C™-SMOOTHNESS OF INVARIANT FIBER BUNDLES

CHRISTIAN POTZSCHE AND STEFAN SIEGMUND

ABSTRACT. The method of invariant manifolds, now called the “Hadamard-Perron-Theorem”, was orig-
inally developed by Lyapunov, Hadamard and Perron for time-independent maps and differential equa-
tions at a hyperbolic fixed point. It was then extended from hyperbolic to non-hyperbolic systems, from
time-independent and finite-dimensional to time-dependent and infinite-dimensional equations. The
generalization of an invariant manifold for a discrete dynamical system (mapping) to a time-variant
difference equation is called an invariant fiber bundle. While in the hyperbolic case the smoothness
of the invariant fiber bundles is easily obtained with the contraction principle, in the non-hyperbolic
situation the smoothness depends on a spectral gap condition, is subtle to prove and proofs were given
under various assumptions by basically three different approaches, so far: (1) A lemma of Henry, (2) the
fiber-contraction theorem, or (3) fixed point theorems for scales of embedded Banach spaces.

In this paper we present a new self-contained and basic proof of the smoothness of invariant fiber
bundles which relies only on Banach’s fixed point theorem. Our result extends previous versions of
the “Hadamard-Perron-Theorem” and generalizes it to the time-dependent, not necessarily hyperbolic,
infinite-dimensional, non-invertible and parameter-dependent case. Moreover, we show by an example
that our gap-condition is sharp.

1. INTRODUCTION

One of the basic tasks of the theory of dynamical systems is to study the qualitative, asymptotic and
long-term behavior of solutions or orbits. A main tool turned out to be invariant manifold theory
providing a “dynamical skeleton” of orbits converging with a certain exponential rate to a given rest
point or reference orbit. In this paper we consider time-dependent, not necessarily hyperbolic, infinite-
dimensional, non-invertible and parameter-dependent difference equations. Invariant fiber bundles are
the generalization of invariant manifolds to this situation. It is crucial to allow our difference equations
to depend on a parameter, since this allows to construct invariant foliations as in [AWO03] and also to
apply our result to discretization theory of time-invariant difference equations. From the point of view
of applications it is indispensable to treat difference equations which are non-invertible. The fact that
we will consider invariant fiber bundles which contain the zero solution is no restriction, in fact, every
invariant fiber bundle through an arbitrary reference solution k — z(k) of a given difference equation is
an invariant fiber bundle of the time-variant difference equation which we get from the (time-depending)
transformation = +— x — z(k); this allows e.g. the treatment of the invariant manifolds of an almost
periodic orbit of a map. But also discretization problems of semiflows are in the scope of applications,
since we allow the state space to be infinite-dimensional. The technical difficulties of the proof of our
main result (Theorem 3.4) are due to the fact that we allow our reference solution to be non-hyperbolic.
This flexibility turns out to be crucial in continuous time applications (see e.g. [MPWO00]) when it is
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necessary not only to split into stable and unstable manifold but to have a finer decomposition at hand
which provides a more detailed picture of the dynamics. We expect the same to be true for discrete time
applications and provide a theorem which is flexible and strong enough to apply to various situations
without the need to be reproven for every explicit problem.

The existence of invariant fiber bundles in our general situation has been proven by Aulbach and the
authors in [APS01], where also the C'-smoothness of the invariant fiber bundles was showed. Although
stable and unstable fiber bundles are in the same smoothness class as the system, an arbitrary fiber
bundle is only C! in general. However, sometimes a system restricted to one of its invariant fiber bundles
carries relevant information and therefore it is important to know the maximal smoothness class of an
invariant fiber bundle. It is known that a gap condition on the spectrum of the linearization along the
reference orbit has to be satisfied in order to get higher order smoothness of the invariant fiber bundles.
But it is also well-known from the theory of ordinary differential equations that the differentiability
of invariant manifolds is technically hard to prove. For a modern approach using sophisticated fixed
point theorems see [VvG87, Van89, Ryb93] or [Hil92]. Another approach to the smoothness of invariant
manifolds is essentially based on a lemma by HENRY (cf. [CL88, Lemma 2.1]) or methods of a more
differential topological nature (cf. [HPS77, Shu87] or [Sie96]), namely the C"™-section theorem for fiber
contracting maps. In [CR94] and [Sie99] the problem of higher order smoothness is tackled directly.
Other contemporary theorems on the smoothness of invariant fiber bundles of difference equations are
contained in the articles [Hil92, EIB99] and in the monograph [KH95]. The first two papers deal only with
autonomous systems and apply a fixed point result on scales of Banach spaces and the fiber contraction
theorem, respectively. In [KH95, pp. 242-243, Theorem 6.2.8] the so-called “Hadamard-Perron-Theorem”
is proved via a graph transformation technique for a time-dependent family of C™-diffeomorphisms
on a finite-dimensional space. Using a different method of proof, our main results Theorem 3.4 and
Theorem 4.1 generalize this version of the “Hadamard-Perron-Theorem” to not necessarily hyperbolic,
non-invertible, infinite-dimensional and parameter-dependent difference equations. We would like to point
out that the hyperbolic theory is already elegantly and didactically well presented in the survey [Yoc95]
and the exposition [Fen96].

Our contribution consists in treating also the technical non-hyperbolic case. We tried hard to give a
clear and accessible “ad hoc” proof of the maximal smoothness class of pseudo-hyperbolic invariant fiber
bundles. Moreover, we give an example that shows that our gap conditions are sharp. The smoothness
proof is basically derived from [Sie99] and needs no technical tools beyond the contraction mapping
principle, the Neumann series and Lebesgue’s theorem. C™-smoothness of invariant fiber bundles is
proved by induction over m. The induction over the smoothness class m is the key for understanding
the structure of the problem. Our focus it not to hide the core of the proof by omitting the technical
induction argument as it is usually done in the literature. To our understanding this is one of the reasons
why the “Hadamard-Perron-Theorem” has been reproven by so many authors for similar situations over
the years. The induction argument of the proof is crucial because it is needed to rigorously compute
the higher order derivatives of compositions of maps, the so-called “derivative tree”. It turned out to
be advantageous to use two different representations of the derivative tree, namely a “totally unfolded
derivative tree” to show that a fixed point operator is well-defined and to compute explicit global bounds
for the higher order derivatives of the fiber bundles and besides a “partially unfolded derivative tree” to
elaborate the induction argument in a recursive way.

The structure of this paper is as follows: In Section 2 we present the notation and basic results.

Section 3 is devoted to the C'-smoothness of invariant fiber bundles. We will also state our main
assumptions here and prove some preparatory lemmas which will also be needed later. The C'-smoothness
follows without any gap condition from the main result of this section which is Theorem 3.4. Our proof
may seem long and intricate and in fact it would be if we would like to show only the C'-smoothness,



C™-SMOOTHNESS OF INVARIANT FIBER BUNDLESY 3

but in its structure it already contains the main idea of the induction argument for the C™-case and we
will profit then from being rather detailed in the C'-case.

Section 4 contains our main result (Theorem 4.1), stating that for every “spectral gap” («, 3) the pseudo-
stable fiber bundle (which corresponds to the “spectrum” in (—oo, @)) is of class C™ if ™+ <  and the
pseudo-unstable fiber bundle (which corresponds to the “spectrum” in (8, c0)) is of class C™ if a < ™.
Example 4.1 shows that these gap conditions are sharp.

2. PRELIMINARIES

N denotes the positive integers and a discrete interval I is defined to be the intersection of a real interval
with the integers Z = {0, £1, ... }. For an integer k € Z we define Z := [,00) N Z, Z,, := (—o0, k] N Z.

The Banach spaces X', ) are all real or complex throughout this paper and their norm is denoted by |||| .,
[[-lly or simply by [|-[|. If X and ) are isometrically isomorphic we write X' = Y. L, (X;)) is the Banach
space of n-linear continuous operators from X" to Y for n € N, Lo(X;Y) =Y, L(X;Y) := L1(X; D),
L(X):=L1(X;X), Ix the identity map on X and GL(X') the multiplicative group of bijective mappings
in £(X). On the product space X x ) we always use the maximum norm

e I6)

We write DF for the Fréchet derivative of a mapping F and if F : (z,y) — F(z,y) depends differentiable
on more than one variable, then the partial derivatives are denoted by % and L respectively. Now
we quote the two versions of the higher order chain rule for Fréchet derivatives on Wthh our smoothness
proof is based. Thereto let Z be a further Banach space over R or C. With given j,1 € N we write

| Ni#0, N U UN; ={1,...,1},
P(l) == (Ny,....Nj) C{1,..., 1} | Ny Ny, =0 for i #k,
max N; < max N; 1

= max {[[z . lylly} -
xXxy

for the set of ordered partitions of {1,...,1} with length j, we write #N for the cardinality of a finite
set N C N. Incase N = {ny,...,nt} C {1,...,1} for k € N, k < I, we abbreviate D*g(z)zy :=
D*g(z)x,, - - xp, for vectors x,x1,...,7; € X, where g : X — ) is [-times continuously differentiable.

Theorem 2.1 (Chain rule). Given m € N and two mappings f : Y — Z, g : X — Y which are m-
times continuously differentiable. Then also the composition fog : X — Z is m-times continuously
differentiable and for 1 € {1,...,m}, x € X the derivatives possess the representations as a so-called
partially unfolded derivative tree

(2.2) Dl jj ( ) DI [Df(g(x))] - D'7g(a)

and as a so-called totally unfolded derivative tree

!
(2.3) D!(f o g)(x Z S Dif(g(a)D*Nig(a)an, - D*Nig(a)an,

=1 (Nl""ij)EP_f(l)

for any x1,...,01 € X.

Proof. A proof of (2.2) follows by an easy induction argument (cf. [Sie99, p. 266, B.3 Satz]), while (2.3)
is shown in [Ryb91, Theorem 2]. O
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We use the notation

(2.4) o’ = f(k,x,p)

to denote the parameter-dependent difference equation z(k + 1) = f(k,z(k),p), with the right-hand
side f: I x X xP — X, where I is a discrete interval and P is a topological space. Let A(k;k,&,p)
denote the general solution of equation (2.4), i.e. A(-; &, &, p) solves (2.4) and satisfies the initial condition
Ar;R,Ep)=Efor kel £ € X, p e P. In forward time A can be defined recursively as

. - ¢ for k =«
Ak; K, & p) = { flk—1,Mk—1;5,6,p),p) fork>r"

Given an operator sequence A : I — L(X) we define the evolution operator ®(k,x) € L(X) of the linear
equation ' = A(k)x as the mapping given by
o Ix for k=&
(k) = { Ak—=1)---A(k) fork >k
and if A(k) is invertible (in £(X)) for k < k then ®(k,x) := A(k)™' -+ A(k — 1)~ for k < k.
Now we introduce a notion describing exponential growth of sequences or solutions of difference equations.

For a v > 0, a Banach space X, a discrete interval I, K € I and A : I — X we say that

(a) X is v -quasibounded if I is unbounded above and if H)\||:7 1= sup ezt [[A(K)]| vk < oo,
(b) Ais v~ -quasibounded if I is unbounded below and if [[A]|, ., := supc,— [[A(K)]| kR < 0,
(¢) Ais yE-quasibounded if I = 7 and if supycz [|A ()| 7% < occ.

£} (X) and £, (X) denote the sets of all 4~ and y~-quasibounded functions X : I — X, they are

Banach spaces with the norms ||H:7 and |||
in [APSO1)).

; i and satisfy the following properties (cp. also Lemma 3.3

Lemma 2.2. For real constants v,6 with0 < v <9, m € N, k € Z and Banach spaces X, the following
statements are valid:

(a) The Banach spaces £} (X) x £f_(Y) and £ (X x V) are isometrically isomorphic,
(b) €5, (X) C 65 5(X) and IS5 < IIAIL, for A€ 61, (%),
(c) with the abbreviation £, = £} (X x V), {7 = 4}

and L(X; 62;1) are isometrically isomorphic.

(L (X;X x V), the Banach spaces (],

3. Cl-SMOOTHNESS OF INVARIANT FIBER BUNDLES

We begin this section by stating our frequently used main assumptions.

Hypothesis 3.1. Let us consider the system of parameter-dependent difference equations

{ o' =A(k)z + F(k,z,y,p)
y =B(k)y+ G(k,z,y,p)

where X,) are Banach spaces, P is a topological space satisfying the first axiom of countability, the
discrete interval I is unbounded to the right, A : I — L(X), B : I — GL(Y) and the mappings F :
IXXXYXP—-X,G:IxXXYXP —Y are m-times, m € N, continuously differentiable with respect
to (z,y). Moreover we assume:

(3.1)
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(i) Hypothesis on linear part: The evolution operators ®(k,l) and V(k,l) of the linear systems x’' =
A(k)x and y' = B(k)y, respectively, satisfy for all k,l € I the estimates

(3:2) (&, D)l oy < Era™" for k=1, 1 (K, D)l oy < K281 for L >k,

with real constants K1, Ko > 1 and o, f with 0 < o < 3.
(ii) Hypothesis on perturbation: We have

(3.3) F(k,0,0,p) =0, G(k,0,0,p) =0 onlIxP,
and the partial derivatives of F and G are globally bounded, i.e. for n € {1,...,m} we assume
o"F
|F|n = sup 7n(kvx7y7p) < 00,
(5.0 (k,z,y,p)elx X xYxP || 0(Z,Y) Lo (X XV5X)
' oG
|G|, = sup = (k, 7, y,p) < oo
(kyz,y,p) EIX X XY XP 8(% Z/) Lo (XXVY)
and additionally for some real opmax > 0 we require
O’HI&X
3.5 Fl|, |G _
( ) maX{‘ ‘1’| |1}< maX{Kl,KQ}

Furthermore we choose a fized real number o € (max {K1, Ko} max {|F|;, |G|}, Omax)-

Remark 3.1. In [APSO01] difference equations of the type (3.1) are considered without an explicit
parameter-dependence. Anyhow, every result from [APS01] remains applicable since all the above esti-
mates in Hypothesis 3.1 are uniform in p € P.

Lemma 3.2. We assume Hypothesis 3.1 for m = 1, opax = 8= and choose k € I. Moreover let

(u,v), (1, 0) : ZF — X xY be solutions of (3.1) such that their difference (u,v)—(fi, v) is v+ -quasibounded
for any v € (a+ 0,8 — o). Then the estimate

©w-

Proof. Choose an arbitrary p € P and k € I. First of all the difference u — g € K:W(X) is a solution of
the inhomogeneous difference equation

(3.7) o' = A(k)z + F(k, (1, v)(k),p) — F(k, (1,7)(k), p),

where the inhomogeneity is v+-quasibounded
(3.4) -
IFC )0 - P 0, 2 e (1) - (£)
by Hypothesis 3.1(ii). Applying [Aul98, Lemma 3.3] to the equation (3.7) yields
Ki|Fly || (1) _ (& i
v v

v—a
note that our definition of H||: ., is slightly different from [Aul98, Definition 3.1(a)]. Because of % <1
(cf. (3.5)), w.l.o.g. we can assume v # 7 from now on. Analogously the difference v — 7 € £ _(Y) is a
solution of the linear equation y' = B(k)y+G(k, (u,v)(k),p)—G(k, (i, 7)(k), p), where the inhomogeneity

is also yT-quasibounded
_ +
w\ (&
v v

Ry

¥

3.6 _—
( ) ’Y—Of—K1|F|1

<K
XXy

T k) = m(k)l - for k€ Zf

holds.

+

Ry

(3-8) e = All,, < Ky [lu(s) — m(s)| +

’
RyY

16, (1 1)().p) — G (RO e,
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by Hypothesis 3.1(ii). Now using the result [Aul98, Lemma 3.4(a)] yields

_ +
-t < 5216k (“)——(@)
14 14

T B

and since we have %Cill < 1 (cf. assumption (3.5)) as well as v # 7 we get the inequality |v — 1?||:,Y <

max{”u - ,EL||:’7 v — ﬁ||:v} by (2.1). Consequently we obtain || — ﬂll:"v = ||(u,v) — (ﬂ,D)H:ﬁ, which

)
K,y

leads to N .
i (3.8) Ky |F| [i
2 H . 1 1 o 2
_ < _ et b Y _
1C) - G, = oo s« 222 () - C)
K,y RyY
This, in turn, immediately implies the estimate (3.6). O

Now we collect some crucial results from the earlier paper [APS01]. In particular we can characterize the
quasibounded solutions of (3.1) quite easily as fixed points of an appropriate operator.

Lemma 3.3 (the operator 7). We assume Hypothesis 3.1 for m = 1, opax = ’8770‘ and choose k € I.
Then for arbitrary v € [a+o0,8—0] and £ € X, p € P, the mapping T : Kz,y()( XY)x X XP —

G (X)),
k—1
90 ol = (ML 00)

has the following properties:

(a) Tu(-;&,p) is a uniform contraction in & € X, p € P with Lipschitz constant

max {Kl, KQ}
g

(3.10) L= max {|F|,,|G|,} < 1,

(b) the unique fized point (pn,ve)(€,p) € €1 (X x V) of Tu(-3&,p) does not depend on v €
[+ 0,8 — o] and is globally Lipschitzian:

) () €en- (o) @

(c) a function (u,v) € £ (X x V) is a solution of the difference equation (3.1) with u(k) = &, if and
only if it is a solution of the fixed point equation

(3.12) (”) = T(p, ;€. p).

<
ky 1

K _ _
—1L Hf*ﬁﬂx for&,£e X, peP,

v

Proof. See [APS01], in particular the proof of Theorem 4.11 in the quoted paper for (a), (b), and Lemma
4.10 for (c). O

Having all preparatory results at hand we may now head for our main theorem in the C'-case. As
mentioned in the introduction, invariant fiber bundles are generalizations of invariant manifolds to non-
autonomous equations. In order to be more precise, for fixed parameters p € P, we call a subset S(p) of
the extended state space I x X x Y an invariant fiber bundle of (3.1), if it is positively invariant, i.e. for
any tuple (k,&,7n) € S(p) one has (k, A\(k;k,&,m,p)) € S(p) for all k > k, k € I, where A denotes the
general solution of (3.1).

Theorem 3.4 (C'-smoothness of invariant fiber bundles). We assume Hypothesis 3.1 form = 1, opax =

B%a and let \ denote the general solution of (3.1). Then the following statements are valid:
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()
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There exists a uniquely determined mapping s : I X X x P — Y whose graph S(p) :=
{(k,&,s(k,&,p)) : k€ I,EE€ X} can be characterized dynamically for any parameter p € P and
any constant v € (o + 0,3 — o] as

S(p) = {(/ﬁ,é,n) EIXXxY: A-;K,&n,p) € E:’W(X X y)}
Furthermore we have
(a1) s(k,0,p)=0o0nIxP,

(a2) the graph S(p), p € P, is an invariant fiber bundle of (3.1). Additionally s is a solution of
the invariance equation

s(k+ 1, A(R)E+ F(k, &, s(r, & p),p),p) = B(K)s(r, &, p) + G(k, €, s(k, &, p), D)

for (k,&,p) € I x X x P,
(az) s : I x X x P — Y is continuous and continuously differentiable in the second argument
with globally bounded derivative
7(’{3571))
‘ 9¢ L(X5Y)

< KiKymax {|F| |G|}

~ o —max {Ky, Ko} max {|F|,, |G|}
The graph S(p), p € P, is called the pseudo-stable fiber bundle of (3.1).
In case I = Z there exists a uniquely determined mapping r : I x Y x P — X whose graph R(p) :=
{(k,7(K,n,p),n) : kK € I,n €YV} can be characterized dynamically for any parameter p € P and
any constant y € o+ 0,3 — o] as

R(p) = {(k,&n) € I X X x YV : A(-;5,6,m,p) € L (X x D)}
Furthermore we have
(b1) r(k,0,p)=0o0nIXxXP,
(bo) the graph R(p), p € P, is an invariant fiber bundle of (3.1). Additionally v is a solution of
the invariance equation

r(k+ 1, B(k)n + G(k, (K1, p),1,p), p) = A(k)r(K,1,p) + F(K,7(K,1, D), 1, D)

for (k,m,p) €I XY X P,
(b3) 7 : I x Y x P — X is continuous and continuously differentiable in the second argument
with globally bounded derivative
< KiKymax {|F|,,|G|,}
~ o —max {K;, Ko} max {|F|,, |G|, }

Os for (k,&,p) € I x X xP.

for (k,m,p) €I XY X P.

or
Han(ﬁvn7p)

L(V;X)
The graph R(p), p € P, is called the pseudo-unstable fiber bundle of (3.1).

In case I = 7 only the zero solution of equation (3.1) is contained both in S(p) and R(p),
i.e. S(p)NR(p) = Zx {0} x {0} for p € P and hence the zero solution is the only v*-quasibounded
solution of (3.1) fory € [a+ 0,8 — 0.

Remark 3.2. Since we did not assume invertibility of the difference equation (3.1) one has to interpret
the dynamical characterization (3.13) of the pseudo-unstable fiber bundle R(p), p € P, as follows. A
point (k,&,m) € I x X x Y is contained in R(p) if and only if there exists a 7~ -quasibounded solution
A5k, &m,p) t T — X x Y of (3.1) satisfying the initial condition z(k) = &, y(k) = 1. In this case the
solution A(-; &, &, n,p) is uniquely determined.

Proof. (a) Our main intention in the current proof is to show the continuity and the partial differentiability
assertion (ag) for the mapping s: I x X x P — Y. Any other statement of Theorem 3.4(a) follows from
[APS01, Proof of Theorem 4.11]. Nevertheless we reconsider the main ingredients in our argumentation.
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Using [APS01, Proof of Theorem 4.11] we know that for any triple (k,&,p) € I x X X P there exists
exactly one s(, &, p) € ¥ such that A(-; ,§, s(k, &, p),p) € 4 (X x V) for every v € [+ 0,3 — 0]. Then
the function s(-,p) : I x X — Y, p € P, defines the invariant fiber bundle S(p), if we set s(k,&,p) :=
(v (&, p))(K), where (e, v )(€,p) € £, (X x V) denotes the unique fixed point of the operator 7 (-;&,p) :
0 (X x V) = £ (X x V) introduced in Lemma 3.3 for any £ € X, p € P and v € [a + 0,3 — 0]. Here
and in the following one should be aware of the estimate

ax{Kl |F|17 Ko |G|1} (320) L <1
y-—a  f-n

The further proof of part (a3) will be divided into several steps. For notational convenience we introduce
the abbreviations fu.(k; €, p) == (1« (& p))(k) and v (k; €, p) == (v (&, p)) (k).

Step 1 - Claim: For every v € (a+ 0,8 — o] the mappings (pw,v) : ZF X X X P — X x Y and
s: I XX xP—Y are continuous.

By Hypothesis 3.1 the parameter space P satisfies the first axiom of countability. Consequently [Mun75,

p. 190, Theorem 1.1(b)] implies that in order to prove the continuity of (g, v )(k;&o,-) : P — X x Y, it
suffices to show for arbitrary but fixed x € I, {§; € X and pg € P the following limit relation:

(3.15) lim (NH> (K5 &0, p) = (5:) (%3 €05 po)-

(3.14)

p—po \ Vk

For any parameter p € P we obtain, by using the equations (3.9) and (3.12)

H (5:) (kiop) = (5:) (k: &o: po)

(3.2) k-1
< max {K1 > o F(n, (1, ve) (15 €0, ), P) = F (0, (i, i) (75 €0, 10), p0) ]

n=xk

Ky Y B HG(n, (s vie) (n5 0, 1), p) — G, (umvn)(n;ﬁo,po),po)ﬂ} for k € Zf.
n=k
Subtraction and addition of the expressions ||F'(n, (tix, vi)(n; &0, po), p)|| and [|G(n, (pu, vic) (n; €0, po), P) I,
respectively, leads to

’(’j) (k3 €0.p) - (’j) (k3 o, po)

< max{a+bc+d} forkeZ’,

where (cf. (3.4))

k—1

a = Kl Zakinil ||F(7l, (,Unyym)(n;g()vpo%p)*F(na (uﬁayﬂ)(n;g()?po)ap())“’
k=k

k—1

b = K; |F|1 Z Oékinil (5:) (Tl,fo,]?) - <llj:> (n;g()ap()) y

c = KQZﬂkinil ||G(Tl7 (M,@,Vx)(n;§07p0)ap) 7G(Tl, (Hm’/n)(mfmpo)apo)” )
n=k

d = K|G|, 26’“”*1 (Z:) (n;€o0,p) — <5:> (1360, p0)|| -

Now and in the further progress of this proof, we often use the relation

(3.16) max{a+b,c+d} <a+c+ max{b,d},
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which is valid for arbitrary reals a, b, c,d > 0, and obtain the estimate

<5:> (k3 €o,p) — (5:) (k3 €0, 10) || Y

G
< " "+ ey F + max { filll‘} ; [;2|—W|’1} H ('Z:) (€o,p) — <5:> (€0, o)

Hence, by passing over to the least upper bound for k € Z}, we get (cf. (3.10))
. . G149 max {Ky, Ko}~
H <I:L ) (507p) - <l]j > (ﬁoapo) < { - 2}7

< 1 sup U(k,p)
with the mapping

+

for k € Z;.

RyY

KyY kez}

k 1 k-1
Za "I, (s, vie) (05 €0, 0), ) = F (1, (e, vie) (75 €0, 20) Po) |

Uk
(3.17)

k-1 2©
ﬁ Zﬁ "G, (e, vie) (15 €0, 0), ) — G, (1, Vi) (75 €0, p0) s Po) | -

Therefore it suffices to prove

(3.18) lim sup U(k,p) =0

p—Po keZt
K

to show the limit relation (3.15). We proceed indirectly. Assume (3.18) does not hold. Then there exists
an € > 0 and a sequence (p;)ien in P with lim; o p; = po and SUpy, g+ U(k,p;) > ¢ for i € N. This
implies the existence of a sequence (k;);en in Z} such that

(3.19) U(ki,pi) >¢e forieN.

From now on we consider a + o < , choose a fixed growth rate 6 € («a+ 0,7) and remark that the
inequality % < 1 will play an important role below. Because of Hypothesis 3.1(ii) and the inclusion

(tr> Vi) (05 P) € 5:’5(/"( x V) we get (cf. (3.4))

3) +
P ool < 1P (5) )| v ez,
K K,0
(3.3) L + B
G (n, (prs vi) (05 €0, p0), D) < ( ) (0, p0) . fOanZL
K,0

and the triangle inequality leads to
+ k—1 k-1 n
! )
(€05 o) ()
( ) K,0 ’Yk 7; o

F| |G K
- 2max{\5n\1 |G, } H(ﬁl{) (&0,p0)

(3.17)
U(k,p) <

+ gk—1 > n
Hr B o
(Vx) <£O’p0) K,8 7 7; (/8)

+ k
1 1 é
K,8 (5_0[ ﬂ_d) (7)

Because of % < 1, passing over to the limit k — oo yields limy_,~ U(k,p) = 0 uniformly in p € P, and

taking into account (3.19) the sequence (k;);en in Z; has to be bounded above, i.e. there exists an integer
K > k with k; < K for all i € N. Hence we can deduce

(317) P i

U(ki, pi) Z o " [F(n, (p, Vi) (0560, po ), pi) — F(n, (s, v ) (0560, Po) s Po) |
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ﬂKlo<>

Zﬂ "G, (s vi) (15 €0, P0), i) = G (s (e, V) (125 €0, 20) s Po) |

for i € N, where the first finite sum tends to zero for ¢ — oo by the continuity of F. Continuity
of G implies lim; o G(n, (i, Vi) (1 €0, D0), Pi) = G(n, (b, Vi) (1 €0, D0), po) and with the Theorem of
Lebesgue® we get the convergence of the infinite sum to zero for i — oo. Thus we derived the relation
lim; oo U(k;, p;) = 0, which obviously contradicts (3.19). Up to now we have shown the continuity of
(trs Vi) (60, 7) = P — £} (X x Y) and by properties of the evaluation map (see [APS01, Lemma 3.4]) that
(3.15) holds. On the other hand, Lemma 3.3(b) gives us the Lipschitz estimate

H (5:) (K5 €, p0) — (5:) %5 &0, Po) H( ) (€, p0) (5:) (&0, o)

for any ¢ € X and e.g. [AW96, Lemma B.4] together with the discrete topology on Z;}, implies the
continuity of the fixed point mapping (px, vi) : ZF x X x P — X x Y. With a view to the definition of
s: I x X xP — Y, its continuity readily follows.

+ (311) Kl

7 1€ =&l

Kyy

Step 2: Let v € [a+0,8—0], £ € X and p € P be arbitrary. By formal differentiation of the fixed
point equation (cf. (3.9), (3.12))

Mk . _ <I>(k:,/f)§+22;}.; q)(k7n+1)F(n7 (uﬁayﬂ)(n;g’p)’p) or +
(3.20) (m) (k;€,p) = < =32 Uk, n+ 1)G(n, (e, vi) (15, ), D) ) or k€ 2y

with respect to £ € X', we obtain another fixed point equation

1
(3.21) ( )(5 p) = TH(uh v (€. p): £.1)

for the formal partial derivative (g, v}) of (pix, Vi) : X X P — £} (X x V) with respect to &, where the
right-hand side of (3.21) is given by

Bk ) + 5 B0+ D5 0 (s ) 6.0).) () )

(322) (Z@l(ﬂlayl;gvp))(k) = i 1
- W+ 1) 5 o o) ) (1) )

v

for k € Z}. Here (u',v!) is a mapping from Z} to L(X; X x V) and in the following we investigate this
operator 7,!.

Step 3 - Claim: For every v € [a + o, 3 — o] the operator T, : E}c,'y XX XP— 63677 is well-defined and
satisfies the estimate

for (vt et E€X, peP.

K,y —

(3.23) |72 (et vt p)]| <K1+LH<I£)

Thereto choose arbitrary sequences (p',v') € £}, , and £ € X, p € P. Now using (3.2), (3.4) it is

()

5)To apply this result from integration theory, one has to write the infinite sum as an integral over piecewise-constant
functions and use the Lipschitz estimate of G, which is implied by (3.4), to get an integrable majorant.

|7 (v 5 € (B | ey 7 <

(3.22)

k-1
Y n—k rk—k k—n—1
< K (7> K |F
< max{ (3 + Ky |Fly v nE:Ka

)
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1

(3.16) Ky |F|, = ()" K2|G|1 Ut
< Kl+max{az a Z o

K |F|. K (3.14) +
(3.24) < K1+max{ 1 |1 2|G|1}H< ) < Kl—i—L"(’zl)

and passing over to the least upper bound over k € ZF 1mphes our claim Z,}(u!,v1; €& p) € L -
as the estimate (3.23).

e
Ky ‘Gll ,yn—k Z ﬁk—n—l
n=k

for k € Z}

as well

Step 4 - Claim: For every v € |[a+ 0,8 — o] the operator T,1(-;&,p) : é};,y — é}m{ is a uniform
contraction in & € X, p € P, moreover, the fized point (u.,vi)(&,p) € L. does not depend on ~y €
[+ 0,8 — o] and satisfies

!
(3.25) () e
K
Let £ € X and p € P be arbitrary. Completely analogous to the estimate (3.24) we get
(3.14) 1 =1\ ||t
17 e - kel <z () - ()
1
Taking (3.10) into account, consequently Banach’s fixed point theorem guarantees the unique existence of

a fixed point (u},v2)(€,p) € £y, of T} (-5&,p) : £ — £} . This fixed point is independent of the growth
constant v € [a + 0, § — o] because with Lemma 2.2(b) and (c) we have the inclusion £} ., € £} and

+ Kl
<
“1-L

K,y

forée X, peP.

for (', ), (', 7) € L,

RyY

every mapping T,1(-;&,p) : £L y = oL , has the same fixed point as the restriction T :¢p ’21
’ ’ K,a+o
Finally the fixed point identity (3.21) and (3.23) lead to the estimate (3.25).

Step 5 - Claim: For every v € (a+ 0,8 — o] and p € P the mapping (i, v )(-,0) : X — é:ﬂ(é\,’ x V)
is differentiable with derivative

(3.26) éi@ﬂ (?)XxPeﬂ

Let £ € X and p € P be arbitrary. In relation (3.26), as well as in the subsequent considerations we are
using the isomorphism between the spaces £} and L(X; €} (X x Y)) from Lemma 2.2(c) and identify
them. To show the claim above, we define the following four quotients

te(n; €+ h,p) — pe(n; €, p) — pk(n; &, p)h

Ap(n, h) = ’
(3.27) [|A]
AWHW:WWf+MM—%W@m—%W%mh
T ]
and

: h
F(nu‘r'i‘hlay—’_h%p) -F n7xuy7p) - %(nvxvyvp) <I’L;>

AF(n, z,Y, h17 h2)

h
G(’ﬂ,l‘ + hlvy + h2;p) - G nazvyvp) - a(agfy) (n,x,y,p) <h;)
AG(n,z,y, hi, hs)
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for integers n € I and © € X, h,hy € X\ {0}, y € Y, ha € Y\ {0}. Thereby obviously the inclusion
(Ap, Av)(-,h) € £ (X x Y) holds. To prove the differentiability we have to show the limit relation
limp o(Ap, Av)(-,h) = 0 in £} (X x V). For this consider o + o < 7, a growth rate § € (a + 0,7) and
from Lemma 3.2 we obtain

329 | () e - (U) e

Moreover using the fixed point equations (3.20) for p, and (3.21) for ul it results (cf. (3.9), (3.22))

(3.6) §—a

<K YR form e ZF
= M A K| F, orm € B

k—1
[Ap(k,R)|| = ﬁ D ®(k,n+ 1) | F(n, (1, vi) (05 € + h,p),p) — F(n, (pe, vie) (036, p), p) —
1
- a(iFy)(n’ (1rs Vi) (N3 €, D), P) (5?) (n;&p)h] ‘ for k € Z,

where subtraction and addition of the expression

O (0, (s )3 €, ), ) [(5“) (n;€ +h,p) — (5”) (n;f,p)}

G(x,y) K K
in the above brackets implies the estimate
k—1
80 < g 130 804 D] P G 56 + ) ) = F 0, ()05 ) —
B)
s ) 56,510 [(ﬁg) (n:&+hop) (ﬁ:) <n;f7p>} }H
VN e OF
+W\ nz:%@(k,n + 1)a(x,y) (n, (pi, ) (156, 0), D)
1
: Kﬁ:) (n;€+h,p) — (ﬁ:) (n;€,p) — (52) (n;ﬁ,p)h} H
(3.4) kol
< D> @k n+ DI |AF(n, (s vie) (0:€,D), (1 v) (03 € + By p) = (s vie) (0, 9)) |
1 Pk Pk = Ap
i | () s = () s+ Pl 3 19tk + ) 1(88)
(3.2) k-1 .
< K1Y P T AF(n, (pe vie) (156, 0), (s Vie) (03 € A+ Ty ) = (1, vie) (056, 9)) |
L (“H) (n; €+ h,p) — (“H) (n:&,p)|| + K1 |F| kiak*n*l (A“> (n, h)
||h|| Vs ) D Uy S P 1 171:N Ay )

for k € Z and together with (3.28) we get

AM K12(5_a) k—15—k
<Ay) (n,h)H + J o Q"0

k—1
Aulk,h)| < K, |F kmn=l
|Au(k. D)l < KilFIL Y a oI |F,

n=k~k

k—1 5 n
Z <OZ> ||AF(n> (Mmym)(n;gap)v (NH7VH)(n;€+ h’p) - (HH’V“)(n;g’p))”

n=~Kk




C™-SMOOTHNESS OF INVARIANT FIBER BUNDLES”) 13

for k € Z}. Now we analogously derive a similar estimate for the norm of the second component

||Av(k,h)|| and obtain
Ap KiKs(6 —
( )(mh)H +—5 120 —a) prtox

< k—n—1
|Av(k,B)| < KalGlL Y8 —a— K [F],

n=~k

3 (5) 1AG ()02 G )05 €+ ) = G ) )
n==k

for k € Z}. Consequently for the norm ||(Ap, Av)(k, h)| one gets the inequality

H (2) (k’h)H ) e ([ Ak, W) | Aw kW) < max {a+ b+ d} for k€ Z

with
_ K{(d - a) k—ls—k
¢ 67a7K1 TR
Z ( ) IAF (0, (s ) (5 ,5), s )05 + ) = (s v (03 D),
e Ap
b = Ki|F| Zak ! <Ay) (n,h)’ ,
KiKy(0—a) o,y
= 6"
¢ S —a—FKi P,
/6
3 (ﬂ) VAG(m, (s ) (73 £,5), (s ) (15€ + P ) — (s ) (€, )
n=~k
d = K |G| i/@kfnfl AN (n h)
: 2 1 -~ Ay
We are using the relation (3.16) again, and obtain the estimate
A o B . A +
"(A‘;) (k7h)H~y N k+LH<A’V‘> (h) N for k € 7"
By passing over to the least upper bound for k € ZT we get (cf. (3.10))
Au) + Ky max {K;, Ky} 0 —« Y\
(h) < =) sup V(k,h)
H(AV o 1-L 6—a—K1|F|1< ) e
with
k=1 k=
vk Z ( ) VAR, s ) (756, ) s ) (15€ -+ ) = (st ) (6,2)
(3.29) =

e Z( ) IAG. (i 1) 0156,). Gt 1156 + ) ) €.

for k € Z;}. Thus to prove the above claim in the present Step 5, we only have to show the limit relation

(3.30) lim sup V(k,h) =0,
h=0 ezt
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which will be done indirectly. Suppose (3.30) is not true. Then there exists an ¢ > 0 and a sequence
(hi)ien in X with lim;_, h; = 0 such that SUpez+ V(k,h;) > ¢ for ¢ € N. This implies the existence of
a further sequence (k;)ien in ZF with

(3.31) V(k‘,, hl> >¢ forieN.

Using the estimates |AF(n,z,y, h1, ho)|| < 2|F|, and [|[AG(n,z,y, hi,hs)|| < 2|G|;, which result from
(3.4) in connection with [Lan93, p. 342, Corollary 4.3], it follows

(329) 2| F| <a>’“’“(5)" 216 (ﬁ)k > (5)” <2F 21G),\ [6\"
V(kh) < —2L (= - + L= =] < L4 L —
iy = =205) 2G) +5(5) 25) =G+ 55) 5
for k € ZF and the right-hand side of this estimate converges to 0 for k — oo, i.e. we have

limy oo V(k,h) = 0 uniformly in h € X. Because of (3.31) the sequence (k;);en has to be bounded
in Z;}, i.e. there exists an integer K > k with k; < K for any i € N. Now we obtain

(3.29) qr—1 B2l s\ ™
Vikihi) < - Z(a> IAF (n, (p, vie) (05 €, ), (b Vi) (03 € + Py p) = (e, vic) (5., p)) |
K—-1 ©°

(332 2 > () 180 )0 €91 ) 05+ i) () € )

n=~k

for ¢ € N and because of Step 1 we have

lim (M”) (n; €+ hy,p) = ('Z”) (n;€,p) forne€Zr éecXx, peP,
as well as using the partial differentiability of F' and G

AF
(AG) (n7 z,Y, h17 h2)

im
(h1,h2)—(0,0)

which leads to the limit relation

i | (RF) (0 )56, e ) 06 i) = i) 0. 9)

11— 00

‘:0 forn € Z;.

Therefore the finite sum in (3.32) tends to 0 for i — co. Using Lebesgue’s theorem, also the infinite sum
in (3.32) converges to 0 for i — oo and we finally have lim;_, . V(k;, h;) = 0, which contradicts (3.31).
Hence the claim in Step 5 is true, where (3.26) follows by the uniqueness of Fréchet derivatives.

Step 6 - Claim: For every v € (o + 0,8 — o] the mapping M XX P — €1 18 continuous.

With a view to (3.26) it is sufficient to show the continuity of the mapping (i}, K) XxP =L
do this, we fix any & € &X', pg € P and choose £ € X, p € P arbitrarily. Using the fixed point equatlon
(3.21) for (uk,vl) we obtain the estimate (cf. (3.22))

1 1
(’ﬁ) (k3 &,p) — (’;) (k3 o, po)

OF ' m
m("’ (ks Vi) (03 €, D), D) <VN) (n; &, p)—

(3.2)

k—1
< max{Klzak -
- %( (s ) (3 €0, 0), 70) (“) (ns60,p0) .

K2Zﬁk n—1

aG
z,y)

(n, (s Vi) (05 €, D), D) (5%) (n;:€,p)—
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1

2 (0 (15600000 (17 ) (560,00

- (z,y)

where subtraction and addition of the expressions

K

} for k € Z},

o o€, 9).9) (1) 000, s o)) () 016000

K
respectively, in the corresponding norms and the use of (3.4) leads to

(1) s = (%) hsonmo

K K

<max{a+b,c+d} forkeZ!

with the abbreviations

k—1 1
a = Ky o B H (5?) (1: 0, po)

() o = (4 a0

K K

3

)

k—1
b o= Ki|F|}) of !

)

o'} R 1
o= 3o et |(4F) oveon

n=~k

> 1 1
¢ = Kaldl, Yo () e = (43) (rsanmn)
and
. 0 0
F0.€.0) 1= 5 (0 s 1) (15.9).) = s (1 () (060, 20). 1)
(3.33) X 6(7}’ [“)é
G(nvgap) = 8(1‘ y) (TL, (/meVn)(n;fap)7p) - 8(1’ y) (n7 (Mmyn)(n;507p0)7p0>‘

With the aid of the relation (3.16) one obtains

1 1
’(51) (k3 &,p) (’,ﬁ) (k3 €0, o)

(3.14) 1 1
ot ey n (1) €0 - (4) o) for

K

,yn—k

(3.34)
keZl.

We define 71 := a + o to get (ul,v})(&,po) € £}

s,y 10 the sums a and ¢ we can estimate the mapping
(uk, v}h) (&0, po) using its v, -norm, which yields

+ k—1

a S Klfy;’iak_l (ﬁ%) (507]90) Z (%)n F(n7€7p)H for k € Z:7
K Y1 n=k
+ 00 n
c < Kg’yf”ﬂk_l (ﬁ%) (€0, 10) Z (E) Hé(n7§,p)H for k € Z}.
r K71 n=k

Now we substitute these expressions into (3.34) and pass over to the supremum over k € Z7 to derive

b ! T (31 K. K. 1
() m= (i) o] "SRR (1) o

K

+ K
(”) sup W (k, €, p)

KyY1 ga! keZt

Ry
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with

(335 Wkep) = (“)Mz:jl ()" |fmen] +5 (f)ki (2) ewmen].

~
Therefore it is sufficient to prove the following limit relation

3.36 lim sup W(k,&p) =0

( ) (&p)=(&0:P0) ezt (:€.p)
to show the claim in the present Step 6. We proceed indirectly and assume the equation (3.36) does not
hold. Then there exists an € > 0 and a sequence ((&,p;))ien in X X P with lim;_,(&;,p;) = (&0, p0) and

(3.37) sup W(k,&;,p;) >¢ forieN,
kezt

which moreover leads to the existence of a sequence (k;);en in Z} such that
(338) W(k‘l,fz,pl) >¢ forieN.
Apart from this, we get (cf. (3.4), (3.33))

(335) 2|F = n 2|G - " (2|F), 2|G g
Wik 2 20 (2) 5 ()" 20 (9)' S (Y (208 210 ()
a \v) Z\a B \v) ZZ\B n—a B-m/)\v
for k € Z, and since % < 1, the right-hand side of this estimate converges to 0 for £ — oo which yields
limy—, 0o W(k, &, p) = 0 uniformly in (&, p) € X x P. Because of (3.38) the sequence (k;);cn in Z has to
be bounded above, i.e. there exists an integer K > x with k; < K for all ¢+ € N and this is used to obtain

r K—1 K oo n
I (a Y\ || £ 1/0 Y N
. ey < [ Z A - (= e )
339 W& < (%) X (3) [Feen] + 3 (%) > (%) Jowen]
The continuity of (i, ¥4 )(n, -) from Step 1 yields lim; o (i, Vi ) (75 &, Pi) = (piw, Vi) (15 €0, po) for n € ZF

and therefore the finite sum in (3.39) tends to 0 for ¢ — oo by (3.33) and the continuity of %. By

the continuity of % the infinite sum in (3.39) does the same and we can apply Lebesgue’s Theorem,
which finally implies lim; o W (k;,&;,p;) = 0. Of course this contradicts (3.38) and consequently we
have shown the above claim in Step 6.

Step 7: We have the identity s(k,&,p) = ve(&,p)(k) for kK € I, £ € X, p € P and by well-known
properties of the evaluation map (see [APS01, Lemma 3.4]) it follows that the mapping s : IXX xP — Y
is continuously differentiable with respect to its second variable.

(b) Since part (b) of the theorem can be proved along the same lines as part (a) we present only a rough
sketch of the proof. Analogously to Lemma 3.3, for initial values 7 € ) and parameters p € P, the
~v~-quasibounded solutions of the system (3.1) may be characterized as the fixed points of a mapping
Tl (A X Y)x Y XP =L (X x)),

2o _ Snt o ®(k,n 4 1) F(n, (p,v)(n), p) .
@40 (lovinp)®) = (wk,n)nzzziwaaw1>G<n,<u,v><n>,p>) or k€ 2

Here the variation of constant formula in backward time and [Aul98, Lemma 3.2(a)] are needed. Now 7,
can be treated just as 7 in (a). In order to prove the counterpart of Lemma 3.2 the two results [Aul98,
Lemma 3.3, Lemma 3.4(a)] have to be replaced by [Aul98, Lemma 3.2(a), Lemma 3.5]. It follows from the
assumption (3.5) that also 7, is a contraction on the space £, (X x V) and if (pux, vi)(n,p) € £y (X x V)
denotes its unique fixed point, we define the function r : I x Y x P — X by r(k,n,p) := (u,@(n,p))(n).
The claimed properties of r can be proved along the lines of part (a).
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(¢) The proof of part (¢) can be done just as in [Aul98, Theorem 4.1(c)] and hence the proof of Theorem
3.4 is complete. O

4. HIGHER ORDER SMOOTHNESS OF INVARIANT FIBER BUNDLES

In [APS01] a higher order smoothness result for the fiber bundles S or R in a nearly hyperbolic situation
is proved, i.e. if the growth rates «, 3 and the real oy, from Hypothesis 3.1 satisfy a + opax < 1 or
1 < B— 0max, respectively. Now we weaken this assumption and replace it by the so-called gap-condition.
However, in contrast to [APS01], we cannot use the uniform contraction principle here.

Theorem 4.1 (C™-smoothness of invariant fiber bundles). We assume Hypothesis 3.1. Then the state-
ments of Theorem 3.4 hold and moreover the mappings s and r satisfy the following statements:

(a) Under the gap-condition
(4.1) a™ <

for some integer mg € {1,...,m} and if omax = min {5770‘, e ( mﬁ/ aij;ﬁs - 1) }, the mapping

s:IxXXxP — Y is mg-times continuously differentiable in the second argument with globally
bounded derivatives

ngi(n,s,p)

<C, forme{l,...,ms}, (k,§p) €l XX XP,

Ln (X))

O’K1
o—max{K1|F|;,K>2|Gl, }’

(b) in case I =7, under the gap-condition

where in particular Cp :=

a< pgmr

for some integer m,. € {1,...,m} and if opmax = min {B_Ta,ﬂ (1 -/ 51‘5& ) }, the mapping

r: I xYxP — X is m.-times continuously differentiable in the second argument with globally
bounded derivatives

aTL
‘:(/{,mp) <Cp, forne{l,....m.}, (k,n,p) €I XY XP,
on La (Vi)
; ; . oK>
where in particular C1 := P A IR
(c) the global bounds Cs,...,Cp, > 0 can be determined recursively using the formula
n J n J
max K12|F|j Z HC#N,;,KQZ|G|j Z HC#Ni
J=2 (N1,..;N;)EPS (n) i=1 J=2 (N1,...,N;)€PS (n) i=1

(4.2) Cp =

o —max {Ky, Ko} max {|F|,, |G|, }
forne{2,...,m}.

The following example shows that the gap-condition (4.2) is sharp, i.e. the invariant fiber bundle S from
Theorem 3.4(a) is not C™ in general, even if the non-linearities F and G are C*°-functions.

Ezample 4.1. The two-dimensional autonomous difference equation
2 =ex
(43) { y/ :emy + emmm@p(IZ + y2)
satisfies Hypothesis 3.1 with « = e, 8 = €™ and K; = Ky = 1, where ©, : [0,00) — [0, 1] is a C*°-cut-off-
function with ©,(t) = 1 for ¢t € [0, p] and ©,(t) = 0 for t € [2p, 00). Here we choose the real constant p > 0
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small enough such that condition (3.5) is satisfied with oyax = min{ﬁ;“, « ( moyf_otB 1) } Now

2 at+am—1

for every ¢ € R the sets S, := {(£,7) € B,(0,0)\{(0,0)} : = & In&>+c£™}U{(0,0)} contain the origin
and are positively invariant with respect to (4.3), i.e. Z x S, is an invariant fiber bundle. Additionally,
each point (§,n) € B,(0,0), £ # 0, is contained in exactly one of the sets S;, namely for ¢ = gt]n 1“52
Hence the restriction of the pseudo-stable fiber bundle S from Theorem 4.1 to Z x B,(0,0) has the form
Z x S, for some ¢ € R. On the other hand, each S, is a graph of a C™~!-function sc(f) =1, but s, fails
to be m-times continuously differentiable. Note that in the present example the gap-condition a < ™=
is only fulfilled for ms € {1,...,m — 1}. A similar example demonstrating this smoothness deficiency for
the pseudo-unstable fiber bundle R can be found in [APS01, Example 4.13].

Remark 4.1. Hypothesis 3.1(ii) on the non-linearities can be relaxed in the way that the partial derivatives
of F and G of order 2 to up to m may be allowed to grow exponentially in k. More precisely, if for each
integer n € {2,...,m} we assume that for k € I, z € X, y € Y and p € P the estimates

nF n
‘871 <My H oG < My}
A(z,y) Ln(XXV3Y)

hold with positive constants M, ~s,...,¥n, then Theorem 4.1 is true provided a stronger gap-condition
holds which becomes more and more restrictive as the growth rates 7o,..., 7, become larger. This can
be seen along the lines of the following proof of Theorem 4.1. One has to balance the growth rates of the
evolution operators ®(k, 1) and ¥(k,l) with the growth rates vo, ..., 7, of the non-linearities.

||

(k,z,y,p) (k z,y,p)

L (XXY;X)

Proof. (a) Since the proof is quite involved we subdivide it into six steps and use the conventions and
notation from the proof of Theorem 3.4. We choose k € I.

Step 1: Let v € [a + 0,5 — o] and £ € X, p € P be arbitrary. By formal differentiation of the fixed point
equation (3.20) with respect to £ € X using the higher order chain rule from Theorem 2.1, we obtain
another fixed point equation

(4.4) ( )@m T (s 1) (E.7): .1)

for the formal partial derivative (pl,v}) of (e, vi) : X x P — £ (X x V) of order | € {2,...,m,},
where the right-hand side of (4.4) is given by

S Bl 1) |52 0 i) 0:609) (1) )+ (0.6
- W+ 1) [5G0 () 0+ B o)

for k € ZF. Here (u', ') is a mapping from ZF to £;(X; X x )). The remainder R = (R}, R}) has the
following two representations as a partially unfolded derivative tree

(4.6) (n.€.p) =’ Z( y 1) 38; [6((F’ D n, (un,vﬁ)(n;f,p)m)} (“i“ j) (n; &, p),

j ) v

(4.5) (THu' V56 p)) (k) =

which is appropriate for the induction in the subsequent Step 4, and as a totally unfolded derivative tree

(47)
l o1(F,G AN #N
Ronen) @S S GO ) mie ) (L) () (5#%) (n:.)
J=2(Ny,..,N;)EPS (1) ’ . "

which enables us to obtain explicit global bounds for the higher order derivatives in Step 2. For our

forthcoming considerations it is crucial that R' does not depend on (pl,2%). In the following steps
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we will solve the fixed point equation (4.4) for the operator 7,!. As a preparation we define for every
le{l,...,ms} the abbreviations

at+oc fat+o<l1

" ::max{a+07(a+0)l}:{ (a+o) ifato>1"

Because of the gap-condition (4.2) and with our choice of oy, it is easy to see that one has the inclusion
My--sYm, € [@+ 0,8 —0), which in case a + o < 1 follows from o < ﬂfTa and otherwise essentially
results from (« + o)™ < 8 — o, which in turn is implied by

(a+0)ms+a+azam5(l+g) S+a(1+g)§ams(l+g) S+a(1+g) ‘<a+p
(0% [0 « «

ifo<a ( maf _atB 1). Now we formulate for m € {1,...,ms} the induction hypotheses

a+ams

- 1. gl 1 ; .
For any [ € {1,...,m} and v € [y, 8 — o) the operator 7, : £, x X' x P — {,_ _ satisfies:
(a) It is well-defined,
(b) T(-;¢,p) is a uniform contraction in £ € X, p € P,

(c) the unique fixed point (uj,vk)(-:6p) = (k)& p) of Ti(-;€p) is globally
bounded in the fy;r—norm

Vi

!
(%) (n;f,p)H <Oy " forneZl,é€eX, peP

with the constants C; > 0 given in (4.2),
(d) if 9y <~y then (pl ', vl7') : X x P — £ is continuously partially differentiable
with respect to £ € X with derivative

9 /1’;{ M l
o ( )= (V) XxP o
For m = 1 the proof of Theorem 3.4 implies the induction hypothesis A(1) with C1 = 7% (cf. (3.25)).

Now we assume A(m — 1) for an m € {2,...,m,} and we will prove A(m) in the followmg five steps.

Step 2 - Claim: For every v € [ym, 3 — o) the operator T,™ : ' x X x P — (] is well-defined and
satisfies the estimate

HT'm m’ m7§p H( )

m J
(18) e, Y TG foretvtedr, cex pe,

J=2 (Ni,..,Nj)€P; (m) =1

J
+ max Z‘F‘ Z HC#Ni’
Jj=

N )€P<( )i=1

i.e. A(m)(a) holds.

Let I € {2,...,m}, £ € X, p € P be arbitrary and choose v € [vy,8—0c). Using the estimate
YN, - Y#N; < i for any ordered partition (Ny,...,N;) € Pj<(l) of length j € {2,...,1}, from (3.2),
(3.4) and A(m — 1)(c) we obtain the inequality

(4.7) j
IR (k. €p)]| < max Klza’“ D DL DI | (R

J=2 (Ni,..,NjeP;S () =1

0o l J
LD DI D DI | (78

n==k j=2 (Nl,...,Nj)EP7‘<(l) i=1
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IA

k—1 j
max Klzak n—1 W “Z|F| Z HC#N“

i=2 (Ny,..,N;)ePS (1) i=1

Kzzﬁk n—1 n HZ|G| Z HC#N

§=2 (Ni,..,N;)€PF (1) i=1

l

(49) < Kl Zl > HC#N” > [ICun. A

J =2 (Nl, Ny ePS (1) =1 Lj=2 (Nl, SNy ePS (1) i=1

for k € Z}. Now let v € [ym, — o) be arbitrary but fixed, and (u™,v™) € £,. With the aid of the
above estimate (4.9) we obtain

77 (™ 0™ & p) (k)|

(4.5) - m
—n—1_n—kK o -k
>~ max Kl ‘F‘l Zak 1’7 <Vm> Yo — Z|F| Z HC#N’Y )
n=k R,y 1, N)€P<( )
[e%} m + m
k—n—1_n—k 1% K2 —K rk—k
e, St () S, S [t f
n=k Ky Tm 5 (Ny,..., NJ)GP]<(m)
Ky ‘F‘l (Hm> - Kl .
< max{ —— . |F| Cun;»
Yoo v K,y ]z; Z < H #
’ (N1,....N;)€PS (m) i=1
Ko |Gy || (™ i “ ’
Sl (v e ¥ e
Y j=2 SN)EPS (m) i=1
(3.14) m\ ||t J
"
< _
< LH<m> + max S J[Cen.
YUY i=2 (N, N;)ePS (m) 1=1

i ) Z HC#N forkEZi

J=2 (Nl, N )€P<(

(4.10)

and passing over to the least upper bound over k € Z; implies our claim 7™ (u™,v™;€,p) € £7,. In
particular the estimate (4.8) is a consequence of (4.10) and the choice of v € [a + 7,8 — 7).

Step 3 - Claim: For everyy € [ym, 5 — o) the operator T(-5€,p) 47, — 47 is a uniform contraction
in & € X, p € P, moreover, the fized point (uy',v)")(§,p) € L7, does not depend on vy € [ym, 3 — o) and
satisfies

(4.11) H (55) (& p)

i.e. A(m)(b) and (c) holds.
Choose v € [vm, 8 — o) arbitrarily but fixed, and let (u™,v™), (g™,
in mind that the remainder R™ does not depend on (u™, ™) or (g™,

+
< Cm forfeX, peP,

R,y

er, &€ X, p e P. Keeping
™) respectively, from (3.2) and
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(3.4) we obtain the Lipschitz estimate
|75 (0™ v 7£p)( ) = T (™, 0™ €, p) (R)|[ 4
(4.5)

< max{K1|F| Zaknl 5) < ) (n)

(tn) e = (G ) }W’N_k

3
V| 7;\

S

3

b

Ko ‘G|1 Z ﬁk_n_l

k—1 m =m +
< max{Kl |F| Zak n—1 n 5Ky |G| Zﬁk n—1 n n},ym k </Ijm> o (lljm)
n=x K,y
Ki|F|, K:|G [T 314 ||
BB () ), e
Koy e

and passing over to the least upper bound over k € ZI together with (3.10) implies our claim. Therefore
Banach’s fixed point theorem guarantees the unique existence of a fixed point (u™,v™)(€,p) € K?V of
the mapping 7.7*(-;&,p) : — (7',. It can be seen along the same lines as in Step 4 in the proof of
Theorem 3.4 that (uT, V" )(f p) does not depend on vy € [y, 8 — o). The fixed point identity (4.4) for
(u, v™) (€, p) together with (4.8) and (3.10) finally implies (4.11).

Step 4 - Claim: For every v € (v, —0) and p € P the mapping (7, v2") (,p) : X — e s
differentiable with derivative

0 m—1 m _
(4.12) 5 (“'ﬂ ) = (5&) XX P -

Let v € (ym,8 — o) and p € P be fixed. First we show that ( m—1 V,T_l) (+,p) is differentiable and then
we prove that the derivative is given by (u', ) (-, p) : X — L(X;£75") = €7 (cf. Lemma 2.2(c)).
Thereto choose £ € X arbitrarily, but fixed. From now on for the rest of the proof of the present Step
4 we suppress the p-dependence of the mappings under consideration; nevertheless p € P is arbitrary.

Using the fixed point equation (4.4) for ( m—1 um_l) we get for h € X the identity

R 'Y R

SE L ®(k,n+1) {agcg)(n (tes 1) (03 € + B)) (ug >n§+h R;nl(n,gm)]

- W+ 1) [ ) €4 10) (50 ) ik 1) RE )

m
Vi
-1
-1

14

S Bl + 1) 50 o)) (4
_Z?—kqj(k>n+1)[ (G)( s (s Vi) (05 6)) (

(n -5)+R’f“(n,s)}
1) ()4 A )

33\2 3\

=

AN

K

for k € Z;}. This leads to

@13) (4500 ) s - (450) () -

K
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S Bk + )58 (o G s ) | (50 ) ot = (51 ) i)

| s 055 0 s 1) [ (5 G - :Z) we)|

S (o, m+ 1)[8
+(Z O(k,n+1) [ T (n,&+h)— R}”%n,«f)])

=3 U(k,n+1) [RYH(n, &+ h) — Ry (n,€)]
for k € Z}. With sequences (,um_l,u’”_l) € EZf;l and h € X we define the operators K € L (K?;l),
EeL(x;emh, T X — L7 as follows

YV R,Y

o >< e )15 + 1)) — (zy)< s ) (7€) (521_1

- [ St 025 o )€ (S ) )
(c(on)) @ - W+ D55 0 (i) (5 (2 )0 |

_ SECEd(kyn o+ D)RY (0, 6)h
(Eh) (k) = <—Z?_k@<k,n+1>R3%<nyf>h>

and

S @k D [ 525 (1, (e, ) (03 €+ 1)) = 5255 (, (p, ) (s €))|

(850) (€ R 6ok 1) = BP0, - RE 600

= o Wk n o+ D [ 5295 (00, (s ve) (036 + ) = 5255 (n, (s ) (03
(HE50) g ) RN ) - R0 - RE (.60

for k € Z;7. In the subsequent lines we will show that K, £ and J are well-defined. Using (3.2) and (3.4)
it is easy to see that K : €71 — €71 is linear and satisfies the estimate

m—1\ || K. |F|l. K T (1) -1
) e e DI M (28)
v - -« v

which in turn gives us

(4.14) (T (h)) (k) :=

+

’
RyY

(3.10)
(4.15) HICHL(eigl) < 1.
Keeping in mind that Eh = T(0; €, p)h (cf. (4.5)), our Step 2 yields the inclusion Eh € £, while & is
obviously linear and continuous, hence £ € L(X ,KT,Y D). Arguments similar to those in Step 2, together

with (4.9), lead to J(h) € 75" for any h € X. Because of (4.13) we obtain
Mm 1 Nm 1 Mm 1 Mm 1
(50 - (BE0) @] - (10 €rm- (M0 ©] =envam) orne.

Using the Neumann series (cf. [Lan93, p. 74, Theorem 2.1]) and the estimate (4.15), the linear mapping
Ippr =K € L7 is invertible and this implies

<5m 1> (€+h) - (5Z i) © =Ly~ K] e+ TB)] forhex.

K K
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Consequently it remains to show limy_.g % =0in K;"V 1 because then one gets

Mm 1 -1 +

i11~>0 Hh” H( m— 1> (5 + h) - <V;n 1) (f) - {Il,ﬁ;l - ’C} Eh . = O’
n
i.e. the claim of the present Step 4 follows. Nevertheless the proof of limy_,g % = 0 needs a certain
technical effort. Thereto we use the fact that due to the induction hypothesis A(m — 1)(d) the remainder
m—2
1 (4.6) m—2\ & [O(F,G) _ pm—1=i _
LCERDY ("7%) 55 |2 i) (157175 :8)

is partially differentiable with respect to £ € X', where the derivative is given by

OR™ L 48 o OPNG) e (e ey (R (o
re 0.0 R - TS ) (1) (s (1501 0:9)

Using the abbreviation

AR™ Y(n,&,h) = H;{Rm Yn, &+ h) — R™ 1 (n,¢)
-0 - S s (1) o) (450) )] )

we obtain the limit relation lim,_o AR™ 1 (n,&,h) = 0 for n € ZF. Now we prove estimates for the
components J; and Jz of J = (J1, J=) separately. For k € Z; we get

(’ﬂ, (/Jm l/li)(n; 5))

(0 1
(110 Z@ (ot D |G o) €4-10) = 5o ms€)) | (451 ) (s )
_3(5;’”( (s ) 5))( 1) (n; f)( M) (n;€)h + ARP\(n, €, h) ||h||}
where subtraction and addition of the expression
S e ) | (1) 00— () s = (45) ] (4552) s
leads to(jl( -
- Z‘P b D | 0 e ) 156+ 0) = 50— 0 e ) (06
(@m,(umuﬁ)(n;s))((ﬁ:) s - () )} | (455) e m
o e ) | (1) s 0 = () tus6) = (45) ] (4552) s
0’F <

DI i) e |[(4500) s - (M50 ) o) 0

FARY (& b ||h] } for k € 7
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Using the quotient

2 h
S0 (I ) = 55 ) = 58285 ) (1)

F
7(”7 z,Y, hla h2) =
O(z,y) [[(R1, o)l
fornelandze X, yeY, hy € X\ {0} and hy € Y\ {0}, we obtain the estimate
1(T1(h)) (K|

IN

= OF
3 otk + 1) 2 1 )05, G041 )5 )|
o) mesm= (i) oma] | (555) ome e m]+ |56t e ratmen|

A i o]
| [ (5 - (5l

- HART’l(n;g,h)H |h||} for k € Z}.

With Hypothesis 3.1(ii) (cf. (3.2), (3.4)), the abbreviations (3.27) and the induction hypothesis A(m—1)(c)
we therefore get

I(F2(h) (B)]| < Klzak e 1_HA88F)(n, (umum)(n;f),(umvﬁ)(n;£+h)—(Mmum)(n;f))u”}1L|

(z,y

T e e e L e

m—1 1
(15 )<n;f+h>—(5fn )<n§H+HARm ] 1)

l/n

Il G ™"

for k € Z7F. Rewriting this estimate and using Lemma 3.2 we obtain

+ K
LAQINE 1= Bl A e (T e vt
I T avhl Y —a—Ki[Fl) e a Ym1) ezt

K |F " K
+M () sup V(k,h) + =L sup Va(k, i)
o N/ ket @ ezt
with
Vi(kh) = (2 M_1(”’"‘1)" O (. s 1) (12 () (06 4 B) = () (1:)
1(%, : 5 P o a(z, 1) Moy Vi Hrs Vi Hrs Vi )
k_
Va(kh) = (& kzl(v—) AN
2\l v — a Av
—1

Va(k,h) =

(
(
k) = (
(
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Similarly to Step 4 in the proof of Theorem 3.4 we get limy_.osup,,+ Vi(k,h) = 0 for i € {1,...,4},

+ lls
% = 0. Completely analogous one shows lim,_.¢ %

we have verified the differentiability of the mapping (', v~ 1) (-, p) : X — €75 for any p € P. Finally
we derive for any parameter p € P that the derlvatlve

proving that limjy_.q = 0 and therefore

0 (“?n 1)( p) X — L(X; () 2 g

¢ Ty
is the fixed [zoint mapping (u',v") (-, p) : X — €7, of T"(-;-,p). From the fixed point equation (4.4)
for (um=1, v~ 1) we obtain by partial differentiation with respect to & € X the identity

3 Dk, 1) 52, (e, i) (136, ). ) (’;m_l) (n:€.p)

S Bk, 1+ DRY (0,6, ) > +

+ nsk ’ e for ke Z.
<_ Zn:k\:[j(kan"" l)RQ (mﬁ,p) "

Hence the derivative %‘W(f,p) € L(x; Y = 47 (cf. Lemma 2.2(c)) is a fixed point of

T (-;&,p), which in turn is unique by Step 3, and consequently (4.12) holds.

p
0 (Y s [ S U e (i) ng (155) )
5 (157) i)

3\

=

Step 5 - Claim: For every v € (ym, 8 — o) the mapping % XX P — Ez,y 18 continuous, i.e.

A(m)(d) holds.
Because of (4.12) it suffices to prove the continuity of the mapping (x4, ") : X x P — (] and this is
analogous to Step 1 in the proof of Theorem 3.4 by adding and subtracting the expressions

s, Gt ) :6:0.9) (1) (0560, s 1 ) €,9),0) (15, ) (o).

K K

oG
O(z,y)
in the corresponding estimates. Thus we have verified A(m).
Step 6: In the preceding five steps we have shown that (u.,v.) : X x P — £} (X x P) is m,-times
continuously partially differentiable with respect to its first argument. With the identity s(k,&,p) =

v (&, p)(k) the claim follows from properties of the evaluation map (see [APS01, Lemma 3.4]) and the
global bound for the derivatives can be obtained using the fact

s . RCE)
(4.16) c‘)gn( 6p)|| = 85" ~Ep)(R)| < lviEpll, < Cn foréeX,peP
and n € {1,...,ms}. Hereby the expression for C is a consequence of (3.25).

(b) The smoothness proof of the mapping r : I x Y x P — X is dual to the above considerations for
s. A formal differentiation of the identity (3.40) with respect to n € ) gives us a fixed point equation
(i vi) (0, p) = T((pl, vE) (1, p); 1, p) with the right-hand side

S 00+ 1) 2 o) i) ) (1) )+ R )|
=S 0+ )58 0 G, ) () )+ Rt

for k € Z and parameters p € P, where the remainder R! = (R}, R}) allows representations analogous
0 (4.6) and (4.7). We omit the further details.

(c) The recursion for the global bounds C,, > 0, n € {2,...,m}, of ||%(/<a,§7p)|| in (4.2) is an obvious
consequence of the estimate (4.10) from Step 2 of part (a) in the present proof. A dual argument shows

(417) (T v'sm,p)) (k)=
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that the solution of the fixed point equation for (4.17) is globally bounded by C,, as well, and an estimate
analogous to (4.16) gives us the global bounds for the partial derivatives of r. Hence we have shown the

assertion (c) and the proof of Theorem 4.1 is finished. O
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