INTEGRAL MANIFOLDS UNDER
EXPLICIT VARIABLE TIME-STEP DISCRETIZATION

STEFAN KELLER AND CHRISTIAN POTZSCHE

ABSTRACT. We study the behavior of the “full hierarchy” of integral manifolds, i.e., in par-
ticular those of stable, center-stable, center, center-unstable and unstable type, for nonau-
tonomous ordinary differential equations in Banach spaces under explicit one-step discretiza-
tion with varying step-sizes. Our main results on C"™~!-closeness under such discretizations
are formulated in a quantitative fashion and turn out to be an easy consequence of a general
theorem on the existence of invariant fiber bundles within the “calculus on time scales.”

This work is dedicated to the memory of our teacher Prof. Dr. Bernd Aulbach.

As an excellent teacher he introduced us to the theory of dynamical systems, advised us through-
out our studies and has always been an inspiration. As a mathematician he was full of ideas,
visions and plans. And even beyond mathematics we were benefitting from his humanity.

1. INTRODUCTION

This paper is concerned with analytical discretization theory of ordinary differential equations
(ODEs), i.e. the problem, which qualitative features of an ODE persist under discretization
with a numerical scheme. The research in this area essentially never leaves the framework of
classical continuous and discrete dynamical systems in the sense that one considers autonomous
differential equations and numerical methods with constant step-sizes (cf., e.g., [SH98]). This
approach has two drawbacks: On the one side, the study of differential equations near non-
constant solutions canonically leads to nonautonomous problems via the equation of perturbed
motion, and on the other side, in real-world applications one usually works with a step-size
control for the numerical scheme leading to variable time-steps.

Accordingly, we investigate the qualitative behavior of nonautonomous ODEs near not neces-
sarily hyperbolic equilibria under explicit one-step discretizations and with “qualitative behav-
ior” we mean the persistence of integral manifolds. More detailed, we consider the pseudo-stable
and -unstable integral manifolds corresponding to equilibria, as well as their intersections lead-
ing to center-like manifolds.

The study of invariant manifolds under numerical discretization goes back to Wolf-Jiirgen
Beyn (cf. [Bey87]), who investigated the behavior near hyperbolic fixed points of autonomous
finite-dimensional ODEs. He shows that the corresponding stable and unstable manifolds of
the given continuous system and of its discretization are O(h?)-close in the €°-topology, where
p denotes the order of the method and h > 0 is the constant step-size. In a similar spirit,
[Fec91] treats only Euler-discretizations, but obtains €!-closeness in this situation. The case
of center-unstable manifolds under general one-step discretizations is considered in [BL87],
where the authors obtain even C*-closeness; related results on center manifolds have been
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given by [Fum88] and another interesting approach to center manifolds under one-step schemes
can be found in [ZB98]. The most general situation is contained in [Gar93], where pseudo-
stable and -unstable invariant manifolds of ODEs in Banach spaces and their behavior under
discretization are considered. Finally, the initiating results of [Bey87] are generalized to semi-
linear parabolic equations in [AD91]. All the references given above, do not leave the mentioned
autonomous constant step-size framework, though. However, nonautonomous ODEs and their
stable manifolds are considered in [AG94], while we additionally consider the “full hierarchy”
of integral manifolds, their differentiability, as well as varying step-sizes. For that purpose, the
paper at hand is subdivided into several sections:

e Above all, we introduce our notation and try to convince the reader that the so-called
“calculus on time scales” (cf. [Hil90, BPO01]) is a useful and convenient tool to tackle
problems in discretization theory, when it is important to formulate discrete and continu-
ous systems simultaneously. This leads to the concept of so-called “dynamic equations.”
Nevertheless, we point out that no previous knowledge of this calculus is needed to fully
understand the paper including its proofs.

e We work with nonautonomous ODEs in a weakly nonlinear form. Considering such
systems has the advantage that one obtains strong global results, which can be verified
in a technically elegant way. Using a cut-off technique, these results then easily carry
over “locally” to more realistic applications — at least for stable and unstable integral
manifolds; see Remark 4.1(2) for the more subtle case of center manifolds. In fact, we
study the behavior of weakly nonlinear equations under explicit one-step discretizations
and show in Proposition 3.4 that the discretized system is nothing else but a small
perturbation of the original system.

e Afterwards we state a general result on the existence and persistence of invariant fiber
bundles, which are the pendant of integral manifolds within the theory of dynamic
equations on time scales. Actually, the mentioned Proposition 4.2 applies to nonau-
tonomous, noninvertible dynamic equations on nearly arbitrary time scales, with a
pseudo-hyperbolic linear part where the growth rates are not assumed to be constant.
It will incorporate most of the technical work leading to our main Theorem 4.3 on the
O(HP)-closeness of the integral manifolds of the original and the discretized system in
the C*~1-topology; H > 0 denotes the maximal step-size and k& > 1 the smoothness
order of the invariant fiber bundles.

It is our intention to provide quantitative results and explicit estimates as far as possible, e.g.,
concerning the smallness of the step-sizes involved.

2. PRELIMINARIES

First, Z is the set of integers, N is the set of positive integers, Ny := N U {0}, R is the real
and C the complex field.

Within this paper, Banach spaces X or ) are all real (F = R) or complex (F = C) and their
norm is denoted by |||y, resp., [|-[|y, or simply by [|-[|. L(X) is the Banach space of linear
continuous endomorphism on X and Iy the identity map on X'. The open ball in X’ with center
x € X and radius € > 0 is denoted by B.(x) and B.(z) stands for the closed ball.

We write D f for the Fréchet derivative of a mapping f and if f depends differentiable on
two or more variables, then the partial derivatives are denoted by D; f and D5 f, and so on. In
addition, C™(X,Y), m € N, is the linear space of m-times continuously differentiable mappings
between X and ), and C*(X,)) is the subset of all such mappings with bounded derivatives
of order < m. For some mapping F': X x P — X, where P denotes a nonempty set, we define
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the Lipschitz constants
LipF(-,p) :=inf{L >0: ||F(z,p) — F(Z,p)|| < L || — Z| for all 2,z € X},
Lip, F' := sup Lip F'(+, p),
peEP

provided they exist. If the set P has a metric structure, one defines Lip, ' analogously, and
proceeds correspondingly, if /' depends on more than two variables.

For a convenient notation of discrete and continuous results simultaneously, we use the
calculus on time scales (cf. [Hil90, BP01]). In general, a time scale T is a canonically ordered
closed subset of the reals, and the mapping o : T — T, o(t) :=inf {s € T : t < s} is the jump
operator, while p : T — R, u(t) := o(t) — t is denoted as graininess. For 7 € T we abbreviate
TH:={seT:7<s}and T; := {s €T: s <7} However, to broaden the audience of this
paper, we restrict our considerations to the cases T = R and to so-called discrete time scales,
which are of the form T = {t3}, ., with a real sequence (tx)rer, where I = Ng or I = Z and
we always assume t; < tp41 for £ € I. Hence, discrete time scales are unbounded above,
i.e., we have limy_, ot = 0o and in case I = Z also unbounded below, because otherwise T
would not be closed. The examples t; = hk, k € I, for some h > 0 or the harmonic numbers
ty = Zi:o n%rl, k € Ny, fit into our setting. For the time scales under consideration, we have
o(t) =t, pu(t) =0 (T =R) and o(t) = tps1, p(tr) = thp1 —trx (T = {tr},cr)- So it is reasonable
to interpret p as step-size in numerical schemes.

C(T, X) denotes the linear space of continuous functions from T to X. Growth rates are
functions a € C(T,R) such that —1 < infyer p(t)a(t) and sup,cr p(t)a(t) < oo holds. Moreover,
for a,b € C(T,R) we introduce the relations |b — a] := infier(b(t) — a(t)),

a<db & 0<|b—al, adb & 0<|b—al.

On the set R := {a € C(T,R) : a is a growth rate and 1 + u(t)a(t) > 0 for t € T} we define the
product (m ® a)(t) := limy @) % with m € N.

Now for an appropriate mapping ¢ : T — X, its derivative (cf. [Hil90, Section 2.4]) is denoted
by ¢* : T — X, and for T = R given by the usual differential quotient ¢*(¢) = lim,_., %:f(t)
in case it exists, whereas for discrete time scales T = {{1.},; we obtain the forward difference

quotient ¢2(ty,) = 2llren) =00 for | € T

th—1—tk
For a nonautonomous, parameter-dependent dynamic equation

(2.1) 2% = f(t,z;p)

with a right-hand side f: Tx X x P — X, we say a mapping v : I — X is a solution of (2.1), if
vA(t) € X exists and the identity v2(t) = f(t,v(t); p) holds on a subset I C T. For right-hand
sides f guaranteeing existence and uniqueness of solutions in forward time (cf., e.g., [P6t02,
p. 38, Satz 1.2.17(a)]), let @2.1)(t; 7,&; p) denote the general solution of (2.1), i.e. p2.1)(+;7,&;p)
solves (2.1) on T} and satisfies @(o.1)(7;7,&p) = Efor 7 € T, £ € X, p € P. It fulfills the
cocycle property

(2.2) et s, e (s:T,.6p)ip) = eei)(t;T,&p) forms,teTH, r<s<t

and £ € X, p € P. As mentioned in the introduction, invariant fiber bundles are generalizations
of invariant manifolds to nonautonomous equations. In order to be more precise, for fixed
parameters p € P, we call a subset S(p) of the extended state space T x X an invariant fiber
bundle of (2.1), if for any pair (7,£) € S(p) one has (t,¢.1)(t;7,&:p)) € S(p) for all t € T},
and if S(p) is graph of a mapping over a subset of T x X. In case T = R we speak of an integral
manifold instead of an invariant fiber bundle.
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Given a coefficient mapping A € C(T,L(X)), the transition operator W ;3)(t,7) € L(X),
7 < t, of a linear dynamic equation

(2.3) 2 = At)x

is the solution of the operator-valued initial value problem X2 = A(t)X, X () = Ix in L(X).
Besides, for a € R the exponential function on T is denoted by e,(t,s) € R, s,t € T, and we

have e (t, s) = exp (f: a(T)dT) for T =R, while the representation

max{k,l}— .
enltnt) = 4 Ty (L+ ptt)alta)) ik £1
e 1 if k=1

holds on discrete time scales for k,1 € 1.

A projection-valued mapping P : T — L(X) is called a projector, we speak of an invariant
projector of (2.3), if P(t)¥ (9.3)(t,5) = ¥ (2.3)(t,s)P(s) for s <t holds, and finally, an invariant
projector P is denoted as regular, if

Ly 4 p(t)A(t) r(py) : R(P(t)) — R(P(c(t))) is bijective for all ¢ € T.

Then the restriction W(53)(t,s) 1= W(2.3)(t,8)|r(p(s)) : R(P(s)) — R(P(t)), s < t, is a well-
defined isomorphism, and we denote its inverse by W(23)(s,t) (cf. [P6t02, p. 86]). With an
integer N > 2, the system (2.3) is said to possess an exponential N-splitting, if there exist
invariant projectors Py, ..., Py : T — L(X) with

such that P, ..., Py are regular and for 1 < j < N we have the estimates
(25) ||t s)Pi(s)|| < Kjea,(t,s), || Wias(s, )P (t)|| < Kj ey, (s,t) for s <t

with reals Kljt,...,KIj\E,_1 > 1 and growth rates a;,b; € R, where a; <1 b; for 1 < j < N and
bj dajyr for 1 < j <N —1. In case N = 2 we speak of an exponential dichotomy and for
N = 3 of an exponential trichotomy. In this situation, for illustrative reasons, we could call
Py, P, and P5 the stable, center and unstable projector, since in many applications by <0 < as.
This, however, is nowhere assumed here. Explicit examples for the occurrence of exponential
N-splittings will be given later on.

To close this section, we introduce the so-called quasiboundedness, which is a convenient
notion describing exponential growth of functions.

2.1. Definition. For ¢ € R, 7 € T we say that ¢ € C(T, X) is
(a) ct-quasibounded, if ||¢3||:_rC 1= sup, e+ |6(2)] ec(T,t) < oo,
(b) ¢~ -quasibounded, if ||¢|| . := sup,cp- [|[¢(t) || ec(7,t) < o0.

By X1 .(T) and X .(T) we denote the sets of ¢*- and ¢ -quasibounded functions defined (at
least) on T} and T, respectively.

Obviously X(T) and X (T) are nonempty and it is immediate that for any c € R, 7 € T,
the sets X, (T) and X (T) are Banach spaces with the norms H||:_rc and [|-[| .,
Finally, the spaces XT*:C(']T) define a scale of Banach spaces, i.e., for ¢,d € R we have the
implication ¢ <d = X1 (T) C X::d(T).

respectively.
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3. DISCRETIZATION OF WEAKLY NONLINEAR EQUATIONS

In the first part of this section we are interested in linear ordinary differential and dynamic
equations only. Precisely we assume

Hypothesis (linear part). For given p € N and N > 2 consider the linear ODE
(3.1) z=A(t)x
under the following assumption:
(H)1 AeCP(R,L(X)), set |A|, :=sup,eg | D"A(t)]| for 0 <n <p, and (3.1) is supposed to
possess an exponential N -splitting, i.e., we have the estimates

||\I/(3'1)(t, S)Pj(s)H < K;'eo‘-f(t_s), |“1/(3.1)(s,t)Pj+1(t)’| < Kj_eﬁf(s_t) for s <t

with reals K;-t > 1, o,8; € R, where o < B for 1 < j < N, and B; < oy for
1 <j < N —1 and invariant projectors P; satisfying (2.4).

In the autonomous situation A(t) = Ag on R, the linear ODE (3.1) possesses an exponential
N-splitting, if the spectral points A of the operator Ag € L(X) satisfy R\ € Uf\;l (Biz1, i),
where By = —o0o. As another example, if (3.1) is a variational equation corresponding with an
n-parameter family, n € Ny, of periodic solutions, then under certain nondegeneracy conditions,
the equation (3.1) has an exponential trichotomy with dim R(P,(7)) = n for 7 € R (cf. [Aul81]).

We start with an elementary preparatory result:

Bh _gah

3.1. Lemma. Assume that a < 8 are reals and define ep(a, B) := “—5%—. Then there exists
a H > 0 such that
8-« ) 3(8—«)
1 _ .
5 <t{r}1L€t(a,ﬁ) < 5 for h € [0, H]
Proof. The assertion immediately follows from lims eﬁt;em =06-a. g

For our further considerations it is convenient to introduce the abbreviation

eh—1 e —ah—1
EL(h) ::{ it ifah#0 F2(h) = s ifah#0
1 if ah =0 5 if ah =0

with real numbers a, h. It is easy to see that E’(h) € R, i = 1,2, are continuous in (o, k) and
increasing (decreasing) in h, provided that o > 0 (a < 0).

3.2. Lemma. Assume that Hypothesis (H); is satisfied. Then
32 A0V s~ AG) < (JAR Ly (=) + 4L ) t =) fors<t.

Proof. Using the mean value theorem (cf. [Lan93, p. 341, Theorem 4.2]) and V(3 (7, 7) = Ix,
we obtain the identity

1
Ui(ts) = Ix+ / D1V (34)(s+7(t —s),s)dr(t —s)
0

1
(3.3) SR Iy + / A(s+7(t — )V (3.1)(s+7(t —5),s)dr(t —s) for s <t,
0

and the mean value inequality (cf. [Lan93, p. 342, Corollary 4.3]), as well as an estimate derived
in [AW96, Lemma 2.9], yields

AT (3.0)(t,5) = A()[| < [[A®) T30 (E,5) = AD)]| + [|A(E) — A(s)]
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< |Aly | ¥ 3.0t 8) — Lx|| + Al (£ — s)

(3;3)|A|0 /0 A(s+7(t —5))V(g1)(s+7(t —5),s)dr| (t — 5) +|A], (t — 5)

1
< |A|§/0 o0y (54 7(t — s), )|| dr(t — ) + A, (£ — s)

(3.1) 1
< |A|§/ el A =)Tqr(t — s) +|A|, (t —s) for s <t.
0

An elementary integration finally gives us (3.2). O

Remark 3.1. 1t is possible to improve the above estimate (3.2) by using the logarithmic norm
xo0(B) = limg o H2EBIZL of an operator B € L(X) (cf. [DV84, pp. 27-34, Section 1.5]),

which can be used to estimate @0 (t, s)H Note that one has xo(A(t)) < |A|, for all ¢ € R.

It is reasonable, to restrict our considerations to numerical schemes where the step-size is
bounded above.

Hypothesis (time scale). Let H > 0 be real and T = {tx},c; be a discrete time scale under
the following assumption:

(H)z 0 < p(ty) < H forall k € I

Differing from many other investigations in analytical discretization theory (see e.g. the
monograph [SH98] or [Bey87, BL87, Fum88, Fec91, AD91, Gar93]), we do consider nonau-
tonomous equations and varying step-sizes. Therefore, discretization theory of linear systems
is not only part of a general perturbation theory of linear operators, and we have to employ
different techniques.

3.3. Lemma. Assume that Hypotheses (H)1—(H )2 are satisfied, a;,3; € (o, B;) with &; < B3;
for1<j < N, and H > 0 is chosen so small that

(3.4 ok (21 52_(%) (147 E2y, (1) + 4141, ) H <
with K1 (j) == i:l K and K»(j) = ZkN;Jl K, . Then also the linear dynamic equation (2.3)
on the discrete time scale T possesses an exponential N -splitting with a;, Bj, I_(]i for1<j<N
and invariant projectors Q; : T — L(X), where a;(t) := %, bi(t) == % forteT,
K= 1-2 N—lKl(Qu) may N_f<2(£<i> ()
— 2max," (W + m) 1 —2max; (m + W)

and Q; satisfies ||Q;(t) — Pj(t)Hg(X) =O(H) for 1 <j < N, uniformly int € T.
Proof. Obviously ¥ (3 1y|rxT is the transition operator of the dynamic equation
(3.5) 2 = A(t)ac, A(tk) = m (\P(B.l)(thrl,tk) — Ix) forkel

on the discrete time scale T and, thus, it is easy to see that (3.5) possesses an exponential

N-splitting with a,;(t) = %, Ej(t) = %, 1 <j < N, fort e T and invariant

projectors Pj|r, 1 < j < N. Using (3.3) one obtains

|aw) - A < ‘ / A1) = Altr -+ () ¥ b+ 1) i)




INTEGRAL MANIFOLDS UNDER EXPLICIT DISCRETIZATION 7

32) gl
gt/(MﬁEMJUMQ%HMJTMMm)ﬂﬂkel
0
and distinguishing the cases A = 0 and A # 0 we get by an easy integration
‘M@@-A@@HSQA@E@JHy+5mefﬂnkem

Consequently, under the assumption (3.4), a roughness argument for exponential N-splittings
yields the assertion, which is essentially a consequence of (cf. [P5t05]. U

From now on, and similarly to [AG94], we work with semi-linear systems, where the non-
linear perturbations are globally small Lipschitzian. Furthermore, they are assumed to have
polynomially decaying derivatives in the state space, here.

Hypothesis (nonlinear part). For given p € N, ¢ € Ny consider the ODE
(3.6) = A(t)x+ F(t,x)
under the following assumptions:
(H)s F:RxX — X such that the derivatives D" F exist and are continuous for 0 < n < p+1,
F(t,0) =0 on R, and we impose the growth conditions

sup ||D"F(t,z)|| <oo forl<n<p+1,
(t,x)ERX X

sup HD;D’fF(t,a:)H lz|" ' <00 fork>0,n>2k+n<p+1.
(t,x)ERXX

(H) DZF exist and are continuous forp+1<n <p+q+ 2.

Remark 3.2. (1) By standard theorems on ODEs (cf., e.g., [Lan93, p. 377, Theorem 5.2]), the
assertions (H )i, (H)3 imply that the general solution ¢34 has R x R x X’ as its domain of
definition, is of class C”, and the partial derivative D1p3.) is of class C?, i.e., Df“cp(;g_g) exists
and is continuous.

(2) Using a cut-off technique one can weaken (H)s to:

(x) F is of class CPT! on a set of the form R x Br(0), R > 0, F(t,0) = 0 on R and suppose
that there exists a py € (0, &) such that D" F (R x Ba,, (0)) is bounded for 1 < n < p+1.

Nevertheless, an important assumption here is that X is a CPT!'-Banach space, i.e., the norm
|4 : X — R is of class CP™! away from 0. Finite dimensional or Hilbert spaces are C'*°-
Banach spaces, while the general situation is considered in [KM97, pp. 127-152]. Then there
exists a CPTl-bump function ©,, : X — [0,1] with ©,,(z) = 1 on B,,(0) and ©,,(z) = 0
outside of Bsp,(0). We define the mapping F, : R x X — X, F,(t,x) := O,(x)F(t,z) and
in the light of (x), the modified mapping F), satisfies (H)s for p € (0, po]. Additionally, (3.6)
coincides with

(3.7) &= A(t)z + F,(t,z)

on R x B,(0). Finally, under the assumption lim, .o DoF(t,z) = 0 uniformly in ¢ € T, one
obtains the limit relation lim,\ o Lipy F,, = 0, which is essential to apply Proposition 4.2 or
Theorem 4.3 to the dynamic equation (3.7). A similar construction in a CP*4+2-Banach space
can be used to fulfill Hypothesis (H)5.

Now we investigate a dynamic equation on a discrete time scale T, which has the restriction
0.6 (578, T €T, § € X, as its general solution. This will be called the T-equation of (3.6)
and is our substitute for the time-h-map in a nonautonomous setting.
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Thereto, with given k,n € N we write #N for the cardinality of a finite set N C N and
N; C{1,....,n} and N; #0 fori € {1,...,k},
NiU...UN,={1,...,n},

N;NN; =0 fori#j,i,5€{l,...,k},

max N; < max N;1 forie {1,...,k—1}

Ps(n) =< (Ny,...,Ng)

for the set of ordered partitions of {1,...,n} with length k.

3.4. Proposition (T-equation). Assume that Hypotheses (H)1—~(H)s are satisfied and 7 € T,
§€X. Then o6 (-7, &)l solves the dynamic equation

(3.8) #® = A(t)z + F(t,2) + ¢(t,z, p(t))
on T with mappings

p—1
Bt x,h) =Y B¢n(t, ) + Byt x, h),
n=1
Pn(t, ) = ﬁ >, > DFf(t ) fyn, (it ) - fyn (1, 2),

k=1(Ny,...,Nr)EPS (n)

ontiantyi= [ EZEST DR o+ shita)

|
P kS v ers o)
. f#Nl (t+ sh;t,x)-...- f#Nk (t + sh;t,x)ds,
for 1 <mn <p with f(t,x) := A(t)x + F(t,x), and

£ . Py— 1 £ . Pp— O
st z) = (f(s,ga(&f;)(s;t,m))) o Blsita)i= (le@(&e)(s;tvﬂ?)) for2<k<p.

Moreover, we have:

(a) ¢n(t,0) =0, ¢p(t,0,h) =0 on T for 1 <n <p and h € [0, H].

(b) The mappings ¢1, ..., ¢, are continuous and globally Lipschitzian in x € X (uniformly
inteT, hel0,H]). Under Hypothesis (H)5, ¢1,...,¢p are (q+ 1)-times continuously
differentiable in the second argument with globally bounded derivatives D5¢,, 1 < k <
q+1, for1 <n<p.

(¢) The mapping ¢ : T x X x [0, H] — X is globally Lipschitzian in x € X (uniformly in
teT, hel0,H]) with

P
(3.9) Lipy ¢ < Y h"™ Lip, ¢p-
n=1
Under Hypothesis (H)5, ¢ is (¢ + 1)-times continuously differentiable in the second
argument with globally bounded derivatives D5¢, 1 <k < q+1.

Proof. Let h € (0,H], 7,t € T and € X be arbitrary. Keeping in mind Remark 3.2(1), the
partial derivatives D ¢ (3.6) exist and are continuous up to order n = p+1. Hence, differentiating
the identity Dip(3.6)(t;7,&) = f(t,¢.6)(t;7,€)) with the higher order chain rule (cf. [But87,
p. 156, Lemma 302A]) leads to

n

D?+1<p(3.6) (tv T, IE) = Z Z Dkf(ta ©(3.6) (tv Tﬂx))f#Nl (t;’ra IL‘) et f#Nk (t;Ta ’JS’)
k=1 (Nl,...,Nk)EPIf(’n)
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for 1 < n < p, with the above abbreviations for fi, ..., fp. In particular, we have ¢, (t,z) =
ﬁD?+1(p(3_6) (t;t,z), 1 <n < p, since p(3.6)(t;t,2) = z. Using Taylor’s formula (cf. [Lan93,
p. 349]) we obtain the relation

o6 (t+hit,z) —x

1
(3.10) -
p—1 1
. 1— )P
= Z le +190(3.6) (t7 t, :17) + h? / %Df+1¢(36) (t + Sh, t, IZ?) ds
n=0 ’ 0 ’
p—1
= At)z + F(t,z) + Y _ W"¢n(t, ) + B¢y (t, 2, h) ds = A(t)x + F(t,2) + ¢(t,z, h),
n=1

and @@z.6)(57,2)2 () = w(S'G)(J(t);Tﬁ()t;W&G)(t;T’m) for ,t € T, as well as (2.2), yields that
©(3.6)(; 7,&) is a solution of (3.8).

(a) We show the identity ¢, (¢,0) = 0 for 1 < n < k by induction over k € {1,...,p—1}.
From Hypothesis (H)3 we have ¢(3.6)(t; 7,0) = 0 and consequently (3.10) implies ¢(¢,0,h) =0
for ¢t € T, h € (0,H]. Therefore, one has the identity 0 = ¢(¢,0,h) = h¢1(t,0) +
373 B G (t,0) + 11,0, ) and thus [[61(1,0)]| < S0 A g8, 0)]|+ A [,(1,0, )],
which in the limit A N\, 0 yields ¢1(¢,0) = 0, since limy~ o ¢p(¢,0,h) exists by defini-
tion of ¢,. Now assume ¢,(¢,0) = 0 for 1 < n < k and k¥ < p — 2. Then similarly
0 = ¢(t,0,h) = hF1gpy1(t,0) + Zﬁ;}ﬁz h" ¢, (t,0) + hP¢y(t,0,h), and so |¢rt1(t,0)] <
ZZ;}CH k=14, (¢, 0)|| + hP~% =1 ||p,(¢,0, h)||. Reasoning as above, passing over to the limit
h "\ 0 gives us necessarily ¢, (t,0) =0, t € T. Hence, we have shown ¢,,(¢t,0) =0for 1 <n <p
and this, in turn, implies ¢,(t,0,h) = ¢(¢,0,h) — Zf;%) h™ ¢y (t,0) = 0.

(b) The proof of assertion (b) is quite technical and we refer to [Kel99, p. 92, Satz 4.1.9] for
the details.

(¢) The estimate (3.9) is a consequence of (b) and properties of globally Lipschitzian mappings
from, e.g., [AMRSS, p. 138, Exercise 2.5K(i)]. O

An explicit one-step method to solve (3.6) is a recursion of the form

Tpy1 1= Tk + pte) P, T, p(tn)),
where T = {1} wer 18 a discrete time scale and the mapping ¢ satisfies some, e.g., consistency
assumptions (cf., for instance, [SB83]). One can easily embed such one-step methods into the

calculus on time scales. Actually, for a given initial value zy = &, the sequence (zy)ren, is just
the solution of the dynamic equation

(3.11) 2% = ®(t,z, u(t))
on the time scale T = {t3}, ., i.e., one has p(3.11)(tx; to,§) = x¢ for all k € No.

From now on, we denote (3.11) as explicit one-step discretization of (3.6) and assume
Hypothesis (discretization). Let p € N, ¢ € Ny, T be a discrete time scale like in (H)2.
Consider a mapping ® : T x X x [0, H] — X under the following assumptions:

(H)y ®(t,0,h) =0 fort €T, h €[0,H]|, ® generates an explicit one-step method of order p,
i.e., for each t € T, x € X there ezists a K(t,z) > 0 depending only on A and F, but
not on h € [0, H], with

(3.12) |A(t)z + F(t,z) + o(t, z, h) — B(t,z, h)|| < K(t,2)hP  for h € [0, H],
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where ¢ is given in Proposition 3.4, and the partial derivatives D®(t,z,-), 0 < n < p,
teT, ze X, exist and are continuous, and Lip, D{® < co.

(H)), DL® is (q + 1)-times continuously differentiable in the second variable with globally
bounded partial derivatives Dy DY® for 1 <n < ¢+ 1.

Remark 3.3. (1) Instead of (3.12), it is more common in numerical analysis to work with the
local discretization error
Eh(t, $) = P(3.6) (t + hit, I) —T— h(I)(t7 €L, h)

for h € [0,H], t € T and = € X, but obviously the inequality (3.12) is equivalent to ||ex (¢, z)| <
K(t,z)hPTt (cf. (3.10)).

(2) If @ is given by an explicit r-stage Runge-Kutta method of order p € N to solve (3.6)
under the assumptions of (H)s, then (H)4 is fulfilled. Similarly, (H)4 implies (H)} (cf. [Kel99,
pp. 95-102, Abschnitt 4.2]).

3.5. Proposition. Under Hypothesis (H)4 the mapping ® has the representation
p—1
(3.13) O(t,x,h) = A(t)z + F(t,x) + Y h"®p(t, ) + WP B, (t, x, h)
n=1
fort €T, z € X and h € [0, H], with mappings
D, (t, ) = %D?@(t,x,O) for 0 <n <p,
1 1
®,(t,z,h) = 7/ 1 — )P 'DP®(t, x, sh) ds.
Moreover, under the Hypotheses (H)1—(H )2 we have:
(a) @, = ¢y, for 1 <n <p, ®,(¢t,0,h) =0 for allt € T and h € [0, H].
(b) The mappings @1, ..., P, are continuous and globally Lipschitzian in x € X (uniformly
inteT, hel0,H]), and in particular we have
(3.14) Lipy @, < - Lipy D5 .

Under Hypothesis (H)%, ®1,..., P, are (¢ + 1)-times continuously differentiable in the
second argument with globally bounded derivatives D5®,,, 1 <k <q+1, for1 <n <p.

Proof. Let h € (0,H], t € T, x € X be arbitrary. The representation (3.13) is just a Taylor
expansion of ®(¢,x, h) of order p w.r.t. h around 0 (cf. [Lan93, p. 349]).

(a) Using Proposition 3.4 and (3.13), as well as the abbreviation f(t,z) = A(t)x + F(t, ),
we obtain the representations

k p—1
G(t,a,h) = f(t,x)+ > h"¢n(t,x)+ > Bt x) + hPgy(t,x, h),
n=1 n=k+1
k p—1
O(t,z,h) =Y h"Bp(t,x)+ > h"B(t,x) + hPDy(t, ,h)
n=0 n=k+1

for any 1 < k < p, and proceed inductively now. For k = 0 we get from the triangle inequality

K(t,x)h? (322) If(t,x) + &t z,h) — ®(t,z,h)|| = Hf(t, x) — Po(t,x)

+h pi: R (pn(t, ) — @ (t, ) + P71 (o (L, 0, h) — ®p(t, , h))] H

n=1
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> ||f(ta I‘) - (I)O(taI)H

p—1
—h Z hn_l (¢n(t7$> - q)n(t7 l‘)) + hp_l (¢P<t7$a h) - (I)p(tvx’ h))

and in the limit h \, 0, therefore, ®o(¢t,z) = f(t,x) for all t € T, z € X. Now assume that
D, (t,x) = ¢p(t,x) for 1 <n <k and k < p— 1. Then similarly, by the induction hypothesis

3.12)

(
K(t,z)hP "1 > gy () — Bppa (¢, 2)

+h

pi: R 872 (0n(t, @) — @u(t,x)) + W52 (0, 2, h) — Byt 2, h))] H

n=k+2
2 | fr+1(t, @) — Prya(t, 2) ||
p—1
—h| Y R (Gu(t ) = Bt ) + BPE2 (6 (t 3 ) — By (t 3, h)
n=k+2
which yields ¢p41(t,2) = @p41(t,2) for A\, 0. This, in turn, together with (H)4 and Proposi-
tion 3.4(a) gives us

)

13 1 i
o,(t,0,h) "2 = (<I>(t,0, =S W, 0)> —0.
n=0

(b) The continuity and the Lipschitz property of ®g,...,®,_1 is an easy consequence of
assertion (a) and Proposition 3.4(b). On the other hand, the mapping ®,, satisfies the Lipschitz
condition

1 1
|®,(t, 2, h) — @, (t,z,h)| < T / (1 —s)P~ ||D5®(t,z, sh) — D5®(t, 7, sh)| ds
ST A

Lip, D?®
e

1 1

< =i | (1= Lin DY@ ds o~
fort €T, x,Z € X, h € [0, Hp] and due to the discrete topology of T and [AW96, Lemma B.4]
we obtain the continuity of @, : T x X' x [0, H] — X. Now assume, (H )4 holds. Then assertion
(a) and Proposition 3.4(b) yield that ®4,...,®,_1 are (¢ + 1)-times continuously differentiable
in the second variable with globally bounded partial derivatives. Moreover, (H)) implies the
assertions for @,,. O

4. ASYMPTOTICS OF INVARIANT FIBER BUNDLES

In the first part of the present section, T can be an arbitrary time scale which is unbounded
above and has bounded graininess, like, e.g., R or a discrete time scale. We begin with a useful
tool about invariant fiber bundles for dynamic equations of the form

(4.1) 2 = A(t)x + Fi(t,x) + 0Fy(t, 2),

with continuous mappings Fi,Fs : T x X — X. It incorporates all the technical machinery
to prove our main result, and generalizes several earlier approaches for F, = 0, which can
be traced back to [Aul87], who considers finite-dimensional autonomous ODEs, while [Aul95]
works with nonautonomous difference equations in general Banach spaces, and the case of
infinite-dimensional Carathéodory differential equations can be found in [AW96].

We precisely assume the following



12 STEFAN KELLER AND CHRISTIAN POTZSCHE

4.1. Hypothesis. Let € F and N > 2. We consider semi-linear perturbations (4.1) of the
dynamic equation (2.3) and assume:

(i) The linear dynamic equation (2.3) has an exponential N -splitting, i.e., the estimates
(2.5) hold.

(ii) For i = 1,2 one has the identities F;(t,0) = 0 on T and there exist L; € [0,00) such
that the mappings F; satisfy the following global Lipschitz estimates

Moreover, we define K1(j) := 5;:1 K", Ky (j) == ,iV:_Jl K, for1<j <N, for some
real dmax > 0 we require
Omax N—1 . . . .
Li < 5H Kax i= mal}((Kl(l)+K2(l)+K1(Z)K2(Z)),
max =

choose a fixred § € (2K maxLo, Omax) and abbreviate © := {0 € F: Ly |6| < Ly},
Ij:={ceR:a;+06<c<b; -0} forl<j<N.

(iii) Assume the partial derivatives DY Fi(t,-), t € T, exist, are continuous on X up to order
m € N, and suppose they are globally bounded, i.e. for 2 < n < m we have

sup ||DyF;(t,x)]| < oo fori=1,2.
(t,x)eTxX

For the sake of a convenient notation and with invariant projectors P; like in (2.4), we define
P/ :=P +...+P;,1<i<j<N. Using (2.4), we see that P/ is an invariant projector of

(2.3); moreover, Pij is regular for ¢ > 2 and we define the complementary subspaces

X/ (1) = R(F] (1)) = D R(Pu(7)), X/ (1) = N(P] (1) = (N (P(r))
k=i

k=i

for any 7 € T. Before proceeding, for growth rates a,b € R(T,R) and m,n € N satisfying
m®a<b,a<in®b, we get from [PS04, Lemma 4.1] that

] i inf lim P (,\/ 1+ha(t)+1+hb(t)m - 1) o

t€T R\ (t) h 1+ ha(t) + (1 + ha(t))

‘ 1+ hb(t) 1+ ha(t) + 1+ hb(t)
I = f 1 —(1-7 .
plla, b] inf h\l%) ( \/1 + hb(t) + (1 + hb(t))™ -0

4.2. Proposition (hierarchies of invariant fiber bundles). Assume that Hypothesis 4.1(i)—(ii)

. N—
holds with dmax = W, let 1 <j<i<N,(j,i) # (1,N), where in case j > 1 we
additionally suppose that T is also unbounded below. Then for all 0 € © the sets

{(T, w9) €T X X1 ouy(57,20;0) € XTfC(T) for all c € Fi} forj=1
. _ there exists a solution v : T — X of (2.1) .
Cij(0) := (T 20) €T x &' with v(1) = 2o and v € X .(T) for allc € T; 4 } fori=N
Ci’l(ﬁ) N CN,j(G) else
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are invariant fiber bundles of (4.1) admitting the so-called extended hierarchy

01’1(0) C 02)1(0) c ... C CN7111(9) C Tx X
@] @] @]
CQQ(H) cC ... C CN,LQ(Q) C CN’Q(H)
U U
(4.2) ' :
U U
Cn-o1n-1(0) € Cnon-1(0)
U
Cn N ().

Each C; j(0) possesses the representation as graph
C;.;(0) = {(T,n+Ci7j(T,7];9)) eTxX:7eT,pe XJZ(T)}
with a uniquely determined continuous mapping c; ; : T x X x © — X satisfying

i (1,20 0) = ¢; (T, P;(T)IO;H) € A?;(T) forteT, zg € X.

Furthermore, it holds:

(a) ¢ ;(1,0,0)=00nTx O,
(b) ¢ij: Tx X x © — X satisfies the Lipschitz estimates

K4 (1) K2 (3) (L1+]0|L2) forj=1
R, J
3 . - J— M
Llpci,j('r, ° 9) S 57(1(11(ijl)%*zf(g(j*l))l(lzl‘i"gll/z) fO?" 1 = N s
maxge(; 20, (k) Ka (k) (L £16] L) else
ke{i.j—1} 5=(K1 (k) + K2 (k) + K1 (k) K2(k)(L1+10]L2)

O K (1) K2 (1) (1 (1) + K2 (4)) Lo

[‘S(_Z(I)((l(i)(-‘y-K2)(i))L1(]2 ))||x0|| forj =1
SK 1 (j—1)(Ki(J—1)+Ka(j—1))L2 .
(4.3)  Lipeij(r,@05) < =20 G- )1 el L 21 %ol fori=N

5K1(k)Kz(k)(Kl(k)+K2(k%)L2
[6—2(Ky (k) +Kp(k))Lq]
PR SY (O :CTCIT T [zol| else
ke{i,j—1} 5—2(K(k)+K5(k)Ly

forallT €T, xg € X and 6 € ©, with

2L;,j maxge {i,j-1}

2K, (k)Ka(k)Ly

L;;:=14 max )
7 ke{i,j—1} 6 — Q(Kl(k) + KQ(k) + Kl(k)KQ(k))Ll

(¢) if additionally Hypothesis 4.1(1ii) and the gap conditions

m; ;O a; < b; forj=1
aj—1 Im;; O bj,1 fori=N
mi; ©a; < b;, aj—1 I4m;; © bj,1 else
hold for some m; ; € {1,...,m}, and if we set
min %7 p;ni’j [ai7 bz]} fOTj =1
s = § min { Lemsml grefa, b)) fori=N |

min § gl Limizaim] piesfg, b, ot [ajflabjfl}} else
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then the partial derivatives D’é 3)Cij exist, are continuous up to order m; ;, and there

exist reals M";, Ni'; > 0, such that

i
(4.4) |1 D5c; (T, 20;0)|| < ij for1<n<m,;,
' | DsDyci (1,205 0)| < Ni'j[lwol|  for 0 <n < my;
forallT €T, zog € X and 6 € ©.
Proof. The assertion is a special case of [P6t05, Theorem 4.2]. O

At this point it is important to illuminate the lengthy Proposition 4.2 in the light of clas-
sical (continuous) dynamical systems and an exponential trichotomy. Thereto consider the
autonomous ODE

T = Ax + F(x),

such that the spectrum of A allows a decomposition into three spectral sets o1UoyUos, where
the points in o; have reals parts in an open interval (5;_1, ;) for i = 1, 2,3, with real numbers
Oo < ap < (1 < ag < B2 < ag := oo, and Lip F' is assumed to be “small” w.r.t. the spectral
gaps of A. This guarantees an exponential 3-splitting like in (H); for the linear part. Then
in case 0 € (1, as), the above ODE possesses five “classical” invariant manifolds (cf. [Kel67])
C1,1,02,1,C022,C32,C33 C X, namely the stable, the center-stable, the center, the center-
unstable and the unstable manifold, respectively.

Now, for T = R, the above ODE is obviously a special case of (4.1), and if we suppose N = 3
and b; < 0 < as, Proposition 4.2 allows the following interpretation. The dynamic equation
(4.1) has five nontrivial invariant fiber bundles, denoted as

o Stable fiber bundle C; 1: Because of ¢; < by and the dynamical characterization in
Theorem 4.2(a) all solutions of (4.1) on C; 1 converge to 0 exponentially for ¢t — cc.

o Center-stable fiber bundle Cy1: All solutions of (4.1) which are not growing too fast as
t — oo (in the sense that they are cj-quasibounded with ¢y <I by — §) are contained in
Cs,1, like e.g., solutions bounded in forward time.

o Center-unstable fiber bundle Cs 2: All solutions of (4.1) which exist and are not growing
too fast as ¢ — —oo (in the sense of ¢ -quasiboundedness with a; + 9 < ¢1) lie on Cs 3,
like e.g., solutions bounded in backward time.

o Unstable fiber bundle Cs 3: All solutions on the unstable fiber bundle exist in backward
time and converge exponentially to 0 as ¢ — —o0.

o (enter fiber bundle Cy: The center fiber bundle consists of those solutions which are
contained both in the center-stable and the center-unstable fiber bundle. Particularly,
all bounded solutions lie on this fiber bundle.

Here we have suppressed the dependence on the parameter 6 € ©.

For the remaining section we target the question, whether the invariant fiber bundles from
Proposition 4.2 in the special case of ODEs (T = R) persist under explicit one-step discretiza-
tion of (3.6). In fact, under our assumptions the ODE (3.6) possesses an extended hierarchy
of integral manifolds C’Dlgj and we prove that they essentially coincide with the inertial fiber
bundles C7 of the T-equation (3.8). Furthermore, also the one-step discretization (3.11) has
an extended hierarchy of invariant fiber bundles C'%’j and we are able to estimate their distance
to C’qir’j . Precisely, we have

4.3. Theorem (discretization of integral manifolds). Let ay,3; € (ay, ;) be reals satisfying
a; < fB; for1 <j < N. Assume that the Hypotheses (H)1—(H)4 are fulfilled and let the global
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Lipschitz constant of F satisfy

6max - T . r . r N\ T .
(45)  0<LipyF < 2, Kinax = %91;1( (K1(i) + Ka(i) + Ky (i) Ka(i))
. mian_l{i,-—&j} .
with dmax = —5——%, choose a fized § € (4Kmax Lipy I, 0max) and assume that the
mazimal step-size H > 0 is so small that beyond (3.4) we have
B; — a; _aj+ b B; — a; &+ 06; -
J4J<EH aj7J2J , J4]<EH J2J’ﬂj,
B; —a; -
(46) % < €H(Oéj,ﬁj)

for1<j < N and

P minZ_ {B-fd-}
4. H"™ Lip, ¢n =LV ip, F
(4.7) ; ipy ¢n < 8K 1pg £,
HP L,
(4.8) — 7 Lips DY® < Lip, F+ Y H" Lip, ¢-
’ n=1

Then the semi-linear ODE (3.6) satisfies the assumptions of Proposition 4.2 with
e T=R,0=0, F1 =F, F» =0, oy, fj instead of a;,b;, Ly = Lip, ', L1 =0,
and the T-equation (3.8) satisfies the assumptions of Proposition 4.2 with
o T = {tp}pe, 0 =0, F1 = F+ ¢, [, =0, aj,b; instead of a;,bj, I_(;r,l_(; instead
of K;ZK;, and the projectors Q; instead of P; (cf. Lemma 3.3), Ly = Lipy F +
P L H"Lipy ¢, L1 = 0.

If we define the complementary subspaces
Yj(r) == R(Q}(r) = P R(Qk(7)), V(1) :=N(Q}(7)) = [ N(Qx(r)) forTeT
k=j k=j
and the sets
Tk = (i 46,8 —9), Ihi={ceR:a;+5<c<b;— 0},

then in addition, for any 1 < j <i < N, (j,1) # (1,N), where in case j > 1 we additionally
suppose 1 = Z, the following holds:

(a) The set
{(T,xo) ERXAX: @367 20;0) € XT‘*}‘W(R) for all v € Fﬁé} forj=1
O = {(T, 79) ER X X : 3.6 (57,705 0) € X (R) for all v € F?R_l} fori=N
cetneg else

is an invariant fiber bundle of the ODE (3.6) possessing the representation
Ci ={(rn+dl(rm) eRx X: reRyeX/(n)}

with a uniquely determined continuous mapping cﬁg’j Rx X — X,
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(b) the set
{(T, 29) € T X X1 (3.8 (7, 20;0) € XT‘*:C(T) for all c € I_‘%r} forj=1
s there exists a solution v: T — X of (3.8) )
i . . . —
Cp” = {FT’ o) € T x A with v(1) = 2o and v € X7 (T) for all ¢ € F%_l } fori=N
citneld else

is an invariant fiber bundle of the T-equation (3.8) possessing the representation
oy ={(rn+ () eTx X: TeTneY(n)}

with a uniquely determined continuous mapping céfj Tx X — X,
(c) Ci/ = CR/ N (T x X).
Moreover, the set
{(T, 29) € T X X 1 @o311)(+; 7,705 0) € XTfC(T) for all c € f‘%r} forj=1
there exists a solution v: T — X of (3.11) .
with v(1) = o and v € X (T) for all c € f‘{fl } Jori=N
Cjir’l N ijrv’j else

é%j = {(T, (E()) eTx X:

is an invariant fiber bundle of the one-step discretization (3.11) possessing the representation
C’%’j = {(7-717 —i—é%.’j(ﬂn)) cT7eT,ne yf(T)}

with a unique continuous mapping éér’j :Tx X — X satisfying éér’j (r,20) = éér’j (7, Q;—(T)l‘o; 0) €
yij(r) for T €T, xg € X. Furthermore, we have:

(d) &’(1,0)=0 on T,

(e) é37 : T x X — X satisfies the estimates

K1 (i) Ko (i) (Lo (H)+H" Ly ) o
5~ (R (i) + Ko (D)) (Lo(H)+ HP Ly) Jorj=1
Lipé%j(’l',') < K1(j—1)K2(j—1)(Lo(H)+H?L1) fori=N |

6—(K1(j—1)+K2(j—1))(Lo(H)+H?Ly)
4 2Ky (k) Ka (k) (Lo (H)+H?L1)
=1} 5 (K (k) + K (k) + R (k) Ko (k) (Lo (H)+ H? Ly

& (r,0) = i (ry0) | < Mij(HDH? ||

maXpe j else

(4.9)

for allT € T and x¢ € X, with

K1(3) K2 (i) (Lo(H)+HPLy)

_ = _ =1
[6—2( K1 (i)+K2(i)) Lo (H)] for
K1(j—1)K2(j—1)(Lo(H)+H"Ly) fori=N
Mij(H) = =2(RKaG-)+Ka(G—1)) Lo(H)]" B
- K4 (k)(Kq1(k)+ Ko (k)L
2L;,;(H) maxge g4 5-1} [57211—{1(,9)11—{;]9)?%(1{)1]2 else

2Kq(k)Ko(k)Lg(H)
1—maXke(i,j-1} 550K, (01 Kz (8) Lo ()

(f) if additionally (Hs)', (H4)' and the gap conditions

mijo < forj=1
(4.10) aj1 <mi;fj-1 fori=N
m oy < B, oj—1 < my;Bi—1 else
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hold for some m; ; € {1,...,q+ 1}, and if we set

min Li;ad ps [&i,l_n]} forj=1

Smax = {4 min 7@]-_1;@_1] ot [ajhbjl]} fori=N ,

min Lbi;aiJ ) Lbjil;ajilJ ) pgni,j [alv 61]7 p:’niyj [a‘j—h b]—l]} else

then the partial derivatives D& 3)c%j,DE‘2 B)é%lj exist, are continuous up to order my ;,
and there exist reals M;"; > 0 such that

(4.11) |P3éid (7, 0) = Dy (r0) || < M7 ol H”

fJorallT €T, zg € X and 0 < n < myj,

with the abbreviations

p
Lo(H) :=Lipy F+ Y  H"Lipy¢n, Ly := 2 Lipy D5® + Lip, ¢,
n=1
- 2K, (k)Ka(k)Lo(H
Li7j(H) :1+ max = 1—( ) 2( )7 0( 2 = .
ke{i,j—1} 0 — 2(K1(k) + Kg(k) + Kl(k)Kg(k))Lo(H)

Remark 4.1. (1) Note that the individual fibers of the graphs C&? and C&’ are only O(H)-close
due to the dichotomy Lemma 3.3, although one has the better estimates (4.9), (4.11) concerning
the mappings c%r’j and ééfj .

(2) It is crucial for assertion (c) that we work under global assumptions on the nonlinearities
and consequently have a dynamical characterization of Cﬂ%j and Ci.’j available. In a local
framework, such assertions need not to hold, since for example local center manifolds of time-
h-maps need not to be local center manifolds of the basic flow (cf. [Kri05]).

Proof. We subdivide the proof into three steps:
(I) In terms of the inequalities

minj\;l {6; — a;}

Lip, F' < )
1p2 4Kmax

i { K1 (i) + Ko (i) + K1 () Ko (i)} < Konas.

the assumption (4.5) guarantees that one can apply Proposition 4.2 in case of the time scale
T=R, Fi=F,0=0and q;(t) = aj, b;(t) = B for 1 < j < N to the semi-linear ODE (3.6).
Thus, for 1 < j <i < N, (4,7) # (1, N), there exist mappings cﬁgj :R x X — X such that the
assertion (a) holds.

(IT) We introduce a “homotopy” between the T-equation (3.8) and the one-step discretization
(3.11), namely the system (4.1) on the discrete time scale T, with mappings Fy, Fy : Tx X — X,

Fi(t,x) := F(t, ) + o(t, z, u(t))

Fa(ta) = (“471) @t 2un(0) = 0, 0., ).

Obviously, for § = 0, the equation (4.1) coincides with (3.8) (cf. Proposition 3.4), and for
0 = HP, equation (4.1) coincides with (3.11) (cf. Proposition 3.5). From Lemma 3.3 and the
assumption (3.4) we obtain that the linear part (2.3) possesses an exponential N-splitting with
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aj, b, K;, f(;’ given in Lemma 3.3 and the complementary invariant projectors @;. Further-
more, due to Proposition 3.4(c) and Proposition 3.5(b) we get the Lipschitz estimates

)

(3.9 p
Lo :=supLip Fy(t,-) < Lip, F+ Y H"Lip, ¢n,

teT n=1
_ G _
Ly:=supLip F3(t,-) < 5;Lipy D5® + Lip, ¢
teT

from, e.g., [AMRS8, p. 138, Exercise 2.5K(i)]. Because of the assumption (4.6), one obtains
the inequality ﬁj;aj < eﬂj“(tlzsaju(t) =b;(t) —a;(t) for 1 <j < N, t €T and, therefore, (4.7)
enables us to apply Proposition 4.2 to the above dynamic equation (4.1). Here, in particular,
the assumption (4.8) guarantees HP? € O, and trivially we have 0 € O©. In any case, for
1<j<i<N, (4,4 # (1,N), Proposition 4.2 yields the existence of uniquely determined
continuous mappings ¢; j : T X X x © — X, such that the graph

C;.;(6) = {(T,?]+Ci7j(T,77;9)) cT7eT,ne yf(r)} for 0 € ©

is an invariant fiber bundle of (4.1) possessing the dynamical characterization
{(r,20) € TX X : pa1)(-;7,w0;0) € XF.(T) for all c € T} for j=1

Cos) = {(ram) e T e e o ey, Jfori =N
Ci,l(o) N CN,j(e) else
for all 8 € ©, and we define
(4.12) &I (1, x0) = cij (7,203 0), eI (1, w0) = ¢4 (T, w03 HP),
Cy’ = Ci(0), Oy = iy (HP),

for 7 € T and zp € X. These mappings and graphs satisfy the assertions (b), (d), as well as the
first Lipschitz estimate in (e). Furthermore, we have

y i (4.12) (43)
| (r.0) = & (7, 0)| | 2 llew (. 2030) = e (03 HP)| < Lip e (7, 0; ) HP

for all 7 € T, g € X, which gives us the second inequality in (e). To verify (f), we note that
the gap conditions (4.10) guarantee
mi,deiQBii for j=1
aj—1 < mi’j@ bj,1 B fori=N .
m;; ©a; < b, aj—1 Im;; © bj_1 else
Therefore, Proposition 4.2(c) implies that ¢; ;(7,-) : X X © — X is of class C"## and the mean
value inequality (cf. [Lan93, p. 342, Corollary 4.3]) yields
n i .y (4.12) " n
|D3ci (7,0) = D& (roao)|| 2 1Dgeis(r,20:0) = Dyeis(rmo: HY)|

(4.4)
< N llzoll Y for 0 < n < m,

and 7 € T, zy € X. This gives us (f). )
(III) Tt remains to show the identity in (¢). Hereto, for 1 <i < N, we define ; := # el

evik(t) _q
w(t)

Bi — a; Vi — @ eYik(t) _ paip(t)
= <
2 2 p(t)

and for the growth rate ¢;(t) := one obtains

0 < =¢;i(t) —a;(t) forteT.
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In order to derive (¢) we have to verify two inclusions. Here we restrict ourselves to the situation
J =1, since the other cases yield analogously:
(©) Let (1,20) € T x X such that (r,z¢) € C’D%l holds. Then the mapping ¢(3.6)(+; 7, z0) is
7; -quasibounded and since the general solutions of the ODE (3.6) and of the T-equation (3.8)
coincide on T (cf. Lemma 3.4), we get
i (T— +

o) (57, 20)| €c, (T,1) < ||0z.6)(E; T, 20) | (T < e (5, J?O)HTm
for all t € T; this implies @(3.8)(:; 7, 20) € X1, (T), i.e., (1,20) € C’%’l.
(D) For (7,20) € Ci" we have the inclusion ©@i.8) (57, m0) € X, (T) and we are going to show
@6 (57, m0) € XL +:(R). Thereto, an elementary Gronwall argument leads to the inequality
lee.6)(t; tr, zo)|| < el EDVH 30| for ¢ € [ty, tisa], k € No and consequently we arrive at

lees.6)(t; 7, 20) || =2 lees.6)(E: tr, o(3.6) (ths 7> 20)) ||

IN

eMAIHLDH || s 6) (b5 7, 20) |

Al L

IA

YH ||90(3.8)(’;7—7 SUO)H;F)CI_ ec, (tk, T)

< ellAlo LI may {l,e%H} ||<p(3,8)(-;7', xO)H:C e =T for t € RT,
which implies that the solution ¢3.6)(+; 7, o) is ;" -quasibounded, i.e., ¢(3.6)(-; 7, z0) € C&’j.
Therefore, the proof of Theorem 4.3 is finished. O
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