sufficient criterion for its stability can be found in [14,
Lemma 4]. In general, the dynamical behavior of the entire solution I}(¢) to
(*3.1) corresponds to the asymptotics of the trivial solution to the associated
equation of perturbed motion

I= [(1 - QIi(t))’YA(t) —a— b}l - ’Y/\(t)12~ (*3.2)

Since both differential equations (*31) and (x3.2) share a very similar struc-
ture, the same techniques from [17, 19, 26, 24], as illustrated in the previous
Section 3.1, apply and we will not discuss them explicitly here.

On the other hand, in the Section 3.1 we discussed various stability changes
for the equilibrium (1,0) to (*3), as a parameter crosses a critical value, and
stability of (1,0) is transferred to (S3(t),I5(t)). We therefore expect a dual
behavior of the nontrivial equilibrium here.

4. The SIR model with variable population

In this section we return to the full SIR system (x), specifically with a vari-
able population, but constant interaction rates, and the asymptotically stable
limiting population N (¢) given in (1.3), i.e.,

. ST
= _ I —_
S=uaq(t)—aS+b ’YN; ok
. ST
= — — * )
I (a+b+@l+7Nﬁw, (*4

R=cl—aR,

from which it is convenient to eliminate the S variable and just consider the
equations for the I and R variables in (x4). Essentially, we replace S by the
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!

Figure 5: Time-dependent triangular sets Th with fibers T5(¢o) and T>(¢1)

difference S = N} (t) — I — R in the I equation of (4) to obtain the IR-system

f:(y—a—b—c)]—yw, (ra)

R=cl —aR,
where 0 < I, R < N}(t), i.e., with solutions in time-dependent triangular sets
Th(t) := {(I,R) : I,R>0,0<I+R<NJ(D)},
and hence in the common compact subset (see Fig. 5)

Ty(t)C {(I,R)eR*: L R>0,0<I+R<q"}.

Proposition 4.1. [14, Lemma 5] The disease-free nonautonomous equilibrium
(S8%(t),0,0) to (x4) with

¢
Sh(t) = Ni(t) = ae*“t/ q(s)e®® ds,

— 00

is globally asymptotically stable w.r.t. Z3i for v < a+ b+ c and unstable for
vy>a+b+c.

The nontrivial dynamics for v > a+b+c is complicated and could be chaotic.
However, a nonautonomous bifurcation takes place as y passes through a+b+c
and we might expect a simpler pullback attractor to exist for v slightly larger
than a + b + ¢. To specify the kind of nonautonomous bifurcation happening
here, as well as the pullback attractor, we again apply a nonautonomous center
manifold reduction. Nonetheless, differing from the proof of Theorem 2.3 we

now apply the approach of [17] to the scalar reduced equation:

Theorem 4.2 (transcritical bifurcation in (x4)). If J = R, then there exist
neighborhoods U C R? and T C R of a + b+ ¢ so that for all v € T the disease-
free nonautonomous equilibrium (S7(t),0,0) of (*x4) undergoes a transcritical
bifurcation at the critical parameter v* = a + b+ ¢ as follows:
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(a) For v < a + b+ c the solution (S;(t),0,0) is pullback attracting and
there exists another entire solution (S;(t) — I3(t) — Rx(t), I3(t), R3(t))
with (I3(t), Ry (t)) € U for all t € R, which is asymptotically unstable and
satisfies

W/llillilb_’_c(fj (t), R5(t)) = (0,0) for allt € R.

(b) For v =a+b+ c the solution (SX(t),0,0) is asymptotically unstable, but
still pullback attracting.

(¢) For v > a+ b+ c the solution (Sk(t),0,0) is asymptotically unstable and
there exists another entire solution (S (t)—13(t)— R4 (t), I3 (t), R%(t)) with
(I3(t), R (t)) € U for all t € R, which is pullback attracting and satisfies

y\liﬂﬂ(]:(t)’ RI(t)) = (0,0) for allt € R.
Proof. Mimicking the strategy from Theorem 2.3, we split the proof into three
parts.
(I) To shorten notation, we substitute A :=y —a — b — c and attach the trivial
equation A = 0 to (x4.1), i.e., we consider the system

. I(I+R)
I=\N—-—~y——
TN
R=cl— aR,
A=o0.
Applying the linear transformation
I 0 2 0\ [n
Rl =11 1 0 Y2
A 0 0 1 Y3

to this problem yields the 3-dimensional nonautonomous ODE

yo(a +y3) +c(y1 +y2)

—a 0 0 eNx(t)
gy=10 0 0]y+F(ty), F(ty) =y (et ys) +c(yr +y2)
0 00 v N (t)
0

As explained in Appendix D this system has a 2-dimensional center integral
manifold W, which is the graph of a smooth function y; = w(t,y2,y3). In
particular, the first component of the reduced equation (D.3) becomes

(a+ys)y2 + c(w(t, y2,y3) + yz))
eNg (1)

Y2 = Yo <y3 -
and the fact y3 = A finally yields the scalar nonautonomous ODE

j=y (A _ et Ny t;é“}% yA) & y)) —: Gty \). (4.1)

(II) Our next goal is to apply [17, Theorem 7] to (4.1). Indeed, for the right-hand
side G’ we have the identities

)(g)

G(t,0,)) =0, D1G(t,0,0 0,
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@) 2y(a+co)

(D 8) 2
DyD 1= D 4
2 SG(ta 07 0) f( ) QG(ta 07 O) CN;(t)
With g(t) := 249 it s
y(a+c) cg” [ _ cqt
neTe - e P AY) for all ¢ € R.
ar =9 Sy S S PrAliE

To verify the remaining assumptions of [17, Theorem 7], we apply Taylor’s
theorem (see [15, p. 349]) together with the above relations to arrive at

1
G(t,y,\) = D2G(t,0, \)y+= (DQG(t,O,)\) +/ (1 —h)2D3G(t, hy, \) dhy> >
0
1
=\ <D2D3G(t, 0,0) +/ (1 — h)DyD3G(t,0,h\) dh >\> y
0
1 1
+5 <D§G(t,0, A) +/ (1= h)?D5G(t, hy, \) dh y) y?
0
1
= <D2D3G(t, 0,0) +/ (1 — h)DyD3G(t,0, h\) dh)\) Y
0

1 1
+5 (D%G(t,o,o) +/ D3D3G(t,0,h\) dh A) y?
0

1
+ %/ (1 — h)2D3G(t, hy, \) dhy?
0

= A(f(t) + Aot N) y — (9(t) +A(t,y,\) v°
with the functions

O(t,A) := ( — h)D2w(t,0,h)\) dh "2

(t)
At,y, A) == )/0 (14 ¢DaDsw(t,0,hN)) dh A

+ / (1= h)2 (3D3w(t, hy, \) + hyD3(t, hy, \)) dhy.
2N (t) Jo

Since the partial derivatives D€273)w : R x Uy x Uy — R are bounded, we
conclude that the derivatives D24, D34 are also bounded R x U; x U,. This
ensures that also the quotients Dod(t,y, A)/g(t), D3¥(t,y, A)/g(t) are bounded
above. Hence, the assumptions of [17, Theorem 7] are fulfilled and imply a
transcritical bifurcation in the reduced equation (4.1) at the critical parameter
value A = 0. The trivial solution bifurcates into an entire solution z3 : R — R
of (4.1) and exchanges its stability properties as A crosses 0.

(III) Now we transfer this result back to the IR system (x41). Recalling the
transformations of step (I), we define

(1) = ybze . (1),

c y—a—b—c
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Rj‘y(t) = x*fafbfc(t) + w(tv xi:fafbfc(t)v Y- a— b— C)

and conclude from the reduction principle of [3] or [13, p. 133, Theorem 6.25]
that the stability properties of the trivial solution 0 and z} provided in [17,
Theorem 7] are transferred to (I3 (t), R%(t)). O

5. The SIR model with a variable interaction coefficient

We finally consider the SIR equations (x) with variable interaction coefficient
~(t) and constant population N(¢) =1 on an interval J unbounded below, i.e.,

S=a—aS+bl —~(t)SI,

I=—(a+b+c)I+~(t)SI, (*5)

R=clI —aR.
By identity (3.2) the S equation can be eliminated to give

I=((t)—a—b—c) —yI(+R),
(*5.1)

R=cl —aR.
Stability properties of the trivial solution to this planar ODE with nonautono-
mous linear part are given in the next proposition, and carry over to (x5).

Proposition 5.1. The disease-free steady state equilibrium (1,0,0) of (x5) is
uniformly asymptotically stable w.r.t. ¥z for 5 ;(v) < a+ b+ ¢ and unstable for
B,(v)>a+b+ec.

Proof. Linearizing (*5.1) along the trivial solution yields the variational equation

I=(t)—a—-b—0)l, 51)

R=-cl —aR.

In view of its lower triangular structure, the corresponding dichotomy spectrum
computes as

EJ = {—CL}U [ﬁJ(’}/) _a_b—QBJ(’Y)—a—b—C].
The stability assertion then follows from [24, Propositions 4.9 and 4.10]. O

In the rest of the section we describe the essential ingredients for a bifurcation
analysis of the trivial solution to (x5.1) and the disease-free equilibrium to (x5).
For this we consider ¢ > 0 as bifurcation parameter and are interested in the
two critical cases

e=ce{B,()—a=-bB, 0 -a-b].
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To perform a center manifold reduction as described in Appendix D, we need
to find a Lyapunov transformation L : J — R?*2 decoupling the linear part of
(*5.1), which turns out to be possible under the assumption

b<B,() (5.2)

1 0
L(t) == (E(t) 0) (5.3)

where ¢ : J — R is a C'-function that is to be determined. Applying this

We make the ansatz

transformation to (5.1) yields the lower triangular system
. y({t)—a—-b—c 0
=1 x,
)+ (yt)—b—0c)(t)+c —a

which becomes diagonal, if and only if the function ¢ satisfies the scalar linear
inhomogeneous ODE ¢/ = (b + ¢ — v(t)){ — ¢. Assumption (5.2) allows us to
find positive parameters ¢ > 0 such that 3 (y) > b+ c. This linear ODE thus
possesses a unique bounded solution ¢, : J — R given by

t t
L:(t) = —c/ e(b+t=9) oxp <—/ ~(r) dr> ds.

Since v : J — R is bounded, we see that l, is also bounded. Moreover,

so L:J — R?*2 is a Lyapunov transformation for this choice of £(t) = £.(t).

Next we apply the transformation (§?) = L(t)( %) to (5.1) and arrive at

. —a 0 2(1 = £e(t)le(t)y2 + Le(t)yr
&= ( ) x —y(t)y2
2(1 = £e(t)y2 + 11

Denoting the bifurcation parameter ¢ in (x5), respectively (x5.1), by A := ¢, we
attach the trivial equation A = 0. This gives us the 3-dimensional ODE

7 —a 0 0 Y1
gol=|0 ~Et)—-a-0b 0 Y2
A 0 0 0/ \ A
Y(#)y2 [2(1 — €x () A (D)y2 + x(B)ya]
| M+ 2(1 =)y +w] |, (5.4)
0

the linear part of which has the dichotomy spectrum

Sy ={-a,04U [8,(1) —a—b.F,(1) —a—b].
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Hence, assumption (5.2) implies that —a < ﬁJ(v) — a — b. Consequently there
exist real numbers o < ., as < 0 such that X ;N (as, as) = 0. Appendix D can
then be used to obtain a 2-dimensional center integral manifold y; = w(t, y2, A)
for (5.4). Renaming A as ¢ again, this yields the reduced equation

Y2 = (V(t) —a—b—c)ya — y(H)y2 [2(1 — Le(t))y2 + w(t, y2, )]

which has a very similar structure to (x3.1) or the previously considered reduced
equations (2.3) and (4.1). Hence, the transcritical bifurcation results for scalar
nonautonomous equations from [17, 19, 26] apply.

6. Conclusion

We have essentially discussed three different approaches to describe nonau-
tonomous counterparts [17, 26, 19] to what can be interpreted as a transcritical
bifurcation. Due to its “normal form” & = Aa(t)z + b(t)2? + o(z3) this kind of
bifurcation appears to be even more typical in a time-variant framework than
in the classical autonomous setting: An identically vanishing coefficient b(t) = 0
represents a higher degeneracy than merely a vanishing real number.

e In the sense of [26], a bifurcation is understood in a dynamical way, i.e.
as loss of attractivity (gain of repulsivity) for the trivial solution as the
parameter crosses a critical value. Here, a certain flexibility concerning the
temporal interval J € {R_,R;,R} is included and allows to understand
the shovel bifurcation of a family of bounded entire solutions from [24] as
transcritical bifurcation on the semiaxis R .

e The approach of [19] also provides the mentioned continuous exchange
from stability to instability by means of opposite sign Lyapunov exponents.
In addition, it guarantees the existence of two (unique) invariant sets which
generalize the equilibria of the autonomous situation and, being a copy of
the base, additionally reflect the particular time-dependence.

e Likewise, the scenario of [17] yields a plausible analogy to the autonomous
situation: Steady state equilibria are generalized to bounded entire solu-
tions and one observes a change in their stability properties (if needed in
a pullback sense).

Moreover, in order to deal with higher-dimensional ODEs we have exemplified
a nonautonomous center manifold reduction. Technically, dealing with only
transcritical bifurcation does not require to know Taylor coefficients of the center
manifolds explicitly (for this, see [25] however). Our overall analysis was greatly
simplified by the fact that the solutions along which bifurcations occur where
explicitly known.

23



Appendices

A. Linear scalar equations

The widely known Lyapunov exponents are a tool to measure the expo-
nential growth of functions. In nonautonomous stability theory, however, it is
advantageous to have information on the uniform exponential growth described
by Bohl exponents.

Let J C R denote an interval. The upper Bohl exponent of a locally inte-
grable function a : J — R is defined by

/3J(a)::inf{weR: sup l/st(a(r)—w)dr<oo}

s<t,s,teJ t—s

and the lower Bohl exponent by

BJ(G)ZZSUP{weR: sup ! /:(a(r)—w)dr<oo}.

= t<s,steJt— S

It is not difficult to see that this is equivalent to the definition in [6, p. 118] and

By(A+a) =X+ B,(a), B,(A+ta)=A+p,(a) foralA\eR (A1)

holds. The Bohl exponents are finite when a is integrally bounded, i.e., if

¢ ¢
sup exp (/ a(r) dr) < 00, sup exp (/ a(r) dr) < 0
0<t—s<1 s 0<s—t<1 s

(cf. [6, p. 119, Theorem 4.2]) hold, respectively. In addition,

B,(a) < B,,(a) < By(a) < B,(a)
for a subinterval J' C J:
Example A.1. The functions a; : R — R,
ap(t) :=a €R, ay(t) =sint, ao(t) :=arctan(—t), as(t) =sinln(l+ |¢|)

have the Bohl exponents on R, Ry and R_, respectively:

i || Bglai) | Brlai) | By (ai) | Br, (@) | By (@) | Br_(ai)
0 « o «a « « «

1 0 0 0 0 0 0

2| —m/2 /2 —m/2 —m/2 /2 /2
3 -1 1 -1 1 -1 1

Generalizing the asymptotically constant example as to general continuous func-
tions @ : R — R satisfying lim; 4 a(t) = a4 € R gives

Bg(a) = max {a_,ay}, Bgla) =min{a_, a4},

Ba, () = B, () =0y, Ba (@)=, (a)=oa.

24



There is a strong relation between Bohl exponents, exponential dichotomies
(see [4]) and the dichotomy spectrum (see [27]). The last notion can be consid-
ered as the appropriate counterpart to eigenvalue real parts in a nonautonomous
framework. In the simplest situation of the scalar ODE

& =a(t)x (A.2)

one has:

Proposition A.2. Ifa: J — R is a continuous bounded function, then the
dichotomy spectrum of (A.2) is given by X;(a) = [B,(a), B(a)].

Proof. Let v € R, s, t € J and suppose ®(t,s) = exp (fst a(r) dr) is the corre-

sponding transition operator of (A.2). Then the scalar equation
i = [a(t) — 1] (A.3)

has an exponential dichotomy on J if and only if there exist constants K > 1
and a > 0 such that

B(t,s) < Ke=E=3) forall s <t or &(t,s) < KeTIE=9) forall t < s,
which is equivalent to the existence of a constant o > 0 such that (cf. (A.1))
Bio)+a<y or y<B (c)—a
Thus, contrapositively, v is in the dichotomy spectrum of (A.3) if and only if
v € (ﬁJ(c) —a,B;(c)+ a) for all a > 0,
which yields the assertion. O

We close this section with an elementary perturbation result.

Proposition A.3. Ifa € R and b € C(J,R), then the transition operator ® of
= (a+b(t)x (A4)
satisfies O(t, s) < exp (a(t —s)+ ‘f: b(r) er foralls, teJ.

Proof. By the variation of constants the transition operator of (A.4) satisfies

t
B(t,s) = et +/ () ®(r, ) dr for all s,t € J.

S

Consequently for all s, t € J

t t
eGPt 5) =1+ b(r)e®E " ®(r, ) dr < 1 + b(r)e®E=" & (7, s) dr| .
(t,s) (r) (rys)dr < (r) (r,5)

The result then follows by the Gronwall lemma (cf. [1, p. 90, (6.2)]). O
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B. Nonautonomous dynamics

There are two formulations of nonautonomous dynamical systems, processes
and skew-product flows, each of which offers different advantages, see [13].

B.1. Processes

Let Q2 C R x R? be an open and connected set with the ¢-fibers
Q(t) = {z eR?: (t,2) € Q}.
Given f: Q — R? we consider a nonautonomous ODE

i = f(t,z) (B.1)

for which solutions exist and are unique. The maximal solutions ¢(-; g, zo)
to (B.1) satisfying the initial condition x(tg) = xo, where (tg,2z0) € £, thus
generate a local process, i.e., a mapping ¢ satisfying

@(to; to, o) = o, (t;to, o) = (55, 0(s;to, o))

for all ¢, s € R in the respective maximal solutions intervals. These intervals
may be finite or bounded from above or below, so one speaks of a local process.
In the following, h denotes the Hausdorff semidistance between nonempty
compact subsets of R? [13, p. 257]. Using the terminology of [17], a solution
¢:J— U of (B.1) on an interval J which is unbounded below is said to be

e pullback attractive, if there exists a p > 0 with

lim £ (¢(t;to, Bo((to))), {¢(t)}) =0 forall ¢t € J,

to——o0
e asymptotically unstable, if there exists an instant ty € J such that
{ve ) i hotito,z). (60) = 0} # {o(t0).
On the other hand, modifying the terminology of [13, pp. 33{t] slightly, a solution
¢:J — R of (B.1) is said to be
o J-attractive, if there exists a p > 0 with
tlim h ((t; to, Bp(6(t0))), {#(t)}) =0 for all tg € J and J unbounded above,
—00
lim % (¢(t;to, By(¢(to))), {¢(t)}) =0 for all ¢ € J and J unbounded below,

to——0o0
lim sup h (cp(to + t; to, Bp(qb(to))),qb(to + t)) =0 forJ=R.

t—o0 to€R

Note that R-attractivity means both R, - and R_-attractive uniformly in
to € R and t € R, respectively. The supremum over all these p > 0 is
called the J-attraction radius and denoted by p* (o).

26



B.2.

J-repulsive, if there exists a p > 0 with

t_l}r_n h (¢ (t;to, By(é(t0))),{¢(t)}) =0 for all tg € J and J unbounded below,
tlim h (¢(t;to, By(é(to))),{¢(t)}) =0 for all t € J and J unbounded above,
0—00

lim sup h (¢(to — t;to, By(¢(to))), d(to —t)) =0 for J =R.

t—o0 to€R

Similarly, R-repulsivity is equivalent to being R_- and R -repulsive uni-
formly in ¢y € R and ¢ € R, respectively. The supremum over all these
p > 0 is called J-repulsion radius and denoted by p~(¢).

Skew-product flows

Let X be a nonempty set. A mapping ¢' : X — X, ¢t € R, is called a flow

on the state space X if

¢°(z) = z, P =¢log® foralls,teR, xeX (B.2)

holds. A subset A C X is said to be ¢-invariant if ¢'(A) = A for all t € R.
In the subsequent considerations and terminology we follow [19] closely. The

Borel-c-algebra on a metric space X is denoted by B(X), a Borel-measure pu
said to be ¢-invariant if u(¢'(B)) = p(B) holds for all ¢ € R and B € B(X),
and a normalized ¢-invariant measure is called ¢-ergodic if any ¢-invariant set

has measure 0 or 1. In addition, a compact, ¢-invariant subset A C X is called

¢-minimal if it does not properly contain any other compact ¢-invariant set. A

minimal flow ¢ has a minimal state space X. A flow ¢’ on a compact metric

space X is said to be uniquely ergodic if there exists a unique ¢-ergodic measure

myg defined on a complete o-algebra of X containing the Borel sets B(X).

Suppose © is a compact metric space and that the mapping (t,w) — ¢'(w)

is continuous. Consider the nonautonomous ODE

& = f(¢'(w),x) (B.3)

with continuous right-hand side f : Q x D — R, where D is an open subset

of R%, that guarantees existence and uniqueness of solutions. For fixed w € Q,

denote the maximal solution to (B.3) satisfying the initial condition z(0) = x

by ¢(-; g, w). Then the mapping ®¢ given by

() _ [etiz,w)
’ () "( ¢f<w>>

defines a local flow on D x Q, the (local) skew-product flow generated by (B.3).

In this context, ¢ is called the base flow and one speaks of a local skew-product

flow, since ¢(+;2,w) might be defined on an interval being bounded above or

below, with the consequence that the flow properties (B.2) for ®¢ hold only for

times ¢ in the corresponding maximal existence intervals.
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We say a ®-minimal set M is a copy of the base if each w-fiber
Mw):={zeD: (z,w) e M} forallweQ

consists of a unique point, in which case it coincides with the graph of a con-
tinuous ®-invariant curve T :  — R. The latter is a bounded measurable map
satisfying
o(t, F(w),w) = F(¢'(w)) for all (t,w) € R x Q.

The existence of a ®-minimal set turns out to be equivalent to the existence
of a pair (zg,w) € D x Q such that ¢(-;zg,w) is defined on the whole axis R
as a bounded function, in which case one speaks of a globally bounded ®-orbit
{(p(t; z0,w), ¢"(w)) },cg- This, in turn, holds if and only if the set

B:= {(xo,w) € D x Q: sup ||p(t, zo,w)| < OO}
teR

is nonempty.

Finally, we restrict to scalar ODEs (B.3), i.e., the situation where D C R is
an interval, the partial derivative D5 f exists as a continuous function and the
mapping (t,w) — ¢'(w) is continuous. Provided B is bounded, it then makes
sense to define the real numbers

¢t (w) :==sup{z : (z,w) € B}, ¢ (w) :=inf{z : (z,w) € B},

as well as the corresponding sets M* := {(¢*(w),w) € D x Q: w € Q}, which
are copies of the base. The Lyapunov exponent of a ®-invariant curve T : @ — R
is defined by

A7) ;:/Q Do f(w, &(w))dmo (w).

The curve Z is said to be hyperbolic when dA(Z) # 0.

C. Nonautonomous bifurcations
Consider a scalar nonautonomous ODE
T =g(t,x,\) (C.1)

with a continuous right-hand side g : J x U x A — R defined on an unbounded
interval J, a neighborhood U C R of 0, and an interval A C R. Also assume

g(t,0,A) =0 on J x A,

i.e., (C.1) has the trivial solution for all A € A. The following theorem is a slight
formal modification of [26, Theorem 5.1] or [13, Theorem 8.1, pp. 155-156]:

Theorem C.1 (nonautonomous transcritical bifurcation). Let \* € A, K > 1
and suppose g is of class C® in the second variable. In addition, suppose that
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(i) There exist functions y—, v+ : A — R, that are both either increasing or
decreasing, with limy_,x« v—(A) = limy_x v+ (X) = 0, such that

t
exp (/ Dog(r,0,\) dr) < Ke N9 forall s <t, A€ A,

t
exp </ Dog(r,0,\) dr> < Ke'-WMN=9) forqllt <s, A € A.

(ii) One of the following conditions is fulfilled:

0 < liminf inf D2g(t,0,\) < limsupsup D2g(t,0,\) < oo,
A= A* ted A= A* ted

—o0o < liminf inf DZg(t,0,\) < limsup sup D2g(t,0,\) < 0.
ADA® ted A=A ted

(iii) The following limit relations hold:
1
lim sup supx/ (1 —h)®D3g(t, hx,\)dh = 0,
220 \e(\* —|z| A +|z|) teT  Jo

IQ !

K lim sup lim sup sup (1 —h)*D3g(t, hx, \)dh < 1.

Ao A*  z—0 ted max{v+()\),—7,()\)} 0

Then there exists a neighborhood Ag C A of \* such that for A € Ag:

(a) For increasing functions y_, v+ the zero solution to (C.1) is J-attractive
for A < X* and J-repulsive for A > X*. The scalar ODE (C.1) admits a
J-bifurcation in the sense that the corresponding radii of J-attraction and
-repulsion satisfy

Jim py(0) = 0= lim py(0).

(b) For decreasing functions y_, v+ the zero solution to (C.1) is J-repulsive
for X < X* and J-attractive for X > X*. The scalar ODE (C.1) admits a
J-bifurcation in the sense that the corresponding radii of J-repulsion and
-attraction satisfy

. — _ _ . +
Jim. o5 0)=0= A X (0).

Proof. Due to the smoothness assumption on g we can write
&= a(t, )z + b(t, \)x? + r(t,z,\), (C.2)
where Taylor’s theorem as in [15, p. 349] guarantees a(t, A) = Dag(t,0, \),

1— h)?

1
b(t,A) = 3D3g(t,0,0),  r(tw,)\) = / ( 5 Dig(t, he, ) dha®.
0

Our assumptions guarantee that [26, Theorem 5.1] can be applied to (C.2). O
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D. Nonautonomous center manifolds

D.1. Basic ideas

Here we consider a d-dimensional ODE
g =A@ty + F(t,y) (D.1)

with continuous functions A : J — R F : J x U — R? defined on an
interval J C R unbounded below and an open neighborhood U C R4 of 0.
For simplicity, we assume that A is in block-diagonal form A = diag(A,, A.)
and that the transition matrices ®; and ®. associated with the diagonal blocks
Ag: J — R and A, : J — R*¢ respectively fulfill

|®(t,s)|| < Ke*t=3) || ®u(s,t)]| < Ke*™) foralls <t  (D.2)

with real numbers K > 1 and as; < a., where ay; < 0. We also introduce
a corresponding splitting F' = (Fy, F.) with functions Fs : J x U — R® and
F,: JxU — R€ of the nonlinearity and suppose that F is of class C™ for some
m € N in the second variable with

F(t,00=0 on J, lir% DyF(t,z) =0 uniformly in t € J.
T—

Under the spectral gap condition ags < ma, there is a neighborhood Uy C R€ of

0 and a continuous mapping w : J x U — R? of class C"™ in the second variable,

which satisfies (cf. [3, 21, 25])

(d1) w(t,0) =0 and Dow(t,0) =0 on J

(d2) W= {(t,w(t,z),z) € J xR : z € Up} is locally invariant w.r.t. (D.1),
i.e., a solution ¢ = (¢, ¢.) to (D.1) satisfies the implication

(to; 6(t0)) €W = (t,6(t)) €W

for all t € J as long as ¢.(t) € Uy
(ds) the trivial solution of (D.1) has the same stability properties as the zero
solution of the c-dimensional equation reduced to W

= A(t)x + F.(t,w(t, ), ). (D.3)

D.2. Parameter-dependent equations

In applications to bifurcation theory, the ODEs under investigation depend
on a parameter \ in an open set A C RP, i.e., are of the form

&= f(t,z,\) (D.4)

with a continuous right-hand side f : © x A — R? and an open set Q C R x R%.
We assume that f is of class C™ in (x, A) with continuous partial derivatives,
that A is a neighborhood of 0 and that
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e (D.4) has the trivial solution, i.e., Rx U C 2 holds for some neighborhood
U CR? of 0 and
f(t,0,A)=0 onRx A (D.5)

e D5 f(t,0,0) has the block diagonal form (As(t) At) ) with diagonal blocks
satisfying (D.2).

If we extend (D.4) with the trivial equation A\ =0, then the resulting equation

T = f(taxa)‘)v
. D.6
- (D.6)

can be written as a (d + p)-dimensional ODE of the form (D.1). Since (D.5)
implies D3 f(¢,0,0) =0 on R, we obtain

At) = (DQf%JLO) g), Ft,2,)) = (f“»mvv'—ébeLO,mx)

and due to our assumptions, the center manifold theory from Subsection D.1
applies with y = (z, A). In particular, there exists a (¢ + p)-dimensional center
integral manifold W of (D.6), which is graph of a C™-mapping w : Rx Uy — R*®
with Uy C R¢ x A being a neighborhood of 0. From (D.5) we see that (0, A) are
constant solutions of (D.6), hence the invariance of W implies

w(t,0,A) =0 on A, (D.7)
as well as the identities

Diw(t,0,A) =0 onRx A, 0<j<m. (D.8)

Acknowledgements: We thank the referees for various remarks improving our
presentation.
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