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ABSTRACT. Topological linearization results typically require solution flows
rather than merely semiflows. An exception occurs when the linearization ful-
fills spectral assumptions met e.g. for scalar reaction-diffusion equations. We
employ tools from the geometric theory of nonautonomous dynamical systems
in order to extend earlier work by Lu [12] to time-variant evolution equations
under corresponding conditions on the Sacker-Sell spectrum of the linear part.
Our abstract results are applied to nonautonomous reaction-diffusion and con-
vection equations.

1. Introduction. One of the vital pillars in the theory of dynamical systems is
the Hartman-Grobman theorem dating back to [9, 10]. Its simplest form states
that generically the flow of an ordinary differential equation (ODE for short) in the
vicinity of an equilibrium is topologically conjugated to its linearization. Thus, the
local phase portraits near equilibria are homeomorphic. The generic property under
which the Hartman-Grobman theorem holds is hyperbolicity, i.e. a linearization
without spectrum on the imaginary axis. This underlines the importance of such
results in bifurcation theory and for the concept of structural stability.

A Hartman-Grobman theorem in the discrete time setting of difference equations
or mappings is more subtle. Here, besides hyperbolicity (no spectrum on the unit
circle in C) one also needs invertibility (cf. [17, p. 334, Ex. 5.2.8]). This neces-
sity affects possible applications to evolution equations via the time-1-map of their
solution semiflow. In the invertible case, [13] obtain a C'-linearization result for
semilinear wave equations. Otherwise, while [1, 20, 21] give conditions for at least
partial linearization of general maps, it is remarkable that Lu [12] derived a topo-
logical linearization result for scalar reaction-diffusion equations under Dirichlet
boundary conditions. Later his theory was extended to the nonhyperbolic situation
in [3], where the semiflow is conjugated to an infinite-dimensional saddle times an
ODE on the finite-dimensional center manifold. Both [12, 3] substantially require
an appropriate spectrum of the linearization: The projection of its resolvent set
onto the real axis must contain an infinite sequence with sufficiently rapid decay to
—oo and components of lengths being bounded away from 0.
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The paper at hand establishes a generalization of the main result in [12] to non-
autonomous abstract evolution equations. They are not assumed to be dissipative
or to possess an inertial manifold. Explicitly time-dependent right-hand sides are
well-motivated when studying the behavior near non-constant reference solutions,
compact invariant sets or under time-varying parameters. When dealing with non-
autonomous evolution equations the crucial hyperbolicity concept, although not
generically given, is an exponential dichotomy with the Sacker-Sell theory [22] yield-
ing an ambient spectral notion. For the Sacker-Sell (also called dichotomy) spectrum
in infinite dimensions we refer to [7, 18, 19]. This allows us to closely follow the
strategy from [12]: Under appropriate compactness properties of the linear part the
unstable vector bundles (subspaces) become finite-dimensional. Restricting our non-
autonomous evolution equation to these sets yields a hierarchy of finite-dimensional
ODEs. Here, well-established linearization tools (see [15, 2, 16, 24] in a nonauto-
nomous setting) based on invariant foliations and asymptotic phases apply. They
permit to first decouple and afterwards to linearize these finite-dimensional prob-
lems. Then an infinite composition of the related topological conjugations applies
to the general evolution equation and convergence is guaranteed by our spectral
assumptions on the linear part. The resulting central Thm. 5.2 even captures the
nonhyperbolic situation and allows a topological linearization except from the flow
on the finite-dimensional center manifold. In addition, Cor. 5.3 essentially contains
the Hartman-Grobman result from [12] as special case. We illustrate the applicabil-
ity of our approach to nonautonomous reaction-diffusion and convection equations
in Sect. 6. An outlook and appendix (two minor technical tools) close the paper.

Let us finally put this paper into the context of previous work: As pointed
out above, [3, 12] study time-invariant evolutionary PDEs. Concerning Hartman-
Grobman-like results for autonomous retarded functional differential equations (for
short, FDEs) we refer to [26] (establishing a conjugation on the global attractor)
and [8] (showing conjugation on the center-unstable manifold). Hence, both con-
tributions are essentially finite-dimensional. Related integral manifold, decoupling
and linearization results for nonautonomous differential equations in Banach spaces
are due to [2, 5, 6, 16]. They led to a Palmer-Sositaisvili-type theorem (see ad-
ditionally [15, 17, 24, 25]). On the other hand, a theory of invariant foliations in
the field of infinite-dimensional random dynamical systems was developed recently
in [11]. We extensively benefit from these preparations and their proofs concern-
ing integral manifolds, foliations and asymptotic phases basically carry over to the
present set-up. One finds them summarized in Sect. 3. This enables us to restrict
to remarks handling the case of unbounded operators and certain required further
statements. The construction of the topological conjugation resembles [12] with
certain modifications and additions due to the time-dependent set-up.

Our terminology is as follows: Let (X,|||) be an infinite-dimensional Banach
space, L(X) the algebra of bounded linear operators on X and idyx be the identity
mapping on X. Then R(T) := TX is the range and N(T) := T~1(0) the kernel of
a bounded linear operator T' € L(X). The diameter of a subset A C X is defined
as diam A := sup, ,c 4 2 — y||. On the cartesian product X* = X x X we use the

norm [[(z, y)|| := max {[z], [y}

Nonautonomous sets. Any subset A C Rx X is called a nonautonomous set (marked
by calligraphic letters throughout) and its ¢-fibers are denoted by

At):={zeX: (t,z) e A} forallteR.
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In case A(t) C X is a linear space or a manifold, we speak of a vector bundle resp.
a fiber bundle. If each fiber A(t), t € R, of a vector bundle has the same dimension,
then dim A := dim .A(t) is called dimension of A. The same terminology applies
to fiber bundles when the dimension of the manifolds .A(¢) does not change. Given
invariant vector bundles A, B their Whitney sum resp. their cartesian product is
AoB:={(t,x) eRx X : z € A(t) ® B(t)},
AxB:={(t,z,y) eRx X x X : x € A(t),y € B(t)}
and other operations between nonautonomous sets are defined fiber-wise. A family
of nonautonomous sets A, is said to form a foliation of R x X over a set P, if

X = U Ay (t), Ay ()N A, (t) =0 for all py # pa, p1,p2 € P and t € R;
peP

in this case every A, is called a leaf of the foliation.
Exponentially bounded functions. With a growth rate v € R and a fixed 7 € R, we
say a continuous function

o ¢:[r,00) = X is v -bounded, if sup,s. [|¢(t)]| """V < o0

o ¢:(—00,7] = X is v~ -bounded, if sup,, ||¢(t)] 7"t < oo

o ¢:R — X is v-bounded, if sup,cp ||¢(t)ﬂ (7t < 0.

The sets B: 4 and B- of ~vT-bounded resp. 7y~ -bounded functions, as well as the
~-bounded functions B, become normed spaces w.r.t. the norms

9117, = sup e [lo(t)]] 16117, == sup ™™ o)l
T<t t<7

I91l,.., :=sup T [lo()]| -
teR

These sets form a scale of Banach spaces allowing the continuous embeddings

v<6 = B:Af—)B:& and B ; < B_ . (1.1)

2. Semilinear evolution equations. For the sake of a transparent presentation
it has advantages to abstractly develop our theory for semilinear evolution equations

i = A(t)u+ F(t,u) | (B)

on a Banach space X first. In particular, for nonlinearities F' : R x X — X fulfilling
an ambient global smallness condition we are able to derive largely explicit results.

2.1. Linear theory. We begin by stating our assumptions on the linear part, which
are collectively denoted by (L): For unbounded operators A(t) : D(A(t)) C X — X,
t € R, let us suppose that the linear evolution equation

= A(t)u (L)
in X generates an evolution family U : {(t,s) e R xR :s <t} — L(X) (see [14]),
ie. (t,s) — U(t, s)x is continuous for all z € X and furthermore fulfills
(L) U(t,t) =idx and U(t,s)U(s,7) =U(t,7) forall 7 < s <t
(L) there exist reals Ko > 1, ap € R such that ||U(t, s)| < Koe® =) for all s < t.

We say that (L) or the evolution family U admits an exponential dichotomy (ED
for short), if there exists a projector P : R — L(X) and K > 1, o > 0 such that

e U(t,s)P(s) = P(t)U(t,s) for all s <t
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e the restriction U(t, s) := U(t, s)|n(p(s)) : N(P(s)) = N(P(t)) is a topological
isomorphism for every s < t

o |U(t,s)P(s)|| < Ke=*!=%) and ||U(s,t) [idx —P(t)]|| < Ke*= for s <t.
The mapping t — P(t) is denoted as regular projector and [14, Lemma 4.2] estab-
lishes its strong continuity. For #-periodic or autonomous eqns. (L) the projectors
can be chosen accordingly having the same period 6 > 0.

With v € R we write U, (¢, s) := 75" U (¢, s) for the associated scaled evolution
family. If U, admits an ED, then the inequalities

U, )P(s)l| < KO~ |[[T(s,1) fidx —P@)]]| < Ket D for s < ¢

are equivalent to the above dichotomy estimates. On this basis, the dichotomy
spectrum X(A) of (L) is defined as the closed set

Y(A) ={y € R: U, admits no ED on R}.
In the following, we assume that the dichotomy spectrum ¥(A) of (L) satisfies
(L3) X(A) = Upen My, Af] with two sequences (A )nen, (A;, Jnen, such that
o < Bn < A, S)\:<an_1 foralln e N

and strictly decreasing real sequences (o, )nen, and (B, )nen (cf. Fig. 1). More-
over, the spectral projectors P, : R — L(X) associated to the spectral inter-
vals [\, AT] are complete, i.e.

Z P,(t)r =z for all x € X uniformly in t € R.

neN
anp Bn an—1 Pn-1 az Ba ag Qg
| | | | o o
R i A8 Y \S Y . A N ‘ >
)‘n+1 )‘n+1 /\n >\n >\n71 )\n,1 )\2 )\2 )\1 )\1 R

FIGURE 1. Dichotomy spectrum ¥ (A) of (L) consisting of the spec-
tral intervals [A;;, A}] (in red) and the gap intervals [, 8,], n € N

This yields that X(A) is bounded above and (Lgz) implies ¥(A) C (—o0, a]. The
union J,,cn(Bn, an—1) is an open cover of ¥(A) and every gap interval [ou,, B, is
located left of the spectral interval [A;;, A] in the spectral gap (A, 1, A;).

n? n

For any given n € N let us define the n-stable vector bundle
X[ ={(1,6) e Rx X : U(-,7)€ is v"-bounded for each v € (\}, 1, A;)},
as well as the associated n-unstable vector bundle

(L) has a vy~ -bounded solution
X, =R () eERXxX: ¢:(—o0,7] > X with (1) =&
for each v € (AL, A,)

we supplement this with the convention X" := R x X. Due to (Lg) there exists a
regular invariant projector P, allowing the representation

X ={(t,z)eRxX:2€RPF{Y)},
X, ={(t,x) eRx X :2eN(PI(t)}.
Moreover, there are reals K, > 1 such that the crucial estimates

U, s)P(s)]| < Kne® =9, ||U(s,t) Py ()]| < KpeP ™0 fors <t (2.2)

(2.1)
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with the complementary projector P, (t) := idx —P,f(t) hold. In addition, we have
to require that U is compactifying, which in turn means

(L4) There exists a compactification time T > 0 such that U(¢, s)B C X is relatively
compact for all t —s > T and bounded B C X.
Proposition 2.1. For all n € N we have dim X, < oco.

Proof. Let n € N, tg € R be arbitrarily fixed and set Sy := {x € &, (to) : ||z < 1}
for the closed unit ball in X, (t9). Since

Ult,s): X, (s) > X, (t) forall s,teR (2.3)

n

is an isomorphism we can define S(t) := U(t,t)Sp for t <t and obtain from

_ (2.2)
diam S(t) = diam U(t, t0)S(tg) < 2K, 70 for all t < tg

that every S(t) is bounded. The compactification condition (L4) allows us to choose
t > to + T so that the closed S(tg) = Ulto,t)U(t,t9)So = Ulto,t)S(t) C X, (to)
is compact; thus, dim X, (¢t9) < oo. The isomorphism property (2.3) implies that
every X (t), t € R, has the same finite dimension and the claim follows. O

To each spectral interval [\, A}] we associate a spectral bundle (see Fig. 2)
X, =X, NX,

having the multiplicity dim X, := dim X,,(¢) =: d,.

X, =X, NX, Xy =Xy N

n

7/ N\ / \

7/ N / N
/7 \ / \
7777?_ Y+ 1 Y+ Y_ Y+ 77777 Y_ Y+ Y_ Y+ >
)\n+1 A”rH»l An >\’n A77.—1 >‘n—1 AQ AQ A1 A1 R
N\ 7/ N\
N /7 N
N\ / N\
— Y- + — Y-
X, =X NXH, X=X

FIGURE 2. Dichotomy spectrum %(A) of (L) (in red) and the as-
sociated d,,-dimensional spectral bundles X,
By Prop. 2.1 the spectral bundle &, is finite-dimensional with the representation
Xo={(t,z) eRx X : xz € R(P,(t))}

for a projector P, : R — L(X) from (L3). Furthermore, there is a complementary
subbundle X of R x X establishing the Whitney sum R x X = X,, ® X.-. Writing

Al =X, ®--- B A, foraln<m,
we finally obtain for every n € N that

RxX=a&"®Xx;

n

X, = AT, n<dimX; =di+ -+ dy.

Note that [18] provides concrete information on the dichotomy spectrum and the
spectral bundles for nonautonomous parabolic PDEs.
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2.2. Nonlinear theory. The assumptions on the nonlinearity F': R x X — X in
(E) will be denoted by (N): Let us suppose there exists a L > 0 such that

(N1) F(t,00=0o0on R and F(-,u) : R — X is continuous for all u € X
(N2) |F(t,u) — F(t,a)]| < L|u—a| for allt e R, u,u € X.
These conditions particularly imply continuity of F': R x X — X. Clearly, (F) has
the trivial solution. Using standard arguments one derives that (F) is well-posed in
the following sense (cf., for instance [23, pp. 224ff]): For any pairs (7,ug) € R x X
there exists a unique continuous function u(-; 7, ug) : [r,00) — X satisfying

t

u(t) = U(t, T)ug +/ U(t,s)F(s,u(s))ds for all 7 <t;

one speaks of a mild solution. The function u(-; 7, up) defines a continuous 2-para-
meter semiflow on X, i.e. it fulfills

u(T;T,u0) = ug, w(t;s,u(s;m,u0)) =ult;m,ug) forall T <s<t,uyeX (24)

and is denoted as general solution to (E). An entire solution of (F) exists on the
real line. A nonautonomous set A is called forward invariant w.r.t. (F) under the
inclusion u(t; 7, A(7)) C A(¢) for all 7 < t and invariant, provided equality holds.

Sometimes a further assumption on the nonlinearity is necessary, namely its
global boundedness: This means there exists a C' > 0 such that

(B) |F(t,u)|]| <CforalteR, ue X.

3. Integral manifolds and invariant foliations. Throughout the section, we
tacitly suppose that the assumptions (L) and (IN) are fulfilled, choose reals

on € (076"*%‘"}7 v €T = [an + 0n, Bn — o]

for some fixed n € N and define the constants
K, L 2K, L -

b, = =: /7.
o, — 2K, L < o, — 4K, L "

3.1. Integral manifolds. Our analysis is based on the Lyapunov-Perron operator
T (6,20) = UG )Py (o= [ OCs)Py (9)F(s.0() ds

+/_. U(-,8) P (s)F(s, ¢(s))ds, (3.1)

which formally defines a function between (—oo, 7] and X, depending on 7 € R, a
continuous ¢ : (—oo, 7] = X and zp € X.

Lemma 3.1 (the operator T~ ). For T € R the operator T : B, x X — B__ is
well-defined with
2K, L . _
lip, T < , lip, T, < K. (3.2)

On

In the following, we conveniently abbreviate T (t,¢,x0) := T (¢, z0)(t) € X
and proceed similarly with our further notation.

Proof. The well-definedness of T will be tackled at the end of the proof. We thus
suppose that this property is given for the moment. Then the second inequality
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in (3.2) is an immediate consequence of the dichotomy estimate (2.2) and v € T',,.
Concerning the first Lipschitz estimate in (3.2) we obtain using (N2) that

T (¢, 6, 0) — T (t, &, ) || €D

| [ o arrre. o - Fe s as e
+ [ Ul(t, s)PF(s)[F(s, p(s)) — F(s,d(s))] ds|| e77™)
(22) K,L <'y —1a + 5 1_7) o — (;_SH;Y forall t <7

and ¢, ¢ € B, o € X. Passing to the least upper bound over ¢ < 7 allows to

infer the first estimate (3.2). In order to finally prove the well-definedness of T,
we observe that (IN7) and the above estimates guarantee

175 (¢, ¢ x0)|| €77 < ||T7 (¢,0) = T (0,20)||,, + |75 (0,0) = T;(0,0)]]
(?22) 2K, L

n

Y

¢, + Knllzoll  forallt <.
Since T (¢, xo) : (—o0, 7] = X is continuous the lemma is established. 0

Lemma 3.2 (the fixed point ¢ ). Let L < BZ_T:” and choose o, € (ZKnL7 [%—Tan .

For 7 € R the operator T : B_ . x X — B__ has a unique fized point function
¢r + X — B ; it satisfies
67 (0) =0, lip; <

On

on — 2K, L’

Proof. In the above Lemma 3.1 we showed that T (-, zg), g € X, maps the Banach
space B into itself. Moreover, due to lip; 7 < % < 1 (see (3.2)) the mapping
T~ is a uniform contraction in the first argument. Thus, the uniform contraction
principle (cf., for example [17, p. 352, Thm. B.1.1]) yields a unique fixed point
function ¢7 : X — B . Due to (3.2) it fulfills a global Lipschitz condition as

claimed in (3.3). Finally, the relation 77 (0,0) = 0 implies that ¢ (0) = 0. O

(3.3)

The following abstraction of the classical Hadamard-Perron theorem assures that
both vector bundles X, and X persist under nonlinear perturbations fulfilling (N),
provided the Lipschitz constant L is sufficiently small. In other words, for every
gap in the dichotomy spectrum X (A) there exist two integral manifolds intersecting
along the trivial solution to (E):

Theorem 3.3 (pseudo-stable and -unstable manifolds). Let n € N. If

L< Bn—an

s o € (3KnL,@} , (3.4)

then the following holds true for the evolution eqn. (E):
(a) The infinite-dimensional n-stable integral manifold
W= {(r,u0) € R x X : u(;7,uq) is v -bounded} (3.5)
is independent of v € T';, and a forward invariant fiber bundle with

Wi ={(r,¢ +wi(r () eRx X : (1,0) € X }.
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(b) The dy + ...+ d,-dimensional n-unstable integral manifold

W, = {(7—7 up) ER X X : (E) has a v~ -bounded solution } (3.6)

@ (—o0, 7] = X with ¢(7) = ug
is independent of v € T';, and an invariant fiber bundle with
W, ={(r,+w, (1)) ERx X : (1,£) € X, }. (3.7)

(c) The continuous functions wr : Rx X — X satisfy wr(1,0) = 0, the inclusions
wE(r,uy) € XF(7) for all (1,u1) € R x X and the Lipschitz estimates

lip, w < ¢, < 1. (3.8)
(d) Wf nW,, =R x {0}.
(e) For O-periodic evolution eqns. (E) the functions wE are 0-periodic in, and for
autonomous (E) even independent of the first variable.

Proof. Constructing integral manifolds by the Lyapunov-Perron method is a fairly
well-established matter both in an autonomous (cf. [12, 3, 23]), as well as a non-
autonomous context (cf. [4, 5, 6, 16, 24]). We thus only give a sketch focussing on
preparations for our following considerations and differences in the present situation
of an unbounded linear part in (F). Thereto, let (1,29) € R x X and v € T',,.

(a) allows a dual proof to the subsequent assertion

(b) The v~ -bounded mild solutions ¢ to (F) satistying P, (7)¢(7) = P, (7)xo
can be characterized as fixed points of the operator T.- (-, z¢) : B, — B, given
n (3.1); this can be shown as in [23, p. 467ff, Proof of Lemma 71.2]. Thanks to
Lemma 3.2 there exists a unique fixed point ¢~ (o) € B; . If we define the function
w,, as w, (1,z9) := P (7)¢; (7,20), then

T

wr (€ E) / U(r, s)P(s)F(s, 6= (s,€))ds forall (r,€) € X=.  (3.9)

(c) It results from Lemma 3.2 that w,, : R x X — X has the claimed properties.
In particular, the Lipschitz estimates follow with (3.3).

(d) Suppose that ¢* € B, is an entire solution of (E). Because of (N) the
function t — F'(t,¢*(t)) is y-bounded. Hence, the unique «y-bounded mild solution
of the linearly inhomogeneous equation

i = A(tyu + F(t, *(¢)) (3.10)

can be characterized by means of the fixed point relation
ot = / U, )P} (s)F(s,6"(s)) ds — / U(-,5)P; (s)F(s,6"(s)) ds
oo :

in By (see, e.g. [23, pp. 205-206, Thm. 45.7(3)]). Our assumptions yield that its
right-hand side is globally Lipschitz in ¢ on the Banach space B, with constant
K,L K,L 2K, L
+ < <
Y~ Qn Bn =y On
Thus, the unique y-bounded solution to (3.10) must be the trivial one, i.e. (d) holds.
(e) Given & € X, (1) let us consider the entire solution ¢ : R — X satisfying
¢(1) = § +w, (7,§). Thanks to the characterization (3.7) we know ¢ € B~ . Then
also the shifted function ¢4 (t) := ¢(t—0) is y~-bounded and, since (F) is #-periodic,
¢g is furthermore a mild solution to (E). We can conclude

w,(T+6,8§) = w, (t+0,P, (1)p(tr —0+0))

1.
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w, (740, P, (7 + 0)¢o(T +0))
= PHr+0)po(r+0) =P (r)o(r) = w, (1,€) forall T € R,
since the dichotomy projector P, inherits f-periodicity from (L). If (F) is even
autonomous, then the above equation holds for all § > 0 and therefore w,, does not
depend on the first variable. This completes the proof of Thm. 3.3. O
Corollary 3.4. Under the additional assumption (B) one has the implication
Ky

o, <0 = Hw;(T,f)H < o]

C  forall (1,8) € X .
Proof. Our argument is based on the relation (3.9) yielding
(2.2) T
|w,, (7, 8)]] < K’nC/ e (7= ds for all (1,£) € X .

The improper integral converges for a,, < 0 and the claimed estimate follows. [

Besides the pseudo-stable and -unstable vector bundles X, X, also the spectral
bundles X, of (L) persist under small Lipschitzian perturbations. As demonstrated
in the next proof, this follows by a geometric argument.

Theorem 3.5 (pseudo-center manifolds). Let n > 1. If

L< ’Bé;K(:", oj € (3KjL, mg%} forall j € {n,n -1}, (3.11)
then the d,-dimensional n-center integral manifold

u(+; T, up) is ;" -bounded and
Wi =W, AW =L (1,up) ERx X : (E) has a v, -bounded solution
¢ : (=00, 7] = X with ¢(7) = up

is independent of v; € T'j, j € {n,n— 1}, and an invariant fiber bundle of the
evolution eqn. (E) allowing the representation

Wh ={(r,n+w,(1,n) e Rx X : (1,n) € X}

as graph of a continuous function w, : R x X — X satisfying w,(7,0) = 0, the
inclusion wy,(T,u1) € X () for all (1,u1) € R x X and

2 maxje{nﬁn,l} éj

lipy wy, < (3.12)

1 — maxje(nn-1} 4

For -periodic evolution eqns. (E) the function w,, is 8-periodic in, and for autono-
mous (E) even independent of the first variable.

Remark 3.6 (hierarchies of integral manifolds). The dynamical characterizations
(3.5) and (3.6) yield the inclusions (cf. (1.1))

Rx{0}C...c WH cw ,c...cWwfcwf =RxX

U U U U
Wasr Wn ... Wy W (3.13)
N N N I

RxX D...O0W, ;1> W, D...0W; DW; D Wy =R x {0},

where we supplemented Thm. 3.5 with the convention W; := Wy .
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Proof. Let 7 € R. Thanks to our assumption (3.11) we obtain from Thm. 3.3 that
the integral manifolds W;f_l and W,  can be represented as graphs using functions
wt ,w; : R x X — X. In particular, the Lipschitz estimates (3.8) readily imply
the inequalities lipy w:{_l, lipy, w,, < maxje(nn_13f; <1.

(I) Given this, let us define the mapping

+
. 2 2 . - wn—l(Tay+Z)
S:X?xRx X — X2, S(x, 2 7,y) -—(w;(77x+y) )

which allows us to deduce the Lipschitz estimate

15(z, 2z 7,y) = S(2, 2 7,9

|

’ for all x,%,y,2,z€ X

=max {||w}_,(r,y +2) —w}_ (r,y+2)| . |wy (1.2 +y) —w, (1,7 +y)||}

(229)

from (3.8). Therefore, S is a uniform contraction in the first two arguments. With
the uniform contraction principle in e.g. [17, p. 352, Thm. B.1.1] we obtain a unique
continuous fixed point function (w},w?) : R x X — X?2. From the definition of S
the inclusions w} (,y) € X, () and w2 (7,y) € X, (1) follow for all y € X. Using
the Lipschitz estimates (3.8) again, given z,z € X, y,§ € X one deduces
15(z,2z;7,y) = Sz, 27,9 < max £ |ly =gl (3.14)
je{n,n—1}

(IT) Let us show the representation of W, as graph of a function w,, over Xj,.
Thereto, suppose ug € X. With Thm. 3.3(a) one has the inclusion (7,u0) € W, ;
if and only if there exists a o € X, ;(7) such that ug = (o +w;_, (7, o), which in
turn implies P | (T)uo = o+ P, (T)w;} (7, (o) = (o. This yields the equivalence
(T,u0) €W | & ug = Pl (T)uo+w,_, (7, Pl (T)uo) and analogously we deduce
from Thm. 3.3(b) that (7,ug) € W,, < ug = P, (T)ug + w,, (1, P, (T)ug). Now we
can represent ug = ¢ + n + £ uniquely with components ¢ € X, (1), n € X, (7) and
€ € X,_,(7). Hence, thanks to the equivalences

< max j
je{n,n—1}

(Tyu0) € Wy S ug = P (T)ug +w,i_ (7, PY_, (T)uo) and

'yt n—1

uo = Py (T)uo + wy, (7, P (T)uo)
S&=wy_(r,n+¢) and ¢ = w, (1,6 +n) & (§,¢) = S(& ¢7,m)
the pair (¢,¢) € (X,,_, xX,F)(7) is a fixed point of S(-; 7, 7). Referring to step (I) this

fixed point is uniquely given by (w}, w2)(r,n). Consequently, w, : R x X — X,
wp(1,m) == (wl +w?)(r,n) is a continuous function with w,(r,n) € X (7). In
addition, (0,0) is the unique fixed point of S(-;7,0) and thus w,(7,0) =0 on R.
(IIT) We next establish the claimed Lipschitz condition (3.12): In step (I) it was
shown that lip; o) S < 1 and (3.14) means that S also fulfills a Lipschitz estimate

in the parameter y. Accordingly, [17, p. 352, Thm. B.1.1(b)] implies that

lip (wi> o lipgS o maNea-nyl
2 721 - 1- lip(172) S~ 1-— mane{n’n,l} EJ

Thus, the relation w,, = w} + w? leads to the desired estimate (3.12).

(IV) To complete the proof it remains to justify two assertions: First, as intersec-
tion of forward invariant sets, W,, = W\, N W, itself is forward invariant and as
a finite-dimensional set even invariant. Second, from Thm. 3.3(d) we deduce that
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S(x,z;1,y) = S(x,z;7 4+ 0,y) for x,y,2 € X. Hence, the respective unique fixed
points (w}, w2)(1,y), (wk, w2) (1 + 6,y) coincide yielding a #-periodic w, (-,y). O

Since the pseudo-unstable integral manifolds W, are invariant, the 2-parameter
semiflow of (F) restricted to each W, fulfills the semilinear dy +. . .4+d,-dimensional
nonautonomous ODEs

n

= A, (Dx+ F, (7)) (E7)

in the vector bundles X, ; we have abbreviated
AL = AP0, Fr(ta) = P OF (et (1.0)
and write z;, for the general solution of (F, ). Note that every solution ¢, : R — X
to (E, ) yields an entire solution u : R — X for (F) via u(t) := ¢n(t) +w;, (t, dn(t)).
For an insight into the dynamics of (E) on the finite-dimensional integral mani-
fold W, we next perform a similar analysis as above for every ODE (£, ). Keeping

X, =xfex), forall<k<n
in mind, a counterpart to Thm. 3.3 reads as

Proposition 3.7 (reduced pseudo-stable and -unstable manifolds). Let 1 < k < n.

If

L < S o € (6K, L, B0 ]

and (3.4) hold, then the ODE (E, ) fulfills:
(a) The di41 + ...+ d,-dimensional (n,k)-stable integral manifold

Wzk = {(r,@0) € X, : x, (:;7,m0) is v -bounded}
is independent of v € T'y, and an invariant fiber bundle with
Wi, = {(T, CHw,(1,0)) € Xy (1.0) € Xg+1} (3.15)
and the inclusion w;{k(T,xl) € XE(7) for all (1,21) € X, .
(b) The dy + ...+ di-dimensional (n,k)-unstable integral manifold
W,k = {(r,20) € X, : @, (:;7,@0) is v~ -bounded}
is independent of v € T'y, and an invariant fiber bundle with
Wi = {6+ wy (r.€) € X7+ (1.6) € AL}
and the inclusion w,, . (1,21) € X1 (1) for all (1,21) € X,
(¢) The continuous functions wik cXF = X satisfy wi[)k(T7 0) =0 and
lipy wif, < 05 < 1. (3.16)
(d) Wi . nW, . =R x {0}.

(e) For O-periodic evolution eqns. (E) the functions wik are O-periodic in, and
for autonomous (E) even independent of the first variable.

Proof. The assumption (3.4) ensures that W, can be represented as graph over a
function w,; as in Thm. 3.3(b). Since (£, ) is an ODE in the vector bundle X, it
offers itself to work with an adapted norm, namely the family

@], == || Py (t)z|| for all (t,2) € X, . (3.17)
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Qp—1 Bn-1 a B2 a3 Qg
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FIGURE 3. Bounded dichotomy spectrum 3(A;) of & = A, (t)z
(in red) and the gap intervals [ag, fk], 1 <k <n

Then ||-[|; is a norm on the fiber X, (t) being equivalent to ||| uniformly in ¢ € R.
This allows us to show that (£, ) fulfills almost the same assumptions as (E):
ad (L): The dichotomy estimates (2.2) remain unchanged when using the oper-
ator norm induced by [|-||,. In addition, the spectrum 3(A,,) of the linear part in
(E,) consists of the first n spectral intervals of £(A) and is illustrated in Fig. 3.
ad (N): For all t € R and z,Z € X, (t) one obtains the Lipschitz estimate

1Fy (t2) = Fyt,a), 27 ||Fte+w; (7)) — F(t, 2+ wy, (t,2))]
< L(lz -z + ||w, (t,2) —w, (t,2)]])

(3-8)

NG

2L||P; (t)(z — z)|| = 2L || — z|, -

Consequently, the remaining assertions can be deduced as in the proof of Thm. 3.3
with the constant L replaced by 2L. Here, the estimates (3.8) are to be understood
w.r.t. ||-||.. However, since both functions wik, as well as their second arguments
have values in X, (7), the estimates remain unchanged when using the norm ||-||. O

Corollary 3.8. Under the additional assumption (B) one has the implication
K
o <0 = Hw;k(T, §)H < a—k|C for all (1,€) € &, (3.18)
’ k
Proof. The proof of Prop. 3.7 is based on the adapted norms ||-|[,, t € R, defined in
(3.17). Then using the estimate
||F;(t,x)||t = [|F(t,z +w, (t,z))|]| < C forall (t,z) € X,

the claim follows as in Cor. 3.4. O

Proposition 3.9 (reduced pseudo-center manifolds). Let 1 < k <n. If

L< 8, ;€ (GKjL, @f;%} for all j € {k,k — 1} (3.19)
and (3.4) hold, then the dj-dimensional (n,k)-center integral manifold
Wie : =W, . N W;:k_l = {(r,m0) € X, : 2, (:;7,20) is v;_,- and 7;, -bounded}

does not depend on v; € T, j € {k,k — 1}, and is an invariant fiber bundle of the
ODE (E, ) allowing the representation

Wn,k: - {(T7n+wn,k(7—7 77)) € Xn_ : (T’ 77) € Xk}

as graph of a continuous function w, @ X, — X satisfying wy, ,(7,0) = 0, the
inclusion wy (7, 71) € (X © X )(7) for all (1,21) € X, and

2 manE{k“If_l} f;

lipy wn ke < :
" 1-— manE{k7k_1} E;

For 0-periodic evolution eqns. (E) the function wy j is 8-periodic in, and for auto-
nomous (E) even independent of the first variable.
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Remark 3.10 (hierarchies of reduced integral manifolds). In analogy to Rem. 3.6
the reduced integral manifolds of (E; ) fulfill the inclusions

Rx {0} =W, CWi, C...CWcWi, = &

I U U
Wi.n oo Who Wi
N N [l
Xy = Wy, D...DOW, 2, DW, 1 DW, o:=Rx{0}

Proof. First of all, the assumptions (3.4) ensure that W, is graph of a function w,,
with lipy w,; < 1 (cf. Thm. 3.3(b)). Moreover, due to (3.19) the integral manifolds
Wf{ k1> W; i from Prop. 3.7 can be characterized by continuous functions w; P
w,, ,, with Lipschitz constant < 1. Under these conditions the proof of Thm. 3.5
directly applies to (E, ) having a nonlinearity fulfilling lip, F,; < 2L w.r.t. the
adapted norms (3.17). This yields the assertions. O

Our following result aims to describe the dynamics of (E) restricted to the
pseudo-center manifolds Wy. It is determined by the dg-dimensional ODE

9= 4@y + Filty) | (Ex)
in the spectral bundles &}, where we have abbreviated
Ag(t) := A(t) Py (t), Fr(t) := Py(t)F(t,y + wi(t,y)).
If yi denotes the general solution to (Ey), then @ : R — X,
a(t) == yr(t; 7, ) + wit, ye(t; 7,m)) (3.20)

defines an entire solution of (E) in W, (by the invariance properties from Thm. 3.5).

Corollary 3.11. For 1 <k <n the following holds:
(a) The general solutions x;  to (E}’) and x ; to

&= A; )z + Py (OF (tx +w, (8 x) + wy, (82 4wy, (t,2))) (B, L)
coincide and for all (1,§) € X,” we have
§+wy (1,8) = E+w,, 1 (T,6) +w, (7,6 + w,, 1 (7, 6)). (3.21)
(b) The general solutions yy, to (Ex) and yn i to
g =Ar(t)y+ P F (ty + wnk(t,y) +wy, (& y + wak(t,y))) (Enk)
coincide and for all (1,m) € X, we have
1+ wi(7,m) = 14 wa 1 (7,1) + wy, (7,1 + wn k(7 7))- (3.22)

Proof. Since assertion (a) can be shown analogously, we provide only a proof of (b).
Given a pair (7,n7) € Xy, the function 4 : R — X from (3.20) defines an entire
solution to (E) in W and hence also in W, (cf. Thm. 3.5), i.e.

a(t) = yr(t;7,m) + wy (tye(t;7,m)) forallt € R.

Thanks to the hierarchy (3.13) this implies @(7) € W, () € W, (1) and conse-
quently also the representation

W(r) =&+ w, (1,§) for some (7,§) € X,
holds. With the general solution x;, to (£, ) we then obtain that u : R — X,
u(t) =, (t7,8) +w, (t,x, (t;7,8)) forallteR
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is an entire solution of (F) in W, . Accordingly, the uniqueness of (entire) solutions
in W,, implies & = u. Our assumption (3.4) ensures lip, w, < 1 and therefore

(3.8)
||x;(t;7',§)|| < ﬁ [|lu(t)]] for all t € R.

Due to u(7) € W this allows us to conclude that x;, (:; 7, ) is v, - and ;_,-bounded
from the corresponding properties of u. Hence, (7,£) € W, 1 by Prop. 3.9 and one
has the representation & = ny, + wy, k (7, k) for some (7,nx) € Xj. The invariance of
Wi yields (6 7,€) = Yn k(& 7, Mk) + Wn i (, Yn k(& 7,m1)) for all ¢ € R and thus

yr (7, ) + wi(t e (t 7me)) = u(t) = @, (6 7,8) +w,, (2, (67,5))
= Yo (6 7, M) FWn e (8 Yo (65 7m0 ) ) F w0y (6 Yo (6 7 1) F W e (& Yo (85 75 11))) -

Setting ¢ = 7 yields the claimed identity (3.22). The converse direction can be
established using similar arguments. O

3.2. Invariant foliations and asymptotic phase. In the previous Subsect. 3.1
we provided a geometrical description of the solution entities to (E) and (E,))
having a particular exponential growth behavior in relation to the trivial solution.

Rather than working with the zero solution, our present goal is to characterize
solutions to (E) whose distance to an arbitrary forward solution allows a specific
exponential estimate. Thus, given the solution u(-;7,ug) : [1,00) — X for initial
pairs (7,u9) € R x X, let us investigate the evolution equation

]u = A(t)u + G(t,u; T, uo) \

with the nonlinearity G : {(t,u;7,u0) ER X X xRx X : 7 <t} — X,
G(t,u;m,u0) = F(t,u+u(t;1,u0)) — F(t,u(t; 7, up)), (3.23)
and (7, ug) understood as a parameter. The Lyapunov-Perron operator

SH (0, 10) = U (7)o — B ()uo] + / U 8)PF ()G (s, (s): 7o) ds

— /00 U(-,8)P, (s)G(s,(s);T,ug)ds (3.24)

formally introduces a continuous function between [, 00) and X, depending on the
pair (7,y0) € X5, a continuous ¥ : [r,00) — X and uy € X.

The analysis of the operators T from (3.1) and S is largely dual. Therefore,
our present approach complements the one from Subsect. 3.1. We actually focus on
the dynamical meaning of S} : B x X? — Bf_:

Lemma 3.12. Given (1,y0) € X,5, ug € X the following statements are equivalent:
(a) There exists a uy € X such that ¢ := u(7,u1) — u(;7,u0) € B}, satisfies

PHT)Y(T) = yo — B (T)uo. (3.25)
(b) w S B;r,'y fUZﬁ”s 'l;[} = Sj(wvyOaUO)‘

Proof. Let (1,y0) € X, and ug € X.

(a) = (b) Assume there exists a u; € X so that ¢ := u(-;7,u1) —u(-;7,u0) € B,
and (3.25) hold. Then % is a y"-bounded solution to the inhomogeneous equation
= A(t)u+ G(t,¥(t); 7, uo0)
and [23, pp. 205-207, Thm. 45.7(3)] yields the fixed point relation v = S (; T, uo).
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(b) = (a) Suppose that ¢ € B} is a fixed point of the operator S (-;yo,uo).
With uy := P, (7)[uo + ¢ (7)] + yo and v := ¢ + u(-; 7, up) one obtains
(2.4) _
v(r) = () Fug = Py (1)d(r) + Py (1)ST (7,45 50, uo) +uo
P (0)Y(7) +yo — P (T)uo +uo = Py (7)[0(7) + o) + yo = w1

and moreover v solves (F). Since forward solutions to (F) are unique, we conclude
v =u(-;7,u1), that is, ¥ = u(;7,u1) — u(-; 7, ug). Finally, it results

P(T)y(r) = P (1) [u1r — uo] = P (1)[yo — uo] = yo — P, (T)uo

(3.24)

and the proof is finished. O
Proposition 3.13 (pseudo-stable leafs). Let n € N and suppose that
L < gfilay, on € (Kn(Ky +2)L, 25 ] (3.26)

is fulfilled. For every ug € X the infinite-dimensional n-stable leaf
Vi (up) = {(r,u1) € R X X : u(-;7,u1) — u(+7,u0) is vF-bounded}
does not depend on v € Ty, and is a forward invariant fiber bundle of (E) fulfilling:
(a) It allows the representation

Vi (o) = {(1,¢ + v (1,Guo)) ER X X & (1,() € X[ } (3.27)

as graph of a continuous function vl : R x X2 — X satisfying the inclusion
vl (T, u1,u0) € X, (1) for all (1,u1) € R x X.

(b) v (1, u1,u0) = Py (T)ug + V.7 (1,u1,u0) for all (1,u1) € R x X with a contin-
uous function V,F : R x X2 — X satisfying V.5 (1,u1,u0) € X7 (7).

(c) One has the Lipschitz estimates

lip, v} < Kb, < 1, lip, V,F < K4, < 1. (3.28)

Because (F) has the trivial solution it is clear that every V;7(0) defines a pseudo-
stable integral manifold, i.e. V;F(0) = W;F.

Proof. Let (1,up) € R x X and choose v € T',,. Above all, the nonlinearity G
given in (3.23) satisfies G(t,0;7,up) = 0 on [r, 00), inherits the Lipschitz condition
lip, G < L from (N2) and is finally continuous, since u has this property.
(I) As in the proof of Lemma 3.1 one shows that S} : B;_’:W XX (T)x X — B;f"V
is well-defined with
2K, L
lip; S < —"= lip, S < K.
On
The condition (3.26) yields that 2K L <1 and thus S is a uniform contraction
in the first argument. Again the umforrn contraction principle guarantees a unique
and continuous fixed point function ¢} : A, (1) x X — B, which satisfies
o
lip, pf < ——2——.
Pl S TR
(IT) Let us show that the nonautonomous set VI (ug) is forward invariant. For
t > 7 choose Gy € u(t;7,V,}(1,u0)). According to Lemma 3.12 this means there

exists a u; € X such that 49 = w(t;7,u1) and u(-;7,u1) — u(-; 7, ug) € BTW, hence

u(+t, ) — u(st,ult; 7yu0)) = w(st,u(t; m,u1)) — u(sst, w(t; 7, up))

24 u(57ur) — uls 7, up).
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Consequently, 1g € V7 (t,u(t; 7,u9)) and we verify the further assertions:
(a) Given the fixed point function ¢} from (I) we define

o, (7, Y03 u0) = By (1) (uo + ¢ (7, P (T)yo, uo))

and obtain a continuous function v;" : R x X? — X.
(b) Also the function V,F : R x X? — X is continuous, if we set

Vn+ (7—7 Yo, uO) = Pn_ (TW:{(T, PrT(T)yOv UO)- (329)
(c) Finally, the definition of v;" implies the relation

a 0o
vt (7,90, u0) 2 Py (r)ug — / U (7, 5) Py (5)G(s, 7 (5, PF (7)o, wo); 7 o) dis,

from which the Lipschitz estimates (3.28) follow. O

Corollary 3.14. Under the additional assumption (B) one has the implication

oK,
|Bnl

Proof. The function V7 : R x X2 — X defined in (3.29) allows the representation

<0 = ||Vn+(7',C,uo)|| < C  for all (1,¢) € X[, ug € X.

Vi (r,Coug) P2 - / T O(r, 8) P ()G (s, 5 (5, P (1)C,w)s 7 o) dls

and the claim follows from (2.2) due to ||G (¢, u; T, u)|| < 2C. O

Pseudo-stable leafs allow to establish the following geometric property of pseudo-
unstable integral manifolds:

Theorem 3.15 (asymptotic forward phase). Let n € N. If (3.26) holds, then the
n-unstable integral manifold W, has an asymptotic forward phase, i.e. there exists
a continuous function w7 : R x X — X and a bounded C,, : R x [0,00) — [0, 00)
such that the following holds for every (T,up) € R x X:

|u(t; 7, u0) — u(t; 7wk (1, u0)) || < Colr, luol)e? ™) forallr <t (3.30)
and v € Ty,. Geometrically, m,} (1,uo) is given as unique intersection
W, NV (uo) = {(t, 7} (tug)) : t€R} for allug € X (3.31)

and each wt (7,-) : X = W, (7) is a retraction onto W;, (7). In particular, there
exists a unique continuous function & : R x X — X with & (1, uo) € X, (1) and

Wﬁ(Ta UO) = 5;{(7—7 UO) + ’w; (Ta 5;{(7—7 UO))

The mapping 7,5 : R x X — X is linearly bounded, i.e.

H7r:{(7', uO)H < K, i% llwoll  for all (T,up) € R x X. (3.32)

For 0-periodic evolution eqns. (E) the functions w7 and & are 0-periodic in, and
for autonomous (F) even independent of the first variable.

The boundedness of the real-valued function C,, means that for every R > 0 one
has sup( y)erx0,r) Cn(t, ) < 00.
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Proof. Let (1,ug) € R x X. Our assumption (3.26) implies (3.4). Hence, Thm. 3.3
yields the properties of W, and Prop. 3.13 contains the necessary facts on V" (ug).
We first show that the intersection (3.31) is a singleton. Thereto, every element
@ € VI (1,u9) N W, (1) allows the representation

i = ¢+ v (7,¢, uo), =+ w, (1,6
with ¢ € X,;F(7), £ € X, (7). This is equivalent to
£ :vz(TaC;UO)v C:w;(,r,g)

and consequently (5) is a fixed point of the mapping §: X2 xR x X — X,

¢
(o
S(x, z;T,up) = (U%S-i:gf» )

Since both lip, v, < 1 and lip, w,, < 1 hold due to (3.8) resp. (3.28), the uniform
contraction principle yields unique continuous fixed point functions £ : Rx X — X,
¢F :Rx X — X. In particular, by definition of S the inclusions & (7, ug) € X, (1)
and ¢ (7,u0) € X7 (1) hold true.

We will not show (3.30) and (3.32) since the argument is as in [16, Thm. 3.7]. O

The sets VI (ug), ug € X, allow us to foliate the extended state space R x X:

Corollary 3.16 (pseudo-stable foliation). The nonautonomous sets VI (ug) are
leafs of a foliation over every fiber W, (1), T € R.

Proof. Let (7,ug) € R x X. Due to (3.30) it is u(; 7, uo) — u(:; 7,7} (7,u0)) € B,
and Prop. 3.13 shows ug € V,F (7,7 (7, u0)). Because ug € X was arbitrary, one
has X = Ugcpy- () Vit (7:€). The fibers Vi (7, u1), Vi (7, u2) are pairwise disjoint,
0 ={ur} Nn{us} =V (r,u1) NV (7, u2) for uy # ug and uy,us € W, (7). O

The concepts of pseudo-stable foliations and asymptotic forward phases also ap-
ply to the nonautonomous ODEs (£, ) in the finite-dimensional vector bundles &, .
Its solutions exist on R and in particular the unique existence of backward solutions
is always given. This enables us to introduce the dual concepts of pseudo-unstable
foliations and asymptotic backward phases:

Proposition 3.17 (reduced pseudo-stable and -unstable leafs). Let 1 < k <n. If

L< %, o) € (QKk(Kk +2)L, WTM] (3.33)

and (3.4) hold, then the ODE (E, ) satisfies for all (1,z¢) € X :

n

(a) The dy + ...+ di-dimensional (n,k)-stable leafs, fiberwise given as

V+’k(7', Xo) = {xl eX, (1) x, (1,21) —x, (57, 20) 18 ’y+—b0unded}

n

do not depend on v € Ty, and are invariant fiber bundles of (E,) satisfying:
(a1) They allow the representation

Viulwo) = {(r.C+ vl u(m. G 20)) € Xy (1.Q) € Xy ) (3.34)
as graph of a continuous function v:;k ‘R x X2 — X fulfilling the inclu-
sion ’U,;:_)k(T,l‘l,a?o) € XE(1) for all (1,21) € X, .

(a2) v;k(r,xl,xo) = PF(1)zo + Vn'fk(r,xl,mo) for all (t,x1) € X, with a
continuous Vn"”k ‘R x X2 — X satisfying V;:k(r,xl,xo) € Xk (7).



18 CHRISTIAN POTZSCHE & EVAMARIA RUSS

(b) The dgy1 + ...+ dy-dimensional (n,k)-unstable leafs, fiberwise given as
ij(T, xg) = {xl eX, (1): x,(1,21) —x, (7, 20) 1S fy*—bounded}

n

do not depend on v € Ty and are invariant fiber bundles of (E. ) satisfying:
(b1) They allow the representation

Viw(@o) = {(r €+ v, (r € m0)) € X+ (r,€) € af ) (3.35)

as graph of a continuous function v, ; : R x X? = X fulfilling the inclu-
sion v, 4 (7,21, w0) € Ay (T) for all (7,21) € &, .
(b2) v, 1 (7,21, 20) = P (T)w0 + V1 (7,21, 20) for all (7,21) € X7 with a
continuous V,, : R x X? = X satisfying V, (1,21, x0) € X1 (7).
(c) One has the Lipschitz estimates
lipy vy, ), < Kilp < 1, lip, V5, < Kily < 1. (3.36)
(d) There exists a unique continuous mapping II} : X~ x X,- — X with
V,tk(ﬂml) NV, o (To22) = {Il} (1,21, 22)}  for all (1,21,22) € X, X X,
which, moreover, is also linearly bounded

(1+205)(Kp + £})
1—42

[T (7, 1, 2) || < (e[| + llz=]l) - (3.37)

Since the ODE (E,, ) shares the trivial solution with (F) one immediately obtains
the relations V;k(O) = W:’k and V, ,(0) =W, .

Proof. With lipy F,, < 2L in mind, one mimics the proof of Prop. 3.13 using the
adapted norm (3.17) for (a)—(c). The assertion (d) is shown in [16, Prop. 3.1(c)]. O

Corollary 3.18. Let (1,z9) € X, . Under the additional assumption (B) it holds

Be<0 = ‘ Vi (r, C,xo)H < 2O for all ¢ € ATy, (7), (3.38)
ap<0 = ‘ ank(T,gvmo)H < 2KeC for all € € XF(). (3.39)
Proof. Proceed as in the proofs of Cor. 3.8 and Cor. 3.14. O

Proposition 3.19 (reduced asymptotic phases). Let 1 < k < n. If (3.4), (3.33)
are satisfied, then there exists a bounded function Cp . : R x [0,00) — [0,00) such
that the following holds true for every (r,xz¢) € X, :

(a) The (n,k)-unstable integral manifold W, , of (E,’) has an asymptotic for-

ward phase, i.e. there exists a continuous function 7" : X;7 — X such that

x, (t;71,20) — x,, (& T, WIJC(T, xo))H < Ch i (T, ||:170||)67(th) forall T <t

and v € Ty,. Geometrically, ©+

n7

«(T,Z0) is given as unique intersection
Wi NVis(wo) = { (L7t w0)) € X7« t € R)

and each Wi,k(T") t Xy (1) = W, (1) is a retraction onto W, (7). In
particular, there exists a unique continuous function {:k : X7 — X satisfying

the inclusion f:)k(T, z0) € Xf (1) and

’/T;‘L—,k(’ra l‘o) = Ei,k(’ra ’JJ()) + w;,k(Ta 57—;]4;(7_7 ’lj‘o)) (340)
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b) The (n,k)-stable integral manifold W', of (E. ) has an asymptotic backward
n,k n

phase, i.e. there exists a continuous function m , : X, — X such that

x, (t;7m,m0) — x, (87, ﬂ';k(r, xo))H < Ch (7, ||w0||)67(t_7) forallt <t
and v € I'y,. Geometrically, ’ﬂ';k(T, xo) is given as unique intersection
1w;km»;k@m):uﬁaﬁ;gax@)eag*;teR}

and each m ,(7,) + X, (1) — W;fk(T) is a retraction onto W,:,k(T). In
particular, there exists a unique continuous function C, . : X, — X satisfying

the inclusion (7, x0) € A () and
W;,k(T, xg) = C;k(T, xo) + w:,k(T, ;k(T, Zo))- (3.41)
(¢) The mappings Wik : X — X are linearly bounded, i.e.
(d) For O-periodic evolution egns. (E) the functions Wfk and {fk are O-periodic
in, and for autonomous (E) even independent of the first variable.

< K} 11‘2 llzoll  for all (1,20) € X, (3.42)

ﬂ-;k(T’ 950)’ I

Proof. Using lip, F,; < 2L the proof parallels that of Thm. 3.15. 0

Corollary 3.20 (reduced pseudo-stable and -unstable foliation). The nonautono-
mous sets Vik(xo) are leafs of a foliation of X over the fiber W, (1), 7 € R.

Proof. Referring to Prop. 3.19 this follows as in the proof of Cor. 3.16. O

4. Topological decoupling. For nonautonomous evolution eqns. (F), the concept
of topological conjugation is not as straight forward as in the classical autonomous
situation. Clearly, it is natural to allow time-dependent transformations here, but
this alone offers too much flexibility: Then, as already demonstrated in [24, p. 72]
one could actually conjugate arbitrary equations. Indeed further assumptions are
due and we suggest the following notion (cf. [16, 24]):

Suppose also F : R x X — X fulfills (N). A continuous function 7 : R x X — X
is called topological conjugation between the semi-linear evolution eqn. (E) and

i = A(tyu+ F(t,u), | (E)

provided T : X — X, T (z) := T(7, ) is a homeomorphism for every 7 € R, its
inverse T : Rx X — X, T(7,z) := T (x) is continuous, and one has the properties:
(i) limg_o T(7, ) = limy o T'(7,2) = 0 uniformly in 7 € R B
(ii) for every solution ¢ of (£) the function ¢(t) := T'(t, ¢(t)) solves (L)
(iii) for every solution ¢ of (FE) the function ¢(t) := T(¢, (t)) solves (E).
In this case the differential eqns. (£) and (F) are called topologically conjugated.
The condition (i) yields the canonical requirement that stability properties of the
trivial solution to (F) are preserved under topological conjugation.

Proposition 4.1 (topological decoupling of (E,)). If (L), (N) and the inequality

1 n .
L< L Pr oo

—_— 4.1
4/§=Il1 Kk(Kk+2) ( )
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hold for some n > 1, there exists a topological conjugation T™ : X — X between
(E,)) and the decoupled ODE

n

&= A, (Ox+ Y Pe(t)F(t, Pu(t) + wi(t, ). (D;)
k=1

This result could be established solely as an inductive application of [16, Prop. 4.3]
(see also [24, p. 219, 5.4 Satz]), which decouples the finite-dimensional ODEs (E ;)
into two subsystems for every gap in X(A; ). Yet, we combine this argument with
[12, Thm. 5.1] in order to prepare an upcoming infinite-dimensional version.

Proof. Let 1 <k <n and (7,2z9) € X,, with a fixed n > 1. We remind the reader
that x;; denotes the general solution to the ODE (£, ) and yj, is the general solution
for (Ej). Let us subdivide the proof into four steps:

(I) We argue on basis of Prop. 3.17 and Prop. 3.19, which apply because of (4.1):
First, for & = 1 the intersection W, (1) N VTJ[’ 1(7,20) contains a unique element
7r;tl(7', xo) € X, (7). For some ¢ € XJ(7) it allows the representation

_ (3.40) (3.34)
grtl(T’ To) + wn,l(T’ 5;{71(7, x9)) = W:Lr,1(7' 0) ¢+ Pi(r)zo +V, 1(7' ¢, o).
Due to Prop. 3.7(c) we obtain from Lemma A.l applied to the first part of this
equation that nj := E;; 1+ &, — X defines a continuous function satisfying

(3.16) (342) 1 (146
In(rzo)l < 2 llmti (rao)| < SR ool —> 0

uniformly in 7 € R and 5} (7, z¢) € X;1(7). Moreover, it holds
i (T, x0) = Pi(T)zo + V5 (1w, (7,07 (7, 20)), o) (4.2)
and by the invariance of leafs and manifolds this implies for all ¢ € R that
(7,07 (7, 20)) = vy (6w (631 (67,07 (7, 20)) ), @, (67, 20))
Second, let 1 < k < n: On the one hand, W, ', (1) and V;k(r, Zo) intersect at
a unique point 7, t (T o) = fn (T 20) +w, (7, f;;k(T, xo)). As above one shows

that the continuous funct10n§ fulfills fn L(T,20) € XF(7), limy, 0 f:{,k(T’ x9) =0
uniformly in 7 € R and

fj;k(T, xo) = PF(T)z0 + V., k(’T w,, (T §n +(T,20)), To). (4.3)

On the other hand, also W,kal(T) NV (7 §n’k(7, xo)) consists of a unique ele-
ment, which is of the form

771;1@—1(Ta f:f,k(Ta x9)) = Cl;k—l(Tv g:{,k(Tv z9)) + wlj,k—l(T? CI;k—l(Tv §Ik(T» 950)))
with a continuous ;- : X, — X. As composition of continuous functions also
M (T, 20) 1= Cp gy (T, §:£k(r, xg)) € Xg(7) is continuous. Hence,

(3.41)  _
77]?(7’1:0)+wlj:r,k71(7-’77]?(7’x0)) = T k— (7 f;,k(Tva))

C2) ¢ 4 P& (o 0) + Vit (1,6, 68 (7,0)

holds for a £ € Xlk_l(’l'), where the first equation implies limg, o 0y (7, 29) = 0
uniformly in 7 € R. We furthermore deduce

i (7,20) = Pe(7)8, 1 (7, 20) + Vi ooy (7w 1 (715 (7, 20)), €1 1 (7 0))
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and from (4.3) one has
1 (7, w0) = Po(T)ao + Pe(1)V,5 (1w, 1 (7,65 4. (7,20)), o)
+ ijkfl (T7 wl:kfl (7—7 77;: (Tv $0))7 gr—l_,k:(Tv .’130)) (44)

Since the involved integral manifolds and leafs are invariant, we conclude that

yk(tv T, 77]?(7-7 ZEO)) = ’U]g_)k;71 (t7 w]j;:kfl (tv yk(tv T, 771?(7—’ Jfo))), :;k(t? 'T'r: (tv T, 330)))
holds for all ¢ € R.
Third, for & = n, also the intersection Wnn () NV, 1 (T, 20) is a singleton

7T'n,n—l(T’ J?o) - Cn,n—l(T x0)+wnn 1(T n,n— 1(T7 Z‘o)) Now "771; = ;n 1 X —-X
defines a continuous function with »7(r, xo) € X, (1), limg,—oni(7,29) = 0 uni-
formly in 7 € R and

772 (Tv .130) = Pn(T)'TO + Vn_,n—l(T’ w:b_,n—l(T7 n:zL(T’ .730)), Z‘o). (4'5)

Moreover, the invariance of leafs and integral manifolds guarantees

Yn (t; T, 772 (7—7 :L'o)) Un n—1 (tv w;n71 (t’ Yn (t; T, 772 (Tv xO))) Ty, (t5 T, CCO))

for all t € R. After these preparations we are in the position to introduce

n
™ X, — X, " (1, x0) Zn T, Zp)-
k=1
Thanks to the properties of its summands, T : X, (7) — X, (1) is well-defined and
T™ is continuous with limg,_,o 7" (7, z¢) = 0 uniformly in 7 € R. In the following,
whenever confusion is absent, it is convenient to neglect the dependence of fn o
(and further quantities) on (7,z0). Given this, by means of (4.2), (4.4) and (4.5)
one finally obtains the alternative representation

T (.’ﬁo) =0+ V l(T wn 1(7_ 771) {Eo) + Vni,nfl(’r? w’rJLr,nfl(Tv 772)75”0) (46)
+ Z [Pk(T)ank(T, w,, (7, f;;k),xo) + Vi (7, w,':kfl(T7 ng),gj;,g) .
k=2

(IT) Claim: P{(7)T]"(z0 + Wy, (T, 20)) = TF(x0) for all n < m. We merely
give a sketch of the argument, since it is analogous to step (II) in the proof of the
subsequent Thm. 4.2. Let us briefly write 7; (7, 20) := 0z (7, 20 + w,,, ,, (T, Z0))-

e k = 1: The definition of 7™ and T" implies

'F]{L + w;v,,l(T? ﬁ?) € V’:’;,l(T7 Zo + w;z,n(Tv J"O)) N Wn_z,l(T)v
n +w, (7, n) € V:{;(Ta z0) "W, 1(7)
and thanks to Cor. 3.11 one obtains

m 4w, 1 (7,07) + we, o (To0t Fwy,  (T,07) € W, (7)),
0t + wo (1, 07) 4w (70 4wy, (7o07)) € V1 (7m0 + wy, (7, 20)).

Since the nonautonomous sets W, ; and V;hl(aco +wy, ,,(T,70)) possess fibers
intersecting at a unique point, this implies ni" = 77".

e 1 <k < n: One has f:;k(T, To+wy, (7, 20)) = §ik(7', xo) due to the definition
of T™,T™ and consequently 7;} = 7;*.

o k =n is evident.
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This finally gives us the assertion (II) because of

PHT)T (w0 +wy, (T, 20)) Z”k T, 20+ Wy, (T, 20)) an 7,20) = T (20).
k=1
(ITII) Claim: T™ is a topological conjugation between (E;) and (D,;). We use

mathematical induction over n > 2 in order to prove that T* : X, (1) — X, (1)

possesses an inverse function 7" such that T"(1,y) = T"(y) is continuous and
satisfies the limit relation lim, ,o 77 (y) = 0 uniformly in 7 € R. For n = 2 the
proof comes along [16, Prop. 3.1]: Given (7,y) € X, define

T2(7—> y) = H%(Tv Pl (T)y + wil(Tﬂ y)7 PQ(T)y + wil(ﬂ y))

with IT? given in Prop. 3.17(d). Thanks to Prop. 3.7(c) the mapping T is continuous
and (3.37) guarantees that the desired uniform limit relation holds. Due to

TZ(x) = Pi(7)m5, (1, 2) + Pao(T)m5, (T, )
we obtain for all (7,2) € X5 that
TE(T‘F(LE)) = H? (T7 77%(7—7 :L‘) + w£1(77 77%(7—7 x))?”%(Tﬂ 'r) + w2+,1(7—7 775(7» :L‘))) =

EV;l(T,w) EV;I(T,LE)

and it follows analogously that T2(TZ(y)) = y for all (7,y) € X; holds. Hence, the
mappings 722,72 are inverse to each other. As induction hypothesis we know that
for every (7,yn) € X, there exists a unique T (y,,) € X,, (1) with

Yn =TT (yn)) = ZnZ(T, T™(yn)), HmT"(y)=0 uniformlyin e R
y—0

and T" : X, — X being continuous. We define the continuous mapping T+ via
TP+ (y) o= T (7, T (PR (7)) Wiy o (7 TF (PP (T)Y))s Paa (T)y w0, (7,9))
with the function II"*! from Prop. 3.17(d). Thanks to step (II) and the construction
of T+ it holds that

T ) =y, TN I (2) =2 forall (r,2),(T.y) € Xy

and thus 77! is shown to be bijective. The limit relation lim, o 7"+ 1(y) = 0
uniformly in 7 € R results from (3.37).

(IV) In summary, the function 7" transforms solutions of (E, ) to solutions of
the decoupled eqn. (D; ). Moreover, by uniqueness of solutions, the inverse 7™
maps solutions of (D, ) to solutions of (£, ). Both 7™, T" are continuous and
fulfill uniform limit relations, i.e. T™ is the desired topological conjugation. O

Due to (Lg) there exists an index x € N such that 8 < 0 for all k > & (cf. Fig. 1).
This enables us to formulate a crucial decay condition for the remainder of the paper:

Theorem 4.2 (topological decoupling of (E)). Suppose that (L), (N), (B) and

I Bk — ak
L<-inf ———— 4.7
5keNKk(Kk+2) (4.7)
hold. If (Ky)ken is bounded and the decay condition

<0 forallk>r = —<oo 4.8
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is fulfilled, then (E) is topologically conjugated to the fully decoupled equation

A(t)u+ > Pu(t)F(t, Pe(t)u + wi(t, u)). (D)
keN

The inequality (4.7) is not only a smallness assumption on the Lipschitz constant
of our nonlinearity F. It also guarantees that the lengths of the intervals [ay, B]
and therefore the spectral gaps ()‘k+1= AL, ) is bounded away from 0 (see Fig. 1).

Proof. Note that v and z,, stand for the respective general solution to (E) or (E,,).
Let us construct a candidate for a topological conjugation T : R x X — X between
(E) and (D): Thereto, choose (7,u9) € R x X arbitrarily. Because of Prop. 3.13
and Thm. 3.15, which apply thanks to (4.7), for every n € N the intersection

Wi NV (o) "2V {(t, 7 (tug)) ER x X : t € R}

allows the representations

3.27
P (m)m ! (1, u0) + vt (1, P (7)m! (7, u0), uo) (3.27) (7, up)

= ng{(Tv uO) + w; (Tv ng{(Tv uO))

with a unique & (7,ug) € X, (1) defining a continuous function & : R x X — X.
Thanks to Prop. 3.13(b) the point &, (7, ug) moreover fulfills the fixed point equation

€= v (r,w, (1,6),u0) = Py (r)uo + V,/ (7, w,, (. £), o). (4.9)

First, for n = 1 let us define the mapping n; (7, uo) := & (7,ug) € X1(7). Second,
for n > 1 our Prop. 3.19(b) guarantees

Wrtnfl(T) N Vr:,n—l(T’ 5:(77 uO)) = {(tv er,n—l(tv fI(T, UO))) € Xn_ tte R}
with
T (6 () 2 Gy (1 65 (7 u0)) i (7, Gy (1,64 (7, 10))) (4.10)

and a unique continuous ¢, ,,_

: X, — X. Hence, as composition of continuous
functions 7, : R x X — X, 0,(7,u0) := ¢, ,,_1 (7,65 (7, u0)) € Xn(7) is continuous.

Whenever convenient and unambiguous, we neglect the dependence of &, 7, on
the argument (7,up). Due to the alternative representation in Prop. 3.17(b) we

have

41()
Mo 4wt () 2 €t PunEE + Vi (16,66

with some & € AT 71( ). Consequently, the element 7,, fulfills the fixed point relation
= Po(T)&5 + Vi (rywyt 1 (7,10), &), which in turn implies

=) Pa()u + Pa(r)ViE (w0 (7. 66), wo)
+ Vn_,n—l(T7 w:{,n—l(ﬂ Mn)s E:;) (4.11)
After these preparations we now formally define the mapping 7: R x X — X by
T(T,up) Znn T, Up) (4.12)
neN

and proceed in seven steps:
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(I) Claim: T : R x X — X is well-defined and continuous. We initially establish
that the infinite series (4.12) converges. Our assumption (Lg) shows < [3 ; for
all £ > k. Hence, due to Cors. 3.14 and 3.18 the series

ZP V+ TU) (T §+ UO Z n,n—1 Tw:7n_1<7-777n),€2_)

n>1 n>2

|a

have Y77 ‘Ig—:‘ as convergent majorant, uniformly in (7,up) € R x X. Referring to
(4.9), (4.11) and complete spectral projectors due to (Lg), T' can be written as

uO —UO+ZP V+Tw (Taé.:;)vuO)

n>1

Z n,n— 1 nn 1<T nn) §+)

n>2

Moreover, thanks to Lemma A.1 first we obtain

(3.8)

&l < =

for all n € N and second, (4.10) implies for every n > 1 that
(3.16) 1

(332) Kn(l-‘r@*)
)| < a—e)?

luol| 0 wuniformly in 7 € R
u0—>0

H%(T’ uO)” < 1— E* HF;,n—l(T)f:L_)H
-1
(342) K 1+ 45 . .
< TE 1_(£* n-1) ||§nH = 0 uniformly in 7 € R.

Hence, all summands in (4.12) are continuous and Lemma A.2 allows to conclude
that the limit 7" is continuous fulfilling lim,_,¢ 7 (u) = 0 uniformly in 7 € R.

(I1) Claim: PP (1)Tr(up) = T™(E (T,u0)) for all m > 1. Here, T" : X, — X
denotes the topological conjugation from Prop. 4.1 between the finite-dimensional
equs. (E, ) and (D, ). Based on the representations (cf. the proof of Prop. 4.1)

n

Tr(ED) = > i (7, u0), Pl(r Z%TUO

k=1
with 77 (7, uo) == (7, &1 (7, u0)) we establish that n, = 7 for every 1 <k <mn:
e k=1: Using Thm. 3.15 and the proof of Prop. 4.1 it is
Wr (1) NV (7, u0) = {m +wi (1,m)} € X,
Woa () NV (&) = {7 + w1 (1,770) } € Xy (7).
On the one hand, due to (3.21) in Cor. 3.11 and Rem. 3.10 one has
M+ w, (7, 77) + w, (7,7 + w,, y (7,77)) = M+ wy (7,77) € Wy (7).
On the other hand, the invariance of W, implies that
u(t; 70} wy (70)) = 2 (G700 + wy (710)) + wy (6 2 (670 4w (7)),
u(t; b (1yu0)) =, (67,67) + wy, (2, (67,67))
for all ¢ > 7 and consequently the triangle inequality leads to

H’U,(t7 T, uO) - U(t; T, ﬁ? + wl_ (7_7 ﬁ?))”

< Jult; 7y u0) — w(ty 7wy (1, u0))|| + [ults 77t (7, w0)) — w(ts 7,717 + wy (7,77)) |

(3.8)
< ults 7 u0) = w(t; 7wt (7u0)) || + 2 (|2 (67,70 4wy 1 (1,70)) — 2 (67,65
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for all £ > 7. Combining (3.30) and 7 4 w,, ; (£, 7}7) € V1 (£, &}) yields
w77 +w, (1,17)) —u(s;7yu0) € B:v for all v € T'y,,
ie. 7 +wy (7,77) € Vi (1,u0) (cf. Prop. 3.13) and hence
A+ wy (7}) =m0 (7, u0) =+ wy (7,m).
Multiplication with Pj*(7) implies n; = 7}".
e 1 <k <mn: Again from Thm. 3.15 and Prop. 3.19(a) it follows that
Wi (1) NV (T, u0) = {§ +w, (1.60)} € X,
Wik(r) NV 60) = {&h(r &) + wp,u(r gm0 | € X (7).

Using the same arguments as above it results & = f:; o (T:&) and therefore
due to the definition of T" one has 1, = 7;.
e k =n: Finally, n, = 7 results from the construction of T'.
(I11) Claim: T, : X — X is injective. We assume u,us € X, u1 # ug. Then the
function ¢ := u(-;7,u1) — u(-; 7, uz) is a mild solution of the semilinear equation
u=At)u+ G(t, u) (4.13)
with the nonlinearity G(t,u) := F(t,u(t;7,u1) + u) — F(t,u(t;7,u1)). It is clear
that G : [1,00) x X — X fulfills (N) with the Lipschitz constant L. Following the
convention that the growth rates +,, are always contained in I',,, one obtains:

o If ¢ ¢ Bf forall n €N, then Vi (u1) N V{ (uz) = @ (see Cor. 3.16) and
hence the construction of T' guarantees Py (7)Tr(u1) # P (7)Tr(uz).

o If there exists an € Nwith ¢ € Bf, \ B} then the definition of T" estab-
lishes &' (T, u1) # &5, (T, u2), but &5 (7, u1) = &7 (7,u2). Due to step (II)
and Prop. 4.1 this implies that P11 (7)Tr(u1) # Ppy1(7)Tr (u2).

e ¢ € B foralln € N means that ¢ is a small solution to (4.13). Since (4.7)
allows to apply [18, Thm. 4.1], we deduce ¢ = 0 i.e. the contradiction u; = us.

(IV) Claim: T, : X — X is onto. Given an arbitrary pair (7,v9) € R x X

we write vg = Y . Pn(7)vo and abbreviate vg := P{*(7)vo for the partial sums.
From Prop. 4.1 it is known that for every n > 1 and there exists a unique preimage
r, € X7 (7) under T. Tt is z,, = T (v}}) with a continuous T}, : X, — X and

lim 7"(7,y) =0 uniformly in 7 € R. (4.14)
y—0

We briefly write v™ := T"(v) and aim to show that (v™ + w;, (7,0"))nen defines
a Cauchy sequence in the Banach space X. Thereto, let m > n. On the one hand,
the inclusion v™ € Vi, | (1,v™ 4+ wf, ,,(7,0™)) leads to

o = v (7w (T 0", ™). (4.15)

Having said this, v™ € V,\, , (1,9™) NV, ,(7,0™) and due to our construction and
Prop. 3.17(d) we arrive at the representation
¢ vy (7, ¢ 0m) 2D o O27
which immediately implies
("= (T €V € XL (), T =g (1 (M) €AT(T) (4.16)

as well as the decomposition v = ™ + (™. Thanks to (4.6) one obtains

§" 4 v (1,607,

Ym = v + VT—V"L_,l(T7 w’;L,l(T7 n{n)7 Um) + Vrg,m—l(Tv w:r_L,m—l(Tv 77:;7,1)’ Um)
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+ Z |:Pk m k T wm k:(T é-m k:) m) + Vk_,krfl(T’ wl—ci_,k:—l(T? 77]2")7Uk)

and multlphcatlon with P (7) yields

Z Pk ym*Cm+ Z Pk mk(T wmk(T fmk) ’m)
k=n+1 k=n-+1
+ Vk_,krfl(T’ wl—ci_,kfl(Ta 7712”); Uk)] + Vrr:,m—l(Tv w'rtz,m—l(T7 n%)’ Um)' (417)

After these preparations we can verify the Cauchy property of the sequence (V™) en:
Given € > 0, it follows from Cors. 3.4 and 3.18 combined with (4.8) that there exists
a N1 € N such that

nn (), ")H <¢§ foralln>N;. (4.18)

Hw;(T’Un)H < 5 H n,n— 1

Because the limits

ZPk 7)Y, Z (Pk( )Vm k(T Wy, k(75 Em, g)s ™)+ Vk_,kﬂ(ﬂ wl-:,kfl(T) n;l”)vvk))

E>1 E>1
exist due to Cor. 3.18 and (4.8) again, there is a No > N; such that

17 m—1
||le\ > BV p(wn, k(76000 0™) + Vi (T (roni), oF)
k=n+1
m—1
| Y By + [Virnoa (7w g (7, 0™) 0™ |
k=n+1
(4'18)5 € € €
< §t+ts5ts=3 for all m > n > Ny

by the Cauchy criterion for infinite series. With (4.15), (4.16) one obtains
I I R
= ¢+ [l (7, ¢ 0™) = o, (7w (0™ 0™ |

(3.36)
< NE™M I+ [[C = wy (o) || < 20+ ||wy, (7, 0™) ||
(428) 2e+ge forallm>n> N, (4.19)

from the triangle inequality and therefore

o™ 4w (. 0™) = (0" + i (7,0™)|

(4.18)
< o™ = v + ||lwp (7, 0™) || 4 ||Jwy (0™)|| <" for all m > n > Ns.
Hence, the Cauchy property is fulfilled in the Banach space X and
T(1,v9) := nh_}ngo (v + w,, (1,v ))
is the unique T, -preimage of vy. Indeed, setting ug := T'(7,vo) one obtains
lim P (1) [Tr(uo) — T-(v™ + w,, (T,0™))] =0
m—o0

from the continuity of T, and using step (II) we derive the relation

n

P (1) [Tr(uo) — Tr (0™ + wy, (1,0™))] = PP(7) (TT(Uo) - an> for alln < m.

k=1
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Consequently, P{*(7)Tr(ug) = Y p_; mk and Ty (ug) = vg results.

(V) Claim: T : R x X — X is continuous. Let (79,v9) € R x X be arbitrary,
choose € > 0 and abbreviate v™ := P*(1)v, v} := P{*(T)vg, n € N.
e Asin (4.19) there exist N1, Na € N such that both [T (v™) — T*(v")|| < £
for m >n > Ny and ||[T7(v™) — T7 (v™)|| < £ for m > n > Nj hold. Hence,
passing to the limit m — oo and setting N := max { Ny, Ny} results in

| T (v) = T2 (™| < &, [T (vo) — T2 (v3)|| < §  for all n > N. (4.20)
e Because TV is continuous due to Prop. 4.1, there exists a 6; > 0 such that

the inclusion (7,v") € By, (70,v)’) implies || TN (vV) — TN (v)Y)|| < . Now
we choose § € (0,d1) so small that

(2.2)
o™ = o || = [| P (7)[v = wol|]| < Kn|lv—wol <6 forallve Bs(vg)
and arrive at
HTTN(UN) - TTJZ(U(])V)H < g forall (7,v) € Bs(70,v0).
Given this, the triangle inequality yields the estimate
[T+ (v) = Try (v0)|| < || T (v) = T (0™)|| + || T (™) = T (05"

+ || T8 (w57 = Ty (v0) |

_ _ _ _ (4.20)
< HTT(’U) — TTN(UN)H + 5+ ||TTJX(U(])V) — TTO(’UQ)H < €

for all pairs (7,v) € Bs(70,v0). This implies that T is continuous.

(V1) Claim: lim,_,o T (u) = 0 uniformly in 7 € R. According to their definition
in step (IV) the mappings v" : R x X — X fulfill v"(7,v) = T"(P(7)v) for all
n € N, v € X. Since the sequence (K} )gen of dichotomy constants is bounded, we
can guarantee by means of (4.7) that the constants £y, /5 stay below 1 uniformly
in k € N; the factor $ in (4.7) was introduced to ensure this. Thus, the estimates
(3.16), (3.37) can be realized to hold uniformly in ¥ € N as well. Due to the
construction of T in step (III) of the proof to Prop. 4.1, this guarantees that the
limit lim,_,¢ v™ (7, v) = 0 holds uniformly in both 7 € R and n € N. Since also (3.8)
holds uniformly, we can conclude the claim from (4.14).

(VII) The invariance properties of the integral manifolds and leafs involved guar-
antee that 7' maps solutions of () to solutions of (D). It also follows that 7' maps

solutions of the decoupled eqn. (D) to solutions of our initial evolution equns. (F). O

5. Topological linearization. Having the above technical preparations at hand,
we are finally in the position to formulate our main results. The sole missing
ingredient is a linearization result for dg-dimensional ODEs (FE}) with hyperbolic
linear part. It is based on the premise that w.l.o.g. one can always choose the
sequences (n)neNos (Bn)nen to have values different from 0 and thus also

_ JBn, A >0,
z/n.{a7117 M <0 #0 forallm e N.

Proposition 5.1. Suppose that the assumptions (L), (N), (B) hold. If
0 ¢ X(Ag), 8KiL < |vg| for some k € N,
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then there is a topological conjugation S* : Xy, — X between the ODEs (E}.) and

Y= Ar()y (Lk)
in Xy with the following properties:
(a) S*(1,y) € Xi(T) and
4K, C

max {||S*(m,y) —y||, [|5* (%) —y|} < ™

(b) For -periodic ODEs (E}) the functions S and S are 8-periodic in, and for
autonomous (E}) even independent of the first variable.

Proof. First of all, we have ¥(A4y) = [)\,;, )‘H and we equip X (t) with the adapted
norm ||z||, := || Px(t)z|. Then the boundedness assumption (B) implies
1Fe(ty)ll, = 1 F(ty +we(t,y)|| < C forall (t,y) € Xy
and similarly lip, Fj, < 2L. These conditions allow us to apply [16, Prop. 5.2] to
e the ODEs (£},) and (L;,) yielding a continuous mapping S* : Xj, — X with
the claimed properties

e the ODEs (L;) and (F),) guaranteeing a continuous inverse S¥. In detail, the
assumption 8K L < |v;| combined with [16, (5.7)] guarantees that

2K, C < 4K C

for all (1,y) € X. (5.1)

HS’k(t,y) — yH < r for all (t,y) € &, .

| — 4K L — |l/k|
Notice that the above estimates hold w.r.t. the norm ||-||, since the considered maps
have images and arguments in Xj. The periodicity assertion (b) can be shown as
in [24, p. 222, 5.5. Lemma). O

This finally brings us to our following main result:

Theorem 5.2 (Palmer-Sositaisvili linearization of (E)). Suppose that the assump-
tions (L), (N), (B), as well as the decay condition (4.8) hold with

Br —ar |kl }
Ki(Ky +2) 2K,

and a bounded sequence (Ky)ren. If X(A) contains a spectral interval satisfying

L < ! inf min{ (5.2)

5 keN

0€ My Af]  for some k* € N, (5.3)
then (E) is topologically conjugated to the decoupled equation
it = A(t)u + P () F(t, P (t)u + wye (t,0)). | (D¥)

Proof. In Thm. 4.2 we established a topological conjugation 7' : Rx X — X between
the semilinear eqn. (F) and the fully decoupled problem (D). Each component is of
the form (F}), i.e. a dg-dimensional ODE whose linear part (L) has the dichotomy
spectrum [\, )\:], k € N. Moreover, for k # k* the assumptions of Prop. 5.1 hold.
It yields a topological conjugation S* : X, — X satisfying both S*(7,z) € Ay (t)
and (5.1), which transforms each (E}) into (L) for every k # k*.

Due to our decay condition (4.8) it results from (5.1) and Lemma A.2 that

(r,2) = > (S*(r, Pr(r)z) — Pe(7))
k#k*

is continuous. Hence, the series >, ;. Sk (1, Py(T)z) exists as a function continu-
ous in (7,z) and we define S: R x X — X, S(r,2) 1=} 4. Sk(r, Pp(T)z). With
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Prop. 5.1 its inverse is S(7, ) := D ktke Sk(r, Py(T)x), whose convergence and con-
tinuity is established as above. In conclusion, the composition (7,z) — S, (Tr(z))
is the desired topological conjugation between (E) and (D*). O

As an immediate consequence let us address the hyperbolic situation:

Corollary 5.3 (Hartman-Grobman linearization of (E)). If rather than (5.3) one
has the hyperbolicity condition
then (E) and its linear part (L) are topologically conjugated.

Proof. Prop. 5.1 applies for all £ € N in the proof of Thm. 5.2. O

6. Applications and perspectives. At first glance the applicability of our above
results seems to be somewhat limited due to the global assumptions (N2) and (B)
on the nonlinearity, as well as the specific spectrum required in (Lgz) combined with
the summability assumption (4.8). Such objections are easy to debilitate:

For autonomous evolution equations the spectral intervals [A,, AF] in (Lg) de-
generate to eigenvalue real parts RA,. Thus, in order to fulfill the summability
condition (4.8), their asymptotic behavior must be of the form R\, ~ Cn® in the
limit n — oo with some o > 1.

o When dealing with semilinear PDEs, under the standard boundary conditions
this holds for the Laplacian A in one spatial dimension, or the poly-Laplacian
—(=A)™ in d < 2m spatial dimensions. In [18, Sect. 3] we provide several
examples of nonautonomous parabolic PDEs formulated as abstract evolution
equations in X = L?(Q), where the assumptions (L) can be justified.

e In the area of FDEs the decay condition (4.8) is more problematic. As shown in
the classical paper [27, Thm. 5] already the simple delay differential equation
2'(t) = —az(t — 1), @ > 0, has a spectrum {\, : n € N} with

R\, =—1In (W) +0((®2)?) asn— oo

n
and thus merely logarithmic decay.

Our main Thm. 5.2 and its Cor. 5.3 apply when interested in the local behavior
near fixed reference solutions. By passing to the equation of perturbed motion
one establishes (Np) (trivial solution). The global Lipschitz condition (N2), the
boundedness assumption (B) and (4.7), (5.2) hold after applying a standard cut-off
procedure (cf., for instance [17, pp. 364ff, Sect. C.2]) yielding local results.

We illustrate these remarks by means of two classes of parabolic PDEs allowing
a formulation as abstract eqn. (F) in the Hilbert space H} := H}(0,£), 0 < £. The
open ball with radius r and center 0 in this space will be denoted by B,..

6.1. Nonautonomous reaction-diffusion equations in 1d. Consider a nonau-
tonomous reaction-diffusion equation

’ut = a(t)02u + g(t,u) (6.1)

equipped with homogeneous Dirichlet boundary conditions wu(t,0) = 0 = u(t, ¢) for
some £ > 0. Here, a : R — (0,00) is bounded and continuous, while g : R? — R is
a continuous function whose partial derivatives Dig exist as continuous functions
such that for every bounded B C R there is a C' > 0 fulfilling

sup|D§g(t,u)f <C forallue B,i=1,2,3. (6.2)
teR
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Let us moreover suppose that (6.1) has a bounded reference solution v* : R — R
which is independent of the spatial variable (e.g. a solution of @ = g(t,u)) with

lin%) Dog(t,u*(t) +u) = Dag(t,u*(t)) uniformly in ¢ € R. (6.3)
uU—r

Linearizing (6.1) along u* therefore yields
Opu = [a(t)02 + b(t)]u + f(t,u), (6.4)

where (relying on the mean value theorem)

b(t) := Dag(t,u”(t)), f(t,u) :=/0 [Dag(t, u”(t) + hu) — Dag(t, u*(¢))] u dh.

Let us formulate (6.4) as abstract evolution eqn. (£) on X = H} with
(A()u)(z) = a(t)uze(x) + b(t)u(z), F(t,u)(z) = f(t,u(z)) forall x € (0,7).

The linear part (L) generates an evolution family as required in (L1 ) and because
a,b: R — R are bounded functions, also the growth bound (Lz) holds. Furthermore,
[18, Thm. 3.8 and Lemma 2.3] yields the dichotomy spectrum

S(A) = | [Bb - (%2)%a), Bb — (%2)%a)] ,

neN
where ﬁ,B denote the lower resp. upper Bohl exponent.! Yet, to what extend (Ls)
holds, crucially depends on the diffusion coefficient a and deserves further remarks:
e For constant a(t) = a > 0 the spectrum is a sequence of identical intervals
Y(A) = UneN{fa(”T”)z} + [B(b), B(b)] decaying to —oo quadratically.
e For constant b(t) = B it is (A) = {B}+U,en [B(—(Z2)%a), B(—(Z2)%a)] and
3(A) could consist of only finitely many intervals violating (Lg). For instance,

this occurs when lim;_, 4+ a(t) = a* with o~ # ot (cf. [18, Ex. 3.7]).
e Having #-periodic functions a, b implies a discrete spectrum

3(A) = % 09 a(s)ds U {—(%)2} + {% /06 b(s) ds}
neN

and therefore the required behavior is fulfilled, unless foe a(s)ds = 0.

If one has infinitely many spectral intervals, then K, = 1, dim A,, = 1 holds even-
tually. The compactness property (Lg) can be verified according to [23, pp. 244ff].

Asin [23, p. 271] one shows that F : Rx H} — H} is well-defined with F(¢,0) = 0
on R and locally Lipschitz, i.e. for every r > 0 there exists a £(r) > 0 such that

IF(tu) = F(t,a)ll gy < 60) [lu—allyy  forall t € R, u,@ € B,.

Thanks to (6.2), (6.3) the limit relation lim, o ¢(r) = 0 holds. The radial retraction
on the Hilbert space H} has Lipschitz constant 1 (cf. [17, p. 364, Lemma C.2.1])

lgiven a bounded continuous function a : R — R their Bohl exponents are defined as

t
B(a) = sup{w€R|3Kw>0: Ko <exp (/ a(s)fwds> for all‘rgt},
T

t
B(a) := inf {w €R|3Ky >0: exp (/ a(s) —wds) <K, foral < t}
T
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and with [17, p. 365, Prop. C.2.5] there exists a globally Lipschitzian modification
Fr:R x H} — H} of F satisfying F*(t,u) = F(t,u) on R x B, and

lip, F” < £(p), ||F”(t,u)||Hé <l(p)p for all (t,u) € R x Hy.

Hence, both assumptions (N) and (B) can be satisfied with arbitrarily small con-
stants L,C > 0, by choosing p > 0 sufficiently close to 0. In summary, provided
solutions do not escape in forward time, within a p-neighborhood of a reference
solution u*, the reaction-diffusion eqn. (6.1) is locally topologically conjugated to
its linearization

|9 = [a(t)2 + Dagl(t,u" (1))]u. |

6.2. Nonautonomous convection equations in 1d. A further ad hoc applica-
tion are convective reaction-diffusion equations

0w = a(t)9Pu + 0, (f(t,)) + g(t.u) | (6.5)

equipped with Dirichlet boundary conditions as in Subsect. 6.1 and the same as-
sumption on the diffusion coefficient a : R — (0, 00). For simplicity, let the contin-
uous functions f,g: R? — R be polynomials in the second argument,

2k+1 2k+1

ft,u) = Z fit), g(t,u) = Z g;(t)u? forall t,u € R
Jj=2 j=2

satisfying gor11(t) < 0 for some k € N. Moreover, we assume there exist constants
C>1,7r9>0,meNso that

Dy f(tu)| < CA+[u|™ "), |Dag(t,u)] < C(L+ |ul™) forallt,ueR,i=0,1

and g(t,u)u < 0 hold for all t € R, |u| > 7.
Following [23, pp. 313ff] one writes (6.5) as abstract evolution equation

= A(t)u+ B(t,u) + G(t,u) (6.6)
in the Hilbert space X = H{ with the operators (A(t)u)(z) := a(t)d?u(x),
B(t, u)(x) = Do f (t, u(x))u'(z), Gt u)(x) = g(t, u(z)).

In this setting, the spectrum of the linear part (L) reads as (cf. [18, Thm. 3.5])
mn\2 7 mn\2
2(4) = [ [8(-(%2)"0).B(~ (%) a)]
neN
and the discussion whether (L) can be fulfilled is pursuant to Subsect. 6.1. The

mappings B,G : R x H} — H} are well-defined and differentiable in the second
argument having the continuous derivatives

(D2B(t, u)v)(x) = D3 f(t, u(x))u (z)v(@) + Do f (t, u(x))v' (x),
(D2G(t,u)v)(x) = Dag(t, u(x))v(z).
Due to [23, p. 317, Lemma 53.3] the mild solutions to (6.6) generate a 2-parameter
semiflow. It is clear that (6.5) and in turn (6.6) possess the trivial solution. Since
it is Do B(¢t,0) = 0, D2G(t,0) = 0 on R, the same cut-off technique as applied in
Subsect. 6.1 allows to modify B, G outside a sufficiently small neighborhood of 0 in

order to establish (IN), (B). Hence, locally near the trivial solution the convection
eqn. (6.5) is topologically conjugated to its linearization

Opu = a(t)0?u.
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6.3. Outlook. The decay condition (4.8) itself is clearly required for our construc-
tion to work. We do not know if it is of purely technical nature, i.e. whether there
are for instance reaction-diffusion equations in spatial domains with d > 1 failing
to allow a topological linearization & la Cor. 5.37

Nevertheless, the above examples extend to corresponding systems of reaction-
diffusion eqns. (6.1) and (6.5), but (due to the asymptotics of their eigenvalues) only
on spatial domains 2 C R. This deficit is attenuated when dealing with higher-
order parabolic equations, if they can be formulated abstractly as (F). Another
possible application is the phase-field model discussed in [3, pp. 107ff].

With regard to further PDE examples, an obvious limitation of our approach is
assumption (Ng) requiring a Lipschitzian nonlinearity from an interpolation space
X into itself, rather than between a pair of continuously (and densely) embedded
spaces. In the autonomous case such an extension was given in [3] and yields an ac-
cordingly modified decay condition (4.8). Although being technically more involved
than [12] (and hence the present paper), on a conceptional level the arguments
remain quite similar yet.

Acknowledgement. We thank the referee for her/his careful reading of our man-
uscript. .. Moreover, we are grateful to Hans-Otto Walther for pointing out [27].

Appendix A. Let X,Y be Banach spaces and P be a metric space.

Lemma A.1 (Lipschitz inverse function theorem). Suppose f : X x P — X satisfies
lip, f < 1. If f(z,-) : P — X is continuous for all x € X, then for everyy € X,
p € P there exists a unique solution x*(y,p) € X of the equation = + f(z,p) =y,

where the function x* : X x P — X is continuous and fulfills lip; * < ﬁ,

Proof. Since T : X x Px X — X, T(z,y,p) :=y — f(x,p) is a uniform contraction
in the first argument, the assertion follows from, e.g. [17, p. 352, Thm. B.1.1]. O

Lemma A.2. Suppose the real series (3 ;_, ar)nen converges. If the continuous
functions Ty, : X x P — X fulfill for all k € N that

(a) [|Tk(z,p)|| < ax

(b) lim,_,0 T (x,p) = 0 uniformly in p € P,
thenT: X x P— X, T(z,p) :== > pey Tu(x, p) exists as a continuous function and
satisfies the limit relation lim,_,0 T'(z,p) = 0 uniformly in p € P.

Proof. Since (3, _; ar)nen converges, the Weierstra M-test yields uniform con-
vergence of (3 ;_; Tx(2,p))nen and thus T is well-defined and continuous. In order
to establish the claimed limit relation, let € > 0. By the uniform convergence we
obtain that there exists a NV € N such that

Z Tk($7p) - T({E,p)
k=1

<% foralln > N,z € X andp € P.

The limit relation limg,_.q ZkN:ll Tx(z,p) = 0 holds uniformly in p € P and so there
exists a § > 0 satisfying HZ;V:T Tk(x,p)H < § for all x € Bs(0), p € P. Hence,

N+1

T(I,p) - Z Tk(xap)
k=1

N+1

Z Tk (‘T7p)
k=1

for all € Bs(0), p € P and thus the claim. O

67

€
T < + z
1T (z,p)l| < < 515 €
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