DISCRETE INERTIAL MANIFOLDS

CHRISTIAN POTZSCHE

ABSTRACT. This work is devoted to attractive invariant manifolds for nonautonomous difference equations, occurring
in the discretization theory for evolution equations. Such invariant sets provide a discrete counterpart to inertial manifolds
of dissipative FDEs and evolutionary PDEs. We discuss their essential properties, like smoothness, the existence of an
asymptotic phase, normal hyperbolicity and attractivity in a nonautonomous framework of pullback attraction.

As application we show that inertial manifolds of the Allen-Cahn and complex Ginzburg-Landau equation persist
under discretization. For the Ginzburg-Landau equation we can also determine the dimension of the inertial manifold.

1. INTRODUCTION

1.1. Introduction and Motivation: The study of the long-term behavior of evolutionary equations is a problem
of interest in many areas of mathematical physics and other applied sciences. In fact, a large variety of evolution-
ary processes in mechanics, physics or biology can be described using nonlinear dissipative functional differential
equations (FDEs) or partial differential equations (PDEs) generating infinite dimensional dynamical systems. The
reduction of such a system in an infinite dimensional state space to a finite one preserving its long-time behavior,
is a relevant and interesting problem in both pure and applied mathematics. Firstly, it simplifies theoretical consid-
erations on the existence and properties of attractors for the underlying system. On the other side, the resolution
and numerical simulation of these processes is perhaps one of the most challenging problems in applied mathe-
matics and engineering science. The numerical approximation of these kind of problems and related phenomena
such as turbulence essentially requires a reduction of the size of the problem. For that reason, one is interested in
describing the behavior of the infinite dimensional problem by means of merely finitely many degrees of freedom.

A description of the long-term behavior of a dynamical system ultimately means to determine its attractor. It
has been found out that in many cases the global attractor can be embedded into exponentially attractive finite
dimensional manifolds. Consequently, it turned out that so-called inertial manifolds are often an appropriate tool
for the studies of questions related to the long-term behavior of evolutionary equations. By definition, these inertial
manifolds are finite dimensional, positively invariant, Lipschitzian and they attract all solutions at an exponential
rate, which implies that they contain the global attractor. Furthermore, inertial manifolds allow a reduction of the
dynamics to a finite dimensional ordinary differential equation (ODE). In a way, the long-term dynamics of a FDE
or PDE with an inertial manifold is completely determined by the solutions of an ODE in finite dimensions, and
one can use their well-established theory for the qualitative analysis in an infinite dimensional setting. During
the last few years it has been shown that many dissipative infinite dimensional evolutionary equations, including
small-delay equations, certain reaction diffusion equations, the Cahn-Hilliard, complex Ginzburg-Landau, or the
Ginzburg-Landau equation actually possess inertial manifolds. We refer to [SY02, Chapter 8] for a comprehensive
introduction and historical comments. Their construction is similar to center-unstable manifolds. However, center-
unstable manifolds are a tool to describe the local behavior close to equilibria or more general invariant sets,
whereas inertial manifolds define a more global approach to embed universal attractors into finite dimensional sets
and to get a global reduction principle.
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The property of normal hyperbolicity is a key issue in the general theory of inertial manifolds, since it guarantees
their robustness, which in turn, is essential for discretizations matters. Indeed, a normally hyperbolic invariant
manifold is stable under small perturbations of the right-hand side in the problem (see [Fen71, PS01]); in case of
inertial manifolds this is guaranteed by the spectral gap condition.

As part of their definition, inertial manifolds are exponentially attractive sets. Nevertheless, in many cases one
can establish a stronger assertion concerning the way solutions approach inertial manifolds. One of them is the so-
called asymptotic completeness, which roughly speaking means that every trajectory of the system is exponentially
attracted by some trajectory lying on the manifold, so that both trajectories have the same w-limit set. Here,
however, the solution on the inertial manifold is allowed to start at a later time. The purpose of this time translate
is to wait for the given solution to get close enough to the inertial manifold. If the solution on the inertial manifold
can be continued in backward time, then the time translate can be dropped, and one speaks of an asymptotic phase.

The present paper deals with such questions of existence and exponential attraction to invariant manifolds in the
framework of nonautonomous (ordinary) difference equations, instead of evolutionary differential equations. The
theory of attractive invariant manifolds for discrete dynamical systems has a certain tradition, which can be traced
back at least to [KS78], who consider finite dimensional Lipschitzian maps. Their results have been generalized
and extended to general Banach spaces in [NS92], where also smoothness questions are considered; moreover,
[KS78, NS92] obtain an asymptotic phase property.

Another source for attractive invariant manifolds of autonomous difference equations is the discretization theory
for inertial manifolds: [JS95, vDL99] work in a Lipschitzian setting, and the C'-case is considered in [JST98].
These references prove exponential attraction and utilize Hadamard’s graph transform to construct discrete inertial
manifolds. An approach using the Lyapunov-Perron method is also possible. Results concerning existence and
exponential attraction are shown in [DG91, Theorem 2.1]. Without proofs, similar statements and a stronger
asymptotic phase property can be found in [Kob94, Kob95, Theorem 2.1], [Kob99] (PDEs) or [Far02] (FDEs). To
deduce an asymptotic phase for a given inertial manifold one typically uses invariant foliations over the manifold.
In a setting of not necessarily invertible mappings, existence and C'*-smoothness results for invariant manifolds
are obtained in [CHT97] by a Lyapunov-Perron approach.

In the present paper we generalize the above results to nonautonomous difference equations, where the right-
hand side and the state spaces are allowed to depend explicitly on time. Moreover, compared to the above refer-
ences, our assumptions on the linear part are more general and we state a higher order smoothness of the inertial
manifolds and invariant foliations.

The main advantages of our nonautonomous approach read as follows:

e Our results can be applied to variable time-step numerical discretizations of evolutionary PDEs. Due to
their “stiff”” behavior, step-size control is commonly used and consequently non-constant step-sizes are a
more realistic assumption. Beyond that, our variable state spaces allow to consider schemes being adaptive
in the spatial variable as well.

e A larger class of equations fit into our setting, since we can handle discretizations of nonautonomous
evolutionary equations, which do not generate an autonomous dynamical system.

e The nonlinearities of our systems are allowed to be unbounded in time, as long as the growth rate is
dominated by their linear part.

In addition, our set-up is sufficiently flexible to obtain discrete versions of inertial manifolds, as well as of unstable
manifolds. We construct these invariant sets using a Lyapunov-Perron technique. Compared to other methods,
this functional-analytical approach has advantages when it comes to smoothness proofs and we can refer to earlier
results in a similar setting. Related references concerning invariant manifolds of nonautonomous difference equa-
tions (so-called invariant fiber bundles) include [Aul98, PS04], where pseudo-stable and -unstable fiber bundles
and their smoothness is addressed. A different construction of invariant foliations can be found in [AWO03].

Since our nonautonomous inertial manifolds are designed to contain global attractors, it is important to work
with an appropriate concept of attraction. Apparently canonical generalizations of concepts like limit, absorbing
or attracting sets, based on forward convergence, are often too restrictive in the nonautonomous context, since
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for example limit sets need not to be invariant then. Instead, it is adequate to use families of sets, which are
parametrized by time, leading to notions like nonautonomous sets and pullback convergence (cf., e.g., [K100]).
The invariant sets constructed in this paper are pullback attracting and they contain the global pullback attractor.

At the end of this introduction we outline our approach: It is helpful to read Section 2 containing our basic hy-
potheses, as well as abstract results on the existence of invariant fiber bundles, their asymptotic phase and invariant
foliations. After these preliminaries, we begin our investigations in Section 3 dealing with normal hyperbolicity of
invariant fiber bundles. Having pointed out to aim at applications in discretization theory, from a theoretical view
this normal hyperbolicity is a crucial prerequisite. So far, our results are global in nature and supposed to hold
under Lipschitz conditions on the whole state space. This global assumption is weakened in Section 4 to obtain
our discrete counterpart of an inertial manifold, where we basically assume the existence of a pullback absorbing
set for the nonautonomous difference equation under consideration. Compared to discrete dynamical systems,
our nonautonomous setting demands some additional technical considerations leading to uniform properties in the
time parameter. The paper concludes with two examples in Section 5: An implicit Euler scheme applied to an
Allen-Cahn equation, and a finite-difference method for the complex Ginzburg-Landau equation demonstrate that
inertial manifolds persist under temporal, as well as full discretizations, respectively.

1.2. Basic Notation and Nonautonomous Sets. Dealing with discrete equations, our “time axis” is the set of in-
tegers denoted by Z := {0, +1, £2, ...}, adiscrete interval is the intersection of a real interval with Z, in particular
we conveniently write Z} :={k € Z: k < k},Z :={k €Z: k < r} fork € Z, and N := Z] are the natural
numbers. The integer functions are defined by |x| :=sup{k € Z: k <z} and [z] :=inf{k € Z: z < k}.

Banach spaces X, Y considered in this paper are real (F = R) or complex (F = C), and their norm is denoted
by |||l . lllly respectively. The open ball in X with center 0 and radius r > 0 is B,(X) and B, (X) the
corresponding closed ball. We write L(X,Y") for the bounded linear maps between X and Y, L(X) := L(X, X),
and Ix for the identity map on X . The space of bounded n-linear operators from X to Y is L,,(X,Y), n € N.

We use the following definitions for subsets A, B C X. The distance of a point a € A from the set B is
dist(a, B) := infyep ||a — b|| x and the Hausdorff separation of A and B is h(A, B) := sup,,¢ 4 dist(a, B). For
amapping F': X x Z — Y, where Z # () is a set, we define the Lipschitz constants

LipF(-,z) :==inf{L > 0: ||F(z,2) — F(z,2)||y < L||lz — 2|y forallz,z € X},
Lip, F :=sup Lip F(+, 2),
2€Z

provided they exist. If the set Z has a metric structure, one defines the Lipschitz constant w.r.t. the second variable
analogously as Lip, F', and proceeds correspondingly, if F' depends on more than two variables. Moreover, a
mapping f : X — Y is said to be of class C™, if it is m-times continuously Fréchet differentiable.

Our primary interest are nonautonomous difference equations. Here we even allow time-dependent state spaces,
and thereto let Xy, k € Z, be a sequence of Banach spaces and X := UkeZ Xj. For k € Z and reals v > 0 we
introduce the weighted sequence spaces

Xy = {¢:Z; —- X

(k) € Xy forall k € Z, and }
SUPpez- ”QS(k)HXk 'Vm_k < o0

and equip them with the norm ||q§||fﬁY 1= supy g+ |6(K)|l x, v%~k. Moreover, a sequence ¢ : I — (J, o X
defined on a discrete interval I with Z; C I is called v~ -quasibounded, if ¢| z- € X, holds.

For (not necessarily invertible) linear operators A(k) : Xy — Xg+1, k € Z, we define the associate evolution
operator ®(k, k) : X, — X, k, k € Z, k < k, as the linear mapping given by

. Ix, fork =«
(k. k) = { Ak —1)---A(k) fork >x’

and if A(k) is invertible for k& < x, then ®(k, k) := A(k)~!--- A(k — 1)t for k < k.

Let I stand for a discrete interval. Given a sequence ¢ : I — X, we define ¢/ (k) := ¢(k + 1) for all & € I such
that £ + 1 € I, and use a similar notation for sequences with set- or operator-values.
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For the applications in mind, it is reasonable to consider implicit problems. To denote such (ordinary) difference
equations (the notions recursion or iteration are also frequently used) we prefer the notation

(1.1) a' = f(k,z,2)
instead of the conventional ones
(E(k-‘rl) :f(k,x(k),x(k+1)) or Tk+1 :f(kvxk;xk+l)~

The right-hand side of (1.1) is a function f(k,-) : Xy X Xgy1 — Xgt1, k& € Z. Then a sequence ¢ : I — X
satisfying ¢(k) € X, for k € Land ¢' (k) = f(k, ¢(k), ¢’ (k)) for k € T with k 4+ 1 € T is called solution of (1.1).
We say (1.1) is well-defined on X, if for all initial pairs k € Z, £ € X, there exists a unique solution ¢(+; %, £) on
Z}; we speak of the general solution to (1.1). The cocycle property

(1.2) o(k; K, &) = (ks L, p(l; k,§)) forallk > 1>k

holds for the mapping . If the nonautonomous difference equation (1.1) is explicit, i.e., if its right-hand side does
not depend on z’, then the general solution trivially exists and can be defined recursively

. B I3 fork =k
@(kal‘ivf) —{ f(k—l,@(k_l’h:?f)) fork >k °

Keep in mind, nevertheless, that ¢ (k; &, -) does not exist in general for k < &.

We write X := {(k,z): k € Z,x € X} } for the extended state space of (1.1). A subset A C X is called a
nonautonomous set with k-fiber A(k) := {z € Xy, : (k,z) € A} for k € Z. Such a set A is called positively
invariant w.rt. (1.1), if the inclusion ¢(k; k, A(k)) C A(k) holds for k < k, and it is called invariant, if one
has equality ¢(k; k, A(x)) = A(k) for & < k. Abbreviating A’(k) := A(k + 1), then positive invariance means
f(k, A(k), A'(k)) C A'(k) and invariance is equivalent to f(k, A(k), A'(k)) = A’(k) for k € Z. Moreover, we
denote (1.1) as difference equation in A, if A is positively invariant. We call A an invariant fiber bundle (IFB for
short) of (1.1), if it is invariant and each fiber Wy (k), k € Z, is a submanifold of Xj. A nonautonomous set .4
is called a vector bundle, if each fiber A(k) is a linear subspace of X, and for two vector bundles A, B C X we
define the Whitney sum A @ B = {(k,z) € X : x € A(k) ® B(k)}.

Let B be a further nonautonomous set in X. We write A C B if A(k) C B(k) holds for £k € Z and
introduce A x B := {(k,a,b): k€ Z,a € A(k),b € B(k)}. With a real p > 0 we define the closed ball
U, = {(k,z) € X: |z]|x, < p} and the set A is said to be bounded, in case there exists a R > 0 satisfy-
ing A C Ug; note that this notion of boundedness is uniform in k& € Z. Moreover, A is said to possess a certain
property (e.g., being nonempty, open, closed or compact), if all fibers A(k) possess this property. In particular, the
closure of Ais given by the A := {(k,z) € X : = € clx, A(k)}.

2. PRELIMINARIES ON ATTRACTIVE INVARIANT FIBER BUNDLES

In this section we introduce the kind of difference equations under consideration and give the precise notational
framework used throughout this paper. Moreover, we prepare some basic abstract results on attractive invariant
fiber bundles, which are fundamental for our further investigations. Corresponding proofs, further remarks and
possible applications can be found in our preparative paper [P6t07].

2.1. Standing Hypothesis. Let © C F denote a nonempty bounded set. The parameters § € © can be interpreted
as upper bound for step-sizes in numerical schemes. Moreover, let Y, &k € Z, be a further sequence of Banach
spaces. The paper deals with implicit #-dependent nonautonomous recursions

(2.1) y' = A(k)y +0K'(k)F(k,y,y),

where A(k) : Yy, — Yit1, K(k) € L(Y%) are linear operators and F'(k,-) : Y X Y41 — Y41 denotes the
nonlinearity for k& € Z. Hence, a priori (2.1) is a difference equation in ) := {(k,y): k€ Z,y € Y}. The
recursion (2.1) can be implicit, but only in the nonlinearity F'. In order to capture also linearly implicit schemes,
we have introduced the function K, which will be a resolvent operator in applications.
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We formulate our assumptions, which basically state that the linear part of (2.1), given by
(2.2) y' = A(k)y,
possesses an exponential dichotomy and the nonlinearity F'is Lipschitzian.
Hypothesis. Let X, Yy, k € 7Z, be Banach spaces with the embedding Xy, C Yy forall k € Z, let v > 0,
0<A<\K{,K;, Kf’, K;', K;' >0, Ly, L;‘, L3, Lé" > 0 be reals and assume the following holds:

(H)o The nonautonomous difference equation (2.1) is well-defined on X with continuous general solution
o(kyk, ) : X — Xk, b,k €Z, k < k.

(H)1 Let A(k) € L(Xk, Xi11) for all k € Z and assume there exist complementary projections P_(k), Py (k)
on Yy with P,(k) S L(Yk), P,(k)yk C Xk, P+(k>Xk C Xy,

(2.3) P’ (k)A(k) = A(k)P_(k), K(k)P_(k) = P_(k)K(k) forallk € Z,
one has the inclusions A(k)Py (k) Xy C Xgy1, P+ (k)K(k)Yy C Xy for all k € Z, the mappings
24 A(R)p_kyx, + P— (k) Xk — PL(K) Xkt
are invertible with associate evolution operator ®(k, k), we have
2.5 C:= i‘éIZ) K (R Ly, < o0
and for all k,l € Z one finally has the dichotomy estimates
(2.6) 19k, )P (Dl pox, xp) < KTA foralll <k,
2.7) 1@k, )P (DK (D vy xpy < (K5 + K 1017 (k= 1+ D")AY foralll <k,
(2.8) [k, )P-(Dl, x, x,) < BTN forallk <1,
(2.9) || ® (K, l)P_(z)HL%Xk) < Ko\ forall k < 1,

where ®(k, ) is the evolution operator for A.
(H)2 Let K'(k)F(k,-) : X, X Xp11 — Xit1, k € Z, be continuous and suppose that the constants

(2.10) C,:f = sup ||P’i(k)F(k, 0, O)Hyk+1 X"k for one (and hence) every r € 7.
k<k

are finite, we have the global Lipschitz estimates
[PL(k) [F(k,2,y) = F(k,2, )]y, < Ly llz —2llx, forallk €Z,2,% € Xy,y € Xit1,

2.11) B B -
||P’i(k) [F(k,z,y) — F(/ﬂ,x,y)]||yk+1 < LTy - y||Xk_+] forallk € Z,x € Xi,y,§ € Xpi1

and we require the spectral gap condition: There exist reals 0 < ¢ < Tmax < % such that
(2.12) |0|2(5) <1 forallg € (0,0max)

holds with a function Y : (0, 0max) — R to be specified later, but depending on the dichotomy data and
Li, LE; we then define the nonempty interval T == [A 4 o, A — d].

(H)3 Let the Fréchet derivatives D&’?,)F(k, ) Xk X Xip1 = Ln( Xk X Xpg1, Xit1), k € Z, exist and be
continuous, and assume the Fréchet derivatives D&S)F(k, St X X Xga1 — L (X X Xir1, Yer1),

k € 7Z, exist, are continuous and one has the global boundedness

sup sup
keZ (CE,y)EXk XXk+1

D?Q,S)F(k7x7y)‘

< oo forallne{l,...,m}.
Ln(XkXXk+17Yk+1) { ’ ’ }
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Remark 2.1. (1) The above Hypothesis (H ) circumvents a number of problems coming from the implicit nature
of (2.1). However, instead of imposing restrictive condition implying (H ), we think it is advantageous to leave
the verification to concrete individual examples.

(2) To provide a compact notation throughout the paper, we often write P, to denote either P_ or P, (for
example in (2.10),(2.11), etc.) and proceed similarly with other objects.

(3) The left relation in (2.3) implies positive invariance of the sets Py := {(k,z) € X : x € Py(k)X}}, and
from the regularity condition (2.4) one gets the invariance of P_ w.r.t. (2.2). From a dynamical characterization of
P+ itis reasonable to denote P as pseudo-stable and P_ as pseudo-unstable vector bundle of (2.2), respectively.

(4) For an explicit difference equation (2.1) the Hypotheses (H);—(H )2 guarantee that (2.1) is a difference
equation in X, as well as the continuity of the general solution ¢ (k; r, ) : X,, — Xy fork € Z.

2.2. Invariant Fiber Bundles. In the beginning of this subsection we provide an invariant nonautonomous set
Wy for (2.1), which generalizes the pseudo-unstable vector bundle P_ to a nonlinear setting. Thanks to our
global assumption (H)s, each of the fibers Wy(k) will be a submanifold of X,; given by the graph of a globally
Lipschitzian mapping over P_(k), k € Z.

Constructions of inertial manifolds for evolutionary differential equations using the Lyapunov-Perron technique
frequently lead to spectral gap conditions involving the I'-function (cf., e.g., [Kob94, Kob95]). In our setting we
encounter a discrete counterpart of the I'-function, namely the polylogarithm (cf. [Lew82, pp. 236-238]), which is
the strictly increasing unbounded function Li, : [0,1) — R, v € [0, 00),

oo
Li,(z) := Zn_”x".
n=1

A=A

5 and

Proposition 2.1 (existence of IFBs). Let § € © and assume Hypotheses (H )o—(H )2 with omax =
(2.13) (o) = LA =o)X 4+ 1+ (= 0) (KX 4101 K iy (25)) -

Then the nonautonomous set

Wy := {(/@g) ex

there exists a solution ¢ : Z. — X of
Q.1) with ¢(k) =& € X, and ¢ € X,

is an invariant fiber bundle of equation (2.1), which is independent of v € T and possesses the representation
Wy = {(k,n + wy(k,n)) : (k,n) € P_} as graph of a unique mapping wy(k,-) : Y, — X,; satisfying

(2.14) wy (K, &) = wo(k, P_(K)E) € Pr(k) forall (k&) €Y
and the invariance equation
Wl + 1,m1) = A(K)wg(k, ) + 0P (R)K” () F (1, + wo s, m),my +wo (s + 1,m1))
m = A(k)n + 0K (k) F(k,n + we(k, ), m + we(k + 1,m))
forall (k,n) € P_. Furthermore, for all y € T and § € © it holds:
(@) wo(k,-): Y, — Xy is linearly bounded

L*()
1—16]€(v)
(b) we(k, ) is globally Lipschitzian with

(2.15)

lwa (5, )l < 101€7(7) {02’ + (101 Te(y) + Ky [I1P-()Ellx,) | forall (5,€) € D,

_LF(y)et(y)
(2.16) Lip, wg < |0| K ————,
20 = P o7
(c) assume Hypothesis (H)s is satisfied with A < N, m € N, and if the spectral gap condition (2.12)

holds with opmax = min {%, A (1 — ;:;\/}n)} , then the partial derivatives Djwg(k,-) : Y, —

L, (Y, X,) exist, are continuous, and globally bounded forn € {1,...,m},
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where the constants L*(7y), T (7), £(7), 0= (7) are given by L*(v) := LF 4+ vL%,

Lu(v) :=CH(v) + C (), 0(y) = LT () + L™ (7)€ (),
=+ —v —+ = _
r(y) = fi?A il AK3 Li, (4), 0 (y) = fi{z

Proof. We only present a very rough sketch of the proof and refer to [P6t07, Theorem 3.5] for the details. Thereto,

let (k,&) € Y and v > 0. We define the Lyapunov-Perron operator T,; : X7 x X, — X _,

() = B(,m)P_()E+0 3 @(n+ 1)PLHNK (0)E(n, 6(n), & ()

k—1

—0) ®(,n+ PL(R)K (n)F(n,é(n), ¢'(n)),

n=-

which is a uniform contraction in £ € Y}. Denoting its unique fixed point by ¢, (§) € X ., we define

RS
2.17) wo (5, €) 1= Py (k) (¢x(£)) (%)
and this mapping satisfies the assertions of Proposition 2.1. g
In general, through a point (k,&) € X there may exist no or a multiple number of backward solutions. The
following Corollary ensures that exactly one of them lies on WWy. Moreover, it relates the dynamics of (2.1) to a

reduced nonautonomous difference equation (the so-called inertial form), which is finite dimensional provided the
projections P_ (k) have finite dimensional range.

Corollary 2.2 (inertial form). The nonautonomous difference equation
(2.18) ¥ = A(k)z + 0P (k)K'(k)F (k,x + wg(k, ), + we(k + 1,2"))
in the pseudo-unstable vector bundle P_ is denoted as inertial form of (2.1). One has:

(a) The general solution ¢ of (2.18) is defined on 7. X P_,
(b) @ is defined on Z x Wy, related to p by virtue of

(2.19) P(k; £, &) = P_(k)o(k; 5, & + wo(k,€))  forall (k,k,§) € Zx P
and in case |0] (1 + Lipy wg) CK; L™ (%) < A one has
. (... K,;CL3y . . i
(2.20) Lip (ks 5, ) lw,y (s) < K7 <K1 + %(1 + Lip, w9)> (1 + Lipy wg) w®

forall k € Z;; withw_ := X — |0] (1 + Lip, wg) CK; L™ ().

Proof. Let § € © and k € Z be given. First of all, we show that the general solution ¢ of (2.1) is defined on
Z x Wy. Due to the invariance of Wy we have that p(x + 1;k,-) : Wy(x) — Wy(k) is onto. Let us show now
that the inverse of this mapping is given by £ — ¢x11(k, &), with the ¢, 11(£) from the proof of Proposition 2.1.
Indeed, for each § € Wj () there exists a v~ -quasibounded solution of (2.1), given by ¢, 1(§) : Z,/,; — X, and
[P6t07, Lemma 3.3]yields

€ =P (k)¢ +wo(k + 1, PL(1)€) 27 PL(R)E + PL(K)brsr (55 + 1,8) = bpa(k + 1,£).

Since ¢y+1(§) is a solution of (2.1), one therefore has (k + 1; K, Prt1(K,§)) = Prr1(k + 1,&) = €. It remains
to show ¢,11(k,o(k + 1,K,8)) = & for & € Wy(k). Thereto, we define u(k + 1) := o(k + 1;k,£) and
w(k) == ¢ny1(k +1,6) for k < k. Then pu : Z_,, — X is a y~-quasibounded solution of (2.1) and [P5t07,
Lemma 3.3] implies p(k) = ¢pr1(k, ' (K)) = drr1(k, o(k;x + 1,€)). Noting that u(k) = ¢pr1(c+1,€) =&
we are done. Hence, each ¢(k + 1; &, -) : Wy(r) — W (k) is bijective and therefore ¢ exists on Z x W, i.e., we
established the first assertion of (b).
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By multiplying the solution identity for ¢ with P’ (k), using (2.3) and the invariance of W, it is easily seen
that (2.19) holds and that ¢ is defined on Z x P_, yielding the assertion (b).
It remains to show the Lipschitz estimate (2.20). Let &1, &> € Wy(k) and the invariance of W, implies

@(kv Hagi) - (P(kv /{,P_(Ii)fi) + w@(ka Sﬁ(k% Ky P—(ﬁ)gz)) forall k € Z7 i = 13 27
which, in turn, yields the estimate
(2.21) lo(ks 5, €1) — (ks s, &) x, < (1 + Lipywo) [|6(ks 5, P—(k)&1) — @(k; K, P—(r)&2) || x,

for all k& € Z. To obtain an estimate for the difference ¢ (k; x, &) — P(k; K, &), €1, & € P_(k), we remark that
the variation of constants formula in backward time yields

Kk—1

pk; 1, &) = (ki k)& — 0 Y @(k,n+1)P (n)K'(n)
n=k

F( Lok, &) +we(n, p(ns K, &), p(n+ 15 k,&) +we(n+1,0(n + 15k 51)))

forall k € Z, and i = 1, 2. Thus, (2.8), (2.9), (2.5), (2.11) and (2.16) imply the inequality

¢ (k; 5, €0) = @i 1, &) ||, A"

_ 1+ Li CKy L™ (%) ‘&=
SKl_ ||£17€2H+‘0|( lpzwel 2 ,\ Z)\n n”(pn fi,fl (n K 52 HX

for all k € Z,, so that the above assumptions allow us to apply Gronwall’s lemma in backward time (cf. [Aul98,
Lemma 2.1(b)]), which leads to

R ; . 3 _ K,;CLy
H@(k;:‘€7§1) - So(k;"{’SQ)HXk < (Kl %(1 + Llp2 w9)>

A= 101 (1 + Lipy wg) CK5 L™ (1)) " |61 = & forall k € Z;,.
This, together with (2.21) and (2.8) implies (2.20). ]
Before proceeding, we need a technical result for later purpose in Section 4. It states that the general solution

of (2.1) satisfies a Lipschitz estimate, provided that the linear part of the inertial form (2.18) has bounded growth
in forward time. Note that assumption (2.22) becomes void for explicit equations.

Corollary 2.3. Ifw —SqueZmaX{HA k)P- (k)| x, Xit1) NAER)P-(R)| gy, XH_l)} < oo and
(2.22) 0] CL3 (1 + Lipy wy) < w?

holds, then one has the Lipschitz estimate Lip @ (k; &, ) g () < wzﬁeégtfﬁfﬁf;a) " forall k € Z} with

C(1+Lipy we)

wi = w10 S35 6L (Crting we)-

Proof. Due to (2.3), as well as our bounded growth assumption we have ||®(k,))P- ()|l x, x,) < wk=t and
[k, DP-(Dlpvi,x) < wk=! for I < k. Then the remaining argument follows along the lines to deduce the

estimate (2.20): The difference is to apply the corresponding results in forward time k € Z;, namely the variation
of constants formula for (2.18), as well as the Gronwall’s lemma. ]
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2.3. Invariant Fibers and Asymptotic Phase. In the following we investigate the attraction properties of the
IFB W,y from Proposition 2.1 using invariant fibers. These fibers serve as leaves for an invariant foliation of the
extended state space X’ and enable us to construct an asymptotic phase for Wy. This means that Wy is not only
exponentially attracting, but solutions are also synchronized with corresponding solutions on the IFB W.

Proposition 2.4 (invariant fibers). Let 6 € © and assume Hypotheses (H)o—(H )2 with omax = % and Y given
by (2.13). Then for all (k, &) € X the so-called fiber through (k, £), given by

Veo(k) = {C € Xy i sup vVl 5, C) — @55, 8)ly, < OO}
kezy

is independent of v € T, positively invariant w.r.t. (2.1), i.e.,

(2.23) (ks 5, Ve 0(K)) S Vo(ne),0(k) forallk € zr

and possesses the representation Ve g = {(k,n + vo(k,n,&)) : (k,n) € Py} as graph of a uniquely determined
mapping vg(k, ) : X,s X X, — X, satisfying

(2.24) vo(k,m,&) € P_(k) forall (k,n,&) € Py xX
and the invariance equation
vp(k + 1,m1,&1) = A(K)ve(k, 1, &) + 0P (k) K' (k) F (K, 1 + vo(k, 1, ), + ve(k + 1,11, &1)),
(2.25) m = A(k)n + 0P, (k) K' (k) F (k0 + ve(k,0,€),m + ve(k + 1,m,)),
& = A(K)E+ 0K (k) F (K, &, &)
forall (k,n,€) € Py x X. Furthermore, for all vy € T and § € © it holds:
(@) vo(k,) : Pr(k) x X — X, is continuous and linearly bounded

L= () (v
v O, < 1Pl + 16187 5T O = Pyl fora (5.,6) € P x .
(b) vg(k, -, &) is globally Lipschitzian with
, L=(v)¢~(v)
(2.26) Lipyvg < 0| K —————>2
e D)

(c) assume Hypothesis (H)s is satisfied with A"™ < A\, m € N, and if the spectral gap condition (2.12) holds

With Opax 1= min{%ﬂ\ ( "{’/AA;;@L) — 1} , then vg(k,-) : Py(k) x X, — X, is of class C' and
the partial derivatives D3vg(k,-) : Py (k) x X, — Ln(P+(k), Xy) exist, are continuous, and globally
bounded forn € {1,...,m},

where the constants L~ (), £(7), ¢~ () are defined in Proposition 2.1.

Proof. See [P6t07, Proposition 4.4]. g

In a more descriptive way, the subsequent asymptotic phase property is sometimes referred as “exponential
tracking” of the IFB W. It states that convergence to W is actually “in phase” with solutions on the IFB W, and
for that reason we speak of an asymptotic phase.

Theorem 2.5 (asymptotic phase). Let § € O, k € Z and assume Hypotheses (H )o—(H )2 with o max = % and

S(0) = L~ = )+ L= 0) (B2 + 1017 K5 Ly ()

) s max {7 (0= 0) 252, L+ (= o) (5 jo K7 1 (522)) ).
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Then the invariant fiber bundle Wy from Proposition 2.1 possesses an asymptotic phase, i.e., for every x € Z there
exists a retraction w(k, -) : X, — Wy(k) onto Wy (k) C X, with the property:

K -
@28) llplhsm & = ol mlm O)llx, < 7 pgrgey (1246, + O )2 forait k€ 27

and all ¢ € X, withy € T. Geometrically, 7(r, ) is the unique intersection Wy(rk) N Ve g(k) = {m(k, &)} for
all ¢ € X, and one has:
(@) m(k,) + X — Wey(k) is continuous, linearly bounded ||7(k,&)||lx < CH(& ) + Co(&,7) for all
¢ € X, and, therefore, it maps bounded subsets of X, on bounded subsets of Wy(k),
(b) Sa(ka Ry ) o ’/T(Hv ) = W(k7 ) o Sp(kv K, ~)f0r ke Zi’
(c) if Hypothesis (H )3 is satisfied, then 7(k,-) : X, — X, is of class C*,

where the constants L= (), £(7y), /= (v) are defined in Proposition 2.1 and 0(~y) := th("ye)@v(;) L;,(?g)ﬂ@()”),

+ + _ .
CHE ) = [6] e+ % (101 Tx(v) + K1 1P-()¢ll x, ) + 101 K K7 0(7) 1Py (k)€ x,
o 1 0P KT K () ’

— (- -

G (6. o VPR, +10 K50 (1P (9)€ll . + 10165 () CE) + 101 K 87T ()
kS Y) = — .

1|0 K K7 ()

Remark 2.2. (1) The fact that the gap condition (2.12) holds with the more restrictive function X given in (2.27),

implies that the mappings wg, vg are globally Lipschitzian in their second argument, i.e.,

(2.29) Lipywy < 1, Lip,vg < 1.

(2) As immediate consequence of Proposition 2.5 we obtain that for each (x,{) € Wy the fibers Ve g(x) are
mutually disjoint and form a foliation of X (cf. [P6t07, Corollary 4.6]).

Proof. See [P6t07, Theorem 4.5]. ]

In case A + o < 1, the asymptotic phase from Theorem 2.5 implies forward convergence of every solution to
the nonautonomous set Wy, but it does not instantly imply the convergence to a specific fiber Wy (k). In order
to do so, one needs to start “progressively earlier” leading to the concept of pullback attraction (cf., e.g., [KI100]).
Under two additional assumptions we can prove such an attraction property of the IFB W,. At first, we suppose a
constant state space X, and for the second assumption we need the following notion: A real nonnegative sequence
(zk)kez is called backward tempered, if one has

lim e*zp =0 foralle € (1,00).
k——o0

Backward tempered sequences are allowed to grow polynomially, but not exponentially for k& — —oc.

Corollary 2.6 (pullback attraction). Assume Xy, = X forall k € Z, A — o < 1 and that the sequences (CF),.cz
from (2.10) are backward tempered. Then the IFB Wy from Proposition 2.1 is pullback attracting, i.e., for every
bounded set B C X one has the exponential convergence

lim h(p(k;k —n,B(k—n)),Wo(k)) =0 forallk € Z.

Proof. We denote the norm on the common state space X = Xy, by ||-||. Let§ € ©,~ € T'and B C X be bounded.
Choose (k,&) € B and w.l.o.g. assume B = Ug, for some R > 0. The dichotomy estimates (2.6), (2.10) imply
that the sequences (|| P_(x)&||)nezs (|| Py (k)€]|) ez are bounded by K R respectively K" R. Hence, they are
backward tempered uniformly in ¢ € Br(X). Moreover, the assumption on (C:),.cz ensures that the sequence
(CE(€,7))xez, where CE(€,~) is given in Theorem 2.5, is backward tempered uniformly in & € Br(X). Thus,
if we choose € € (1, %) there exists an integer K = K (7, ¢, R) such that

(2.30) CE(€,y) <e® forallk < K, £ € Br(X).
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For each ¢ € Br(X) the invariance of YW, implies

dist(@(k; k —n, &), We(k)) = dist(go(k;;k—n,f),gp(k;k—n,Wg(k—n)))
< lolksk —n,&) —@(kik —n,w(k —n,§))|
(2.28) Kf“

< 1 (gt A+ " for all 7 -
- 1—|9|z(7)( 1R+C;Hl(m>)v orall k € Z, n € 7

and together with (2.30) this guarantees
K-‘r
dist((k; k — n, &), Wy (k)) < Wm (Kf’Rvn 4 7*’“(5*}/)”) forall (k,&) € Ur
and n > k — N. Since the right-hand side of this estimate does not depend on £ we get

dist(p(k; k —n, &), We(k)) —— 0 forall k € Z,

where the choice of « implies convergence at an exponential rate. U

3. NORMAL HYPERBOLICITY

In order to motivate the present section, it is convenient to turn to the linear problem (2.2). As we have seen, the
IFB W for equation (2.1), as formulated here, is a perturbation of the pseudo-unstable bundle P_, and the linear
spectral gap condition A — A > 0 implies that P_ is normally hyperbolic in the sense that (2.2) possesses an expo-
nential dichotomy. Now we tackle the problem if this normal hyperbolicity persists under nonlinear perturbations.

As important result from the previous two sections we know that the IFB Wj and its invariant foliation V¢ ¢ are
of class C', if the difference equation (2.1) has this property. Consequently, for each triple (k, z,y) € Wy x X we
can define the tangent spaces

TwWQ(H) = {f + Dzwe(f%l”)f €X,:8eP_ (’%)}7
TyVeo(k) :={n+ Davg(k, Py (k)y,z)n € X,s : 1 € P+(K)}.

For simplicity we assume in this section that the difference equation (2.1) is explicit. As a consequence, our Hy-
pothesis (H )q holds trivially and the invariance equations (2.15), (2.25) become easier to handle. The subsequent
lemma roughly states that the two tangential spaces defined above provide a splitting of each fiber X, of the
extended state space X for (2.1).

Lemma 3.1. Let 6 € © and assume Hypotheses (H)1~(H)3 with omax = 252 and S given in (2.27). Then for
each Kk € Z we have the decomposition
(3.1) X =TeWo(r) @ TyVae(k) forallz € Wy(k), y € X,
and the splitting is continuous in (x,y) € Wy(k) X Xj.
Proof. Let 0 € O, fix a triple (k,z,y) € Wy x X. To prove that the tangent spaces T, Wy (r) and T, V; o(k)
satisfy (3.1) we show that each ( € X, possesses the representation { = £ + 77 with unique & € T, Wy (k)
and 7 € TV, ¢(x). This is equivalent to the unique existence of £ € P_(k), n € Py (k) such that { = & +
Dowy(k, )€ + 1+ Dov(k, Py (k)y, x)n, which holds if and only if (cf. (2.14) and (2.24))

P_(r)¢ = &+ Davp(r, Py(k)y, x)n, Py (k)¢ =1+ Dawg(r, ©)¢
and this, in turn, is equivalent to

g =P (H)C - D2U9(’%7 P+(’%)ya m)P-‘r(K:)C =+ DQUQ(K:7 P—‘r(’%)yz x)DQU)@(H7 m)€7

1 = Py (k)¢ — Dawg(k, ) P_ (k)¢ + Davg(k, ) Davg(k, Py (K)y, ).

By Proposition 2.1(b) and Proposition 2.4(b) the Lipschitz constants Lip, wy, Lip, vy, respectively, exist and
their product is less than 1 (cf. (2.29)), so that the operators Ix, — Davg(k, Py (k)y, x)Dawg(k, x) and Ix, —
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Dowg(k, x)ve(k, Py (K)y, z) are invertible in L(X,;). Therefore, one can represent ( € X, uniquely as ( =
P_(k,z,y)(+ Py (k,z,y)(, where P_(k,z,y) € L(X,) is the projection of X,; onto T;; Wy (k) along T, V; o(k),

Py (rk,2,y) = [Ix, — Davo(r, Py (r)y, z) Dawg(r, )] " [P—(x) — Dovo(r, Pe(r)y, )],
and P, (k,,y) € L(X,) is the projection of X, onto T}V, 4() along T, Wj(x) given by
p— (Haxa y) = [IXK, - D2w9(’€a I)DQUG(H’P-F(H)ZJ’ I)]71 [P+(H) - Dgwe(li,l’)} :

Due to Propositions 2.1(c), 2.4(c) and the fact that the inversion -~ : L(X,) — L(X,) is C*°, we see that
P_(k,z,y), Py (k, z,y) depend continuously on (z, y) € Wy(x) x X,. Thus, the splitting (3.1) is continuous. O

Consider the difference equation in X x X given by (2.1) and the corresponding variational equation

"= A(k)y + 0K'(k)F (k,y) .
(3.2) { Z’:[A(k)y+ eK’(k)DzF(Z,y)]Z ’

its general solution will be denoted by (¢, ¢). In the following it is our aim to show that the IFB Wj is normally
hyperbolic; that is to say that the tangential and normal bundle for VW, are invariant under (3.2), and that we have
an exponential dichotomy w.r.t. these bundles. To be more precise, we have

Lemma 3.2 (tangent bundle). Let 0 € O, assume Hypotheses (H )1—(H )3 with omax = % 3 given in (2.27)
and || (1 + Lipy wg) CK; L™ (0) < A\. Then the tangent bundle

TWe := {(£,€,0) : (K, &) € Wa, ( € TeWy(k)}
is invariant w.r.t. (3.2), the general solution (p, ¢) of (3.2) exists on Z x TW,y and one has the backward estimate
— . - . k—r
33 lo(k; k,& Qllx, < Ky (1+Lipywe) [A —|0] CKy L™ (A —0) (1 +Lipywe)] " [|P-(k)Cl|x,
fork € Z;; and (k,&,¢) € TW.

Proof. Let 8 € O, choose any triple (k,&,() € TW, and thus we have representations £ = &y + wg(k, o),
¢ = o + Dawg(k, &) for some &y, ¢y € P—_(k). Then Corollary 2.2(a) implies that the general solution ¢ of
the inertial form (2.18) is defined on Z x Wj. The further proof is subdivided into four steps:

(D Claim: The general solution ¢ of the variational equation for (2.18), i.e.,

(B4) o' = A(k)x + 0P (k)K' (k) Do F (k, $(k; 5, &) + we(k, p(k; K, €0))) [# + Dawe(k, p(k; k, &) )]

is defined on 7, x P_.
A differentiation of the solution identity for ¢ w.r.t. &, yields that Do@(+; &, &p) is an operator-valued solution of
(3.4) satisfying the initial condition x(x) = Ix, . Then ¢(k; k, &) := Dap(k; k, &y)&o defines the general solution
of 34)fork € Z, (k,&) € P—.

(I1) Claim: The tangent bundle T'Wjy is positively invariant w.r.t. (3.2).
Define the sequence 1 : Z7 — X, ¢1 (k) := ¢(k; K, &o)+wa(k, p(k; K, &o)) and due to the inclusion @ (k; k, &p) €
P_ (k) one obviously has ¢ (k) € Wy(k) for all k € Z;. In addition, from the invariance equation (2.15) we see
that ¢; is a solution of the first equation in (3.2) with ¢ (k) = £ and this yields ¢(k; %, &) = ¥1(k) € Wy(k) for
all k € Z;}. Next we define the sequence v : Z;7 — X, a(k) = @(k; k, (o) + Dawg(k, o(k; K, €))p(k; k, Co)-
Observing p(k; &, (o) € P—(k) one has 1 (k) € Ty(p.,e)Wa (k) for all k € Z}. Using an identity obtained by
differentiating the invariance equation (2.15) w.r.t. the variable in P_(k), one verifies that 15 solves the second
equation in (3.2) and satisfies V2 (k) = o + Dawg(k,§)Co. Hence, ¢(k; k,&,C) = ha(k) € Tp(y,e)Vo (k) and
the tangent bundle TWj is positively invariant.

(IIT) The fact that ¢ is defined on Z x W} is given in Corollary 2.2(b) and we will show that the second
component ¢ is defined on Z x TW,. Thereto, let k € Z. From Step (II) we know that ¢(k + 1;k,-) :
Tk, ey Wo (k) = Tip(it1;0,6) Wy (k) is well-defined and it suffices to show that this mapping is bijective. Thereto,
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letn) € Ty(pi1:0,6)Wy(k), i, n = m+Dowg(k+1, p(k+1; k, &))m for some 7y € P’ (k); note that Lip, wy < 1
and consequently 7; uniquely determines the point 77. We show that the mapping

A(k) + 0PL(k)K' (k) D2 F(k, (ks &, €)) [Ix, + Dawe(k, (ks £, €))] « P—(k) — PL(k)

is bijective. Let us abbreviate ®;, := P’ (k)K'(k)DoF(k, p(k; k,§)) [Ix, + Dawg(k, o(k; K, &))] and from (2.3),
(2.5), (2.11) and (2.16) one derives || ®y|[;p (1) pr (1)) < (14 Lipy wg) CL=(A — o) for all k € Z. On

the other hand, from Hypothesis (H); we know that the inverse A(k) (k)) exists and (2.8) implies

—1
LP_ )P
IAK) L p_ ). (1)) < K; A\7! forall k € Z. Then [Aul98, Corollary 6.2] guarantees the invertibility of the

sum A(k) + 0% € L(P_(k),P"_(k)), and no := [A(k) + ®4] " 1 is the unique point in P_ (k) satisfying the
relation ¢(k + 1; k, &, no + Dawg(k, p(k; k,&))n0) = 1.

(IV) Referring to Step (I) we know that the general solution @(k; &, -) of the variational equation (3.4) exists for
k € Z;;. Consequently, the variation of constants formula in backward time implies the relation

r—1
P(k; K, Go) = (k5 K)o — 0 Z‘f(k‘an +1)P’ (n)K'(n)D2F (n, ¢(n; &, &) + we(n, $(n; £, &)))
n=k
[Ix, + Dawg(n, ¢(n; K, &) ¢(n; K, o) forallk € Z
and completely analogous to the proof of (2.20) in Corollary 2.2 one gets the Lipschitz estimate (3.3). U

Lemma 3.3 (normal bundle). Let 8 € O, assume Hypotheses (H)1—(H)s with omax = % and ¥ given in
(2.27). Then the normal bundle

NWy = {(r,&,¢) : (K,§) € W, ( € TeVeg(k)}

is positively invariant w.r.t. (3.2), and one has the forward estimate
k—kK
l6(ks 5,6, Oll, < KT (1+ Livgvg) [A+ 18] (1+ Lipyvo) (KF + 1017 K5 ) LY (A=) I1P4(m)C I,
fork € Z} and (k,&,() € NW,.

Proof. Let6 € O and (k, &, () € NW,. We proceed in two steps:

(I) To show the positive invariance of N Wy we choose an arbitrary € Wy (k) and let 19 € P (k) be such that
n = no + ve(kK, Mo, &). From the positive invariance of Ve ¢ guaranteed by Proposition 2.4 (cf. (2.23)) we know
that there exists a sequence of points 11 (k) € P (k) satisfying

(3.5) o(k; k,m) = 1(k) 4+ vg(k, 1 (k) (k) forallk € Z,

where we abbreviate (k) = ¢(k; k, &) from now on, since £ € Wy(k) is fixed. If we multiply the solution identity
for  with P’ (k), we see that ¢y = Py (-)¢(+; k,n) : Z}} — X solves the difference equation

(3.6) y' = A(k)y + 0P (k)K'(k)F (k,y + vo(k,y, o(k))).

Let 1) denote the general solution of (3.6). Then the partial derivative D31 exists and D3i(-; k,10) Py (k)C is a
solution of the variational equation (cf. (3.5))

y' =A(k)y + 0PL(K)K' (k) Do F (k. p(k; 5, m0) + vo (k, (ks &, m0), 9 (k3 i, 7))
[y + Davg(k, Py (k)p(k; £, n), 0 (k))y]
satisfying the initial condition y(x) = Py (x)¢. On the other hand, the invariance equation (2.25) yields
ve(k + 1,4 (k + 15 5,m0), ¢ (K))
= A(k)vo(k; (ks ,10), p(k)) + 0P (k)K' (k) F (k, ¢ (k; 5,m0) + vo (k, (ki k,m0), p(K)))  on Z;f
and if we differentiate this identity w.r.t. ng and apply P, (k) one gets
Dovg(k + 1,9 (k + 15 8,10), ' (k) D3t (k + 1; 5,170) Py (k)¢

3.7
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= A(k)Dave(k; oh(k; k,1m0), 0 (k) D3t (ks ,mo) Py (k)€
+9P~/F(k)KI(k)D2F<ka w(kv K, 770) + U@(ka w(kv ) 770)) QO(]C)))
: [D3¢(k7 K, /’70) + DQUO(ka D3w(k7 K, 770)7 Sa(k))D3w(k7 Ry 770)] P‘F(K’)C on Z:
From this, and the solution identity for D3 (+; &, 10) Py (%) (cf. (3.7)) we see that the sum
o(k) = Ds(k;r,n0) Py (k)¢ + Davg(k; (ks k,10), (k) Dsb (ks 5, 10) Py (K)¢

= D(k; r,10) Py (k)¢ + Davg(k; Pr(k) (ks k,10), (k) Db (ks 5, 10) Py (K)C

S Tw(k;m)vw(k)(k‘), 0 forall k € Zi
is a solution of the linear difference equation y' = A(k)y + 0K'(k)D2F(k,p(k; k,n))y satisfying o(k) =
P, (k)¢ + Dovg(k, Py (k)n, () Py(k)C. Since n € Ve g(r) was arbitrary, we can choose n = 7(k, §) now, and
£ € Wy(k) yields n = m(k,£) = & (cf. Theorem 2.5). Hence, o(k) € Ty, Vp(k)0(k) for all k& € Z7F and
o(k) = (. The uniqueness of forward solutions implies ¢(k; , &, () = o(k), i.e.,
(3.8) o(k; £, C) = Dyip(k; ,m0) Py ()G + Dave (k; Py (k)p(k; 5, €), (k) D3t (ks £, 110) Py ()€

and due to the invariance of Wy we have (¢, ¢)(k; k,£,() € NWy(k) forall k € Z}.
(IT) It remains to deduce the claimed forward estimate. Thereto, (2.7) yields the crude estimate

(3.9) 1k, )P (DK (D vy x,) < KTART! forall I <k
with K+ := K, + |0|”" K3 . Then the variation of constants formula, applied to (3.7), gives us
k—1
Dyt (ks i, 110) P (5)C = @(k, 5) P (k)¢ + 0 ) @k + 1P (n)K' (n)

- Do F (n,9(n; k,m0) + vg(n, % (k; 5,70, 0 (15 5,1)))
- [D3tp(k; k,1m0) + Dave(k, Py (k)p(k; K, m), 0(k))Dstp(ks k,m0)] Pi ()€
forall k£ € Z;f, and from (2.6), (3.9), (2.3), (2.11) and (2.26) we get

1Dt (k; 5, m0) Py (k)¢ A"

k—1
< K |[Pe(R)Cll, + 101 (1+ Lipyvg) KTLY (A= 0) Y A" [|9o(n; 5, m0) Py (k)¢ x,
for all k € Z. The Gronwall lemma in forward time (cf. [Aul98, Lemma 2.1(a)]) implies
| Dok, 10) P ()G, A < K [A+16] (1 + Lipy v9) K ¥ L+ (A = 0)] " | P (m)C .
forall k € Zﬁ and the relation (3.8) together with (2.26) leads to our assertion. ]
Theorem 3.4 (normal hyperbolicity). Let 6 € O, assume Hypotheses (H)1—(H )3 with omax = %,
(3.10) 10) [(K2 1017 K;) L*(A—0)+ CKy L~ (A — o)} <2 3 A

and % given in (2.27). Then the IFB W, is normally hyperbolic as follows: One has the Whitney sum X x X =
TWy & NWy, where the splitting is continuous in each fiber. Moreover, the nonautonomous sets TWpy and NWj
possess the properties stated in Lemma 3.2 and Lemma 3.3, respectively. In particular, the contraction in the
normal direction of Wy is stronger than in the tangential direction.

Proof. For every 8 € O the claim follows readily from the above Lemma 3.1, Lemma 3.2 and Lemma 3.3.
Here the assumption (3.10) together with (2.29) implies A + |0 (1 + Lip, vg) (Kg +10]™" K;') Lt(A—0) <
A — 6] (1 + Lipy wg) CK; L™ (X — o) and we are done. O
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4. INERTIAL FIBER BUNDLES

In the first instance, the goal of this paper was to provide a discrete counterpart for the concept of an inertial
manifold. Regarding this, our approach so far lacks certain features. Thus, let us reconsider the theory developed
in this paper from an applied point of view. Here two aspects need to be addressed:

o Atleast in the autonomous or time-periodic situation, classical spectral or Floquet theory provides sufficient
criteria that the linear part of (2.1) meets the exponential dichotomy assumption (H );. The global Lipschitz
condition (H )2 on the nonlinearity F', however, will hardly be satisfied in relevant applications. More often
the nonlinear term F' is only Lipschitzian on bounded sets.

e The existence of inertial manifolds relies on a certain kind of dissipativity. Hence, we need appropriate
counterparts of notions like absorbing sets or attractors in our nonautonomous framework. Here the concept
of pullback convergence will serve as the right tool.

To incorporate these two points into our theory we weaken (H )2 by imposing the following

Hypothesis. Assume that there exist functions I3 15 : [0, 00) — [0, 00) such that for all k € 7 one has
(H)y K'(k)F(k,-,y) : Xx — Xgy1 is continuous for all y € X1, the estimates (2.10) are fulfilled and for
each r > 0 we have the local Lipschitz conditions
@0 K (k) [F(k2,y) = Fk,2,9)]llx,,, <) ly—dlx,,, foralzeB.(Xy),y,7€ Br(Xpt1),

||P’i(k) [F(k,z,y) — F(k,f,y)]HY]Hrl < ZQi(r) ||z — £||Xk forall z,% € B.(Xg),y € B (Xgt1),

“4.2) B B B
||P:/i:(k) [F(]{,I,y) - F(kaxay)]||yk+l < lét(r) ||y - y|‘Xk+1 for allx € BT(Xk)vyay € BT‘(Xk-‘rl)'

(H)s The equation (2.1) possesses a uniformly pullback absorbing set A C X, i.e., A is bounded and for every
nonempty bounded subset B C X there exists N = N(B) € Z{ such that

o(k;k —n,B(k—n)) € A(k) forallk € Z,n > N.

To prove smoothness assertions, we impose the assumption, that each X}, is a C""-Banach space; that is, the
norm on Xy, is of class C" away from 0. A characterization of such spaces and concrete examples, can be found
in [AMRSS, pp. 332ff]; e.g., Hilbert spaces are C'°°-Banach spaces.

Theorem 4.1 (inertial fiber bundles). Let ¢ € ©, assume Hypotheses (H )o—(H)1, (H)4—(H )5, choose p > 0 so
large that A C U, holds,

4.3) 210l lo(p) < 1,
@b 1010 () < supmax (AP (B, ) AP By} < o0
and suppose the following spectral gap condition: There exists a real 0 < o < % such that
0117 (0) S+ 10117 (o) (52 + 1017 15 Ty (£25))
@.5) 16 max {1 (p) 52, 15 (o) (2 + 1017 K Uiy (525)) } < & forallo € (0,252),
(4.6) 41| CK5 1 (p) < A

with the constants 1= (p) := 15 (p) + (A — 3)I5 (p). Then there exists a nonautonomous set Wy C X, which is
positively invariant w.r.t. (2.1), and possesses the following properties:
(a) Wy is graph of a function wg over a nonempty open set Og C P_, i.e., Wy = {(k,n+wo(k,n)) : (K, n) €
Oy}, the functions wy(k, ) : Op(k) — P1 (k) are well-defined and satisfy:
(a1) They are globally Lipschitzian with Lipy wy < 1,
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(a2) one has the functional equation (invariance equation)
wo(k+1,m) = A(k)wg(k,n) + 0P, (k) K' (k) F (55,1 + wo (s, 1), m + we(r + 1,m)),
m = A(k)n + 0K (k) F (k,n + we(k, n),m + we(r + 1,m))

forall (k,m) € Og such that ;1 € Op(k),
(a3) assume additionally that each X, is a C™-Banach space, that Hypothesis (H)s is satisfied with
A <A™, m € N, and that the following stronger spectral gap condition holds: There exists a real

O0<o< min{%,)\ (1 — ’",/)ﬁ;’}n)} such that
611 (20) 5 16117 20) (X2 + 1017 K L (525))
@4.7) 6] max {1 (20) S5, 1 20) (52 + 1017 K5 1y (25) ) b < B

410/ CK5 1 (2p) < A

fora € (U, min {%, A (1 — 7/ /\):‘_J;\/}n)}) Then wy(k,-) : Og(k) — P4 (k) is of class C™,

(b) the nonautonomous set Wy is asymptotically complete, i.e., for every (k,£) € X there exists a point
(ko,m) € Wy with k < kg such that

KQ?

(ks 5, €) — (ks ko, )|, < O forall k € L,

where the real constant C' > 0 depends boundedly on , £ and v € T.
Under the assumption dim P_ (k) < oo for one k € Z we denote Wy as inertial fiber bundle of (2.1).

Remark 4.1. (1) Note that (4.1), (4.3), (4.4) become void for explicit difference equations (2.1). Moreover, with
Hilbert spaces X, k € Z, one can weaken (4.3) to |6| lo(p) < 1, the spectral gap condition (4.5) to

611 (o) =+ 101 1+ (o) (52 + 1617 K Ly (£25))

0] masx {17 (o) S5, 1 (o) (22 + 101 K Ly (25) )} <1 forall o € (0,252

o b

and replace the factor 4 in (4.4), (4.6) by 2. However, the gap conditions (4.7) remain unchanged, whereas X, are
(C*°-Banach spaces, since their norm is induced by an inner product.

(2) From Theorem 4.1 we see that the inertial fiber bundle 1V, can be interpreted as a nonautonomous discrete
counterpart of an inertial manifold. If we have dim P_ (%) < oo for one k € Z, then (2.4) guarantees that all fibers
We(k), k € Z, possess the same finite dimension, they are Lipschitzian, W, is positively invariant w.r.t. (2.1) and
in case A — o < 1 also exponentially attractive.

(3) There are two possible approaches, in order to fulfill the spectral gap condition (4.5):

o If one is interested in discretization theory (cf., e.g., [DG91, JS95, IST98, vDL99]), then A, A are a priori
given by a continuous problem (e.g., A, A are chosen such that a spectral gap condition for an evolutionary
PDE is satisfied, yielding the existence of an inertial manifold), and one considers values (step-sizes) for
0 € O sufficiently small that (4.5) and (4.6) hold.

e From a less applied point of view, for fixed § € O satisfying (4.6), the condition (4.5) is fulfilled only, if
the spectral gap A — A is sufficiently large. Hence, beyond condition (4.6), the existence of inertial fiber
bundles for (2.1) primarily depends on a sufficiently large spectral gap A — A > 0.

The usual procedure to prove Theorem 4.1 is to replace (2.1) by an appropriately modified difference equation
and to apply our previous results from Section 2 to the modified equation. It then remains to show that this
modification does not affect the long term dynamics.
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Proof. Let 6 € © and A C X be the uniformly pullback absorbing set for (2.1) from Hypothesis (H)s. Since
A is bounded, there exists a p > 0 with A C U,. For this fixed p > 0 we define modified nonlinearities
Fy(k,z,y) .= F (k, pr (x/p) , pre+1 (y/p)), where 1, : Xj, — B1(X) is the radial retraction in X,

x for x|, <1
— Xk
Te\L) = for [z x, >1 -

Hml‘xk

This gives us F,(k,z,y) = F(k,z,y) for (k,z,y) € U, x U,. Due to the fact Lipry < 2 (cf., e.g., [Ama90];
note that one has Lip 7, < 1 in a Hilbert space setting) one obtains from (4.1), (4.2) the estimates

1K (R) [Fp (B, 2, y) — Fp(k 2, )]l ., ,, < 2lo(p) ly = 9llx,,, forallze Xyy,5 € Xpp,

|PLGR) [Fp ko2, 9) = Foh 2y,

|PL(R) (Fo e 2,9) = Fp(k, 2, 9y, < 205 (0) Iy —llx,., forallz € Xi,u,5 € Xup,
respectively. Having this at hand, we can focus on the modified difference equation

(4.8) y = A(k)y + 0K (k) F,(k,y,v);

<25 (p) |z —z|x, forallz, € Xi,y € Xpi1,

it satisfies (H )1—(H )2 and the parametrized contraction mapping principle (see, e.g., [Aul98, Theorem 6.1]) yields
that also (H)o holds for (4.8). By the spectral gap condition (4.5), Proposition 2.1 and Theorem 2.5 apply and
there exists an invariant fiber bundle Wg of the modified equation (4.8), which is graph of a function wy over P_
possessing the asymptotic phase 7(k, ). Furthermore, let ¢ denote the general solution of (4.8). We now show
how to derive from W a positively invariant nonautonomous set WV, for the initial equation (2.1).

Since A is uniformly pullback absorbing, there exists a N = N (U,) € N such that

4.9) o(kik —n,U,(k —n)) C A(k) forallk € Z,n> N
and we define the nonautonomous set 3; C X by its fibers

Bi(k) = | J @(k;k —n,Uy(k —n)) forallk € Z.
n>N
Then (4.9) implies B; C A, By C U, and

12)
e(k; 1, Bi(l)) = @(k; L el —n,U (- n))) < | ekl —n,Uy(l = n))
n>N n>N
(4.10) = U eksk—nU,(k—n)) CBi(k) foralll <k,
n>N+k—I
which yields ¢(k; 1, )|,y = P(k;1,-)|, ) for all | < k, and By is also uniformly pullback attracting for the
initial equation (2.1). Now define Wy := Wg N B; and we obtain

ok, Wi (r)) = @k, Wi (k) C (ks k, Wa(x)) N @ (k; K, Bi(k))
C Wp(k)NBy(k) =W;(k) forall k€ Z;,

so that W; is positively invariant w.r.t. the initial equation (2.1) and the modified equation (4.8).

Choose £ > 0 so small that the open e-neighborhood NV (B1) := {(k,z) : k € Z,dist(z, B1(k)) < e} of By is
contained in U, and set W := We N N:(B1). Then W is an open neighborhood of W in W, and due to the
uniform continuity of ¢(k;k,-) in k — k < N (see the Lipschitz estimate (2.20) in Corollary 2.2), we obtain the

existence of a § > 0 such that the open d-neighborhood Wg of Wy in W, satisfies

4.11) G(k; 5, Wi (r)) C W5(k) forall k — k < N.
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Consequently, by (4.9) and (4.11) we obtain o (k; r, W3 (k)) C W5 (k) and p(k; 5, W3 (k) = @(k; k, W3 (k)) for
all k € Zj. Let us show that W, fiber-wise defined by

Wy(k) == U o(ksk —n, Wi (k —n)) forallk € Z
n>0
is the desired positively invariant nonautonomous set for (2.1). By definition, we readily see the inclusion
o(k; 1, Wa(k)) € Wy(k) forall k € Z, i.e., Wy is positively invariant w.r.t. (2.1).

(a) Thanks to Corollary 2.2(b) and Corollary 2.3 we get that G(k; &, )|y, (i) * Wo(k) — We(k) is a home-
omorphism (indeed a Lipeomorphism), so that it sends open subsets of Wj(k) into open sets of Wy(k). Thus,
o(k; k, W)(k)) = @(k;k, W)(k)) is open in W (k) for k € Z;, and therefore Wy(k) and W, are open in
Wy (k) and W, respectively. Due to the fact that Iy, + wg(k,) : P—(k) — Wy(k) is a homeomorphism (note
Lipy wg < 1), also the set Oy C X, fiber-wise given by

Og(k) := [Ix, + wo(k,-)] " Ws(k)) forallk € Z

is open in P_. If we define wy := wWy|o,, then wy is graph of a function wy with wy(k,-) : Og(k) — Py(k)
satisfying Lip, wg < 1, i.e., the assertion (a;) holds. In addition, the statement (a2) instantly follows from the
corresponding properties for wy guaranteed by Proposition 2.1. We, nevertheless, postpone the verification of (as3)
to the end of the present proof.

(b) Let (k, &) € X and v € T. Choose a bounded set B C X such that (x,£) € B and from the above we know
that there exists Ny = N;(B) € Zar such that (k; k —n, B(k—n)) C By (k) forall k € Z, n > N;. In particular,
this yields &y := p(k + N1; &, &) € Bi(k + Ni), thanks to (4.10) one has ¢(k; k + N1,&) = @(k; k + N1,&),

(4.12) ok 1, €) 2 (ks + N1, &) = @k ki + N1, &) forallk > # + Ny,

Due to the asymptotic phase of Wy (cf. Theorem 2.5) there exists a point g € W@(H + Ny) such that

(4.13) [@(k; &+ N1, &) — @k + Ni,mo)llx, < CF7* forallk >k + Ny,

where the constant C' > 0 depends boundedly on k&, &, v. Now we choose another bounded set B C X such that
(k + Ni,1m0) € B. Again, there exists No = No(B) € Z§ with p(k; k — n,B(k —n)) C By (k) for all k € Z,
n > Na, and in particular 7 := ¢(k + N1+ Na,n9) € B1(k + N1+ Na). Then, the positive invariance of 3, from
(4.10) implies p(k; k + N1,10) = @(k; & + N1,10) and therefore

@14 (kir+ Ni+ Noymo) 2 (ks + Niymo) = @(ki i+ Niymo)  forall k >k + Ny + No.

Setting kg := k + N1 + Na, inserting (4.12) and (4.14) into the estimate (4.13) gives us the claim (b).

It remains to establish assertion (a3). Thereto, one has to find a C"*-modification F), of F' such that (4.8) meets
the assertions of Proposition 2.1(c). Denoting the right-hand side of inequality (4.7) by L, we choose areal s > 1
sufficiently close to 1 such that 7= € (L, 3) holds. Then the cut-off function 9 from Lemma A.1 satisfies
|DY(t)] < s forallt € R and we define 7 : X — Xj by r(z) := I(||z x, /p). Since X} are C™-Banach

spaces, also the functions 7, are of class C" and we have
[E [l |l
D)y < ‘Dﬁ (TX)] [t ]0 (TX)] for all = € Ba,(Xy),

yielding Lip r; < 1 + 2s for all & € Z. Then the modified nonlinearities Fj,(k, z,y) := F(k, (), 741 (y)) are
of class C™, one has I, (k, z,y) = F'(k,z,y) for (k, ) € U, x U, they satisfy

lei(k) [Fp(k,l',y) - Fp(k',.f’ y)]HYk+1
HP:/i:(k) [Fp(kvx7y) - Fp(k7xag)]“yk_+l < (1 + 2s)li(2p) Hy - gHXkJrl forall z € Xkayag € Xk+17

< (1+28)1%(2p) ||z — T|x, forallz,z € Xp,y € Xii1,

as well as the further assumptions of Proposition 2.1(c). Hence, due to the choice of s, the gap condition is satisfied
for (4.8). Thus, the function wy, as defined above, is of class C"*. This finishes the proof. O



DISCRETE INERTIAL MANIFOLDS 19

Another important feature of inertial manifolds is that they contain the universal attractor of a dissipative equa-
tion. The existence of an attractor is implied by a more easily determinable absorbing set. As we will see next,
this feature fits well into our theory. A nonautonomous set A* C X is called pullback attractor of (2.1), if it is
bounded with compact fibers A*(k), k € Z, invariant w.r.t. (2.1) and pullback attracting (cf. Corollary 2.6). The
existence of a pullback absorbing set from Hypothesis (H )5 has a striking consequence on the long-term behavior
of the difference equation (2.1). To be more precise, under Hypothesis (H )5 there exists a uniquely determined
pullback attractor A* of (2.1), whose fibers are given by (see [K100])

A*(k) = () olx, |J @lkik —n,B(k—n)) forallk € Z.

m>0 n>m

Corollary 4.2 (pullback attractors). Assume Xy, = X forallk € Z, X\ — o < 1 and that the sequences (CF),.cz
from (2.10) are backward tempered. Then every bounded and w.rt. equation (2.1) invariant set B C X with
B(k) € U,>n ¢(k; k —n,U,(k —n)) for all k € Z satisfies B C Wy, and in particular the inertial fiber bundle
W, contains the unique pullback attractor A* of (2.1), i.e., A* C Wj.

Proof. Letf € © and k € Z be arbitrary. Then 5 C 3; and the invariance of B leads to
h(B(k),Ws(k)) = h(po(kik —n,B(k—n)),Wy(k))

due to Corollary 2.6. Hence B(k) C clx Wg(k‘), but B C By and Wy 2 Wy N Ns(B1) implies the desired
inclusion B(k) C Wy (k). Obviously, this holds for the special case B = A*. O

5. DISCRETIZATION OF EVOLUTIONARY PDES

In this final section we provide criteria that various discretizations of evolutionary PDEs possess inertial fiber
bundles. Basically, these criteria reduce to an application of Theorem 4.1 and our primary purpose is to estab-
lish “persistence” of attractive invariant manifolds; their convergence for better refinements of the discretization
will be postponed to upcoming papers. A nonautonomous counterpart of the time-h-map had been discussed in
[P6t07, Subsections 5.1 and 5.3]. Here we consider temporal-, as well as full discretizations and strongly benefit
from preparations obtained in [EMR90, FIT91, Lor97]. However, due to space limitations we reduce the lengthy
presentation and sketch some arguments only.

Basic for our discretization schemes is an appropriate discrete set of time steps. Given two bounds 0 < h < H,
this will be a real sequence (tx)xez satisfying tx11 — tx € [h, H] forall k € Z.

5.1. Temporally discretized Allen-Cahn equation. In the beginning of this subsection we are interested in the
question how pseudo-hyperbolicity of analytic semigroups is preserved under implicit Euler discretization. For
the autonomous case this follows essentially from perturbation theory for linear operators. The present variable
step-size setting, however, requires a roughness argument for dichotomies.

Before tackling a nonautonomous Allen-Cahn equation, we start by discussing a general situation of analytical
semigroups. Consider a linear autonomous evolutionary equation

6.1 uy + Bu =0

on some ambient Banach space Y, where B is a positive sectorial operator on Y generating an analytic semigroup
(€7 P50 (cf. [SY02, p. 79, Lemma 36.1]). We suppose the spectrum o(B) C C allows a decomposition o(B) =
o_ Uoy into closed disjoint spectral sets o_, o4 such that o_ is bounded and that we can choose reals 0 < « < f3,
(5.2) sup RA < a < (< inf R
Ao _ A€oy

Let @+ denote the complementary spectral projections corresponding to the spectral sets o, Yy := Q1Y and
By := Bly, . Then the subspaces Y are invariant under B and e~ 5*; moreover, B_ € L(Y_), o(B_) = o_ and
By is sectorial with 0(By) = 04, D(By) = D(B) NYy (cf. [Hen81, p. 30, Theorem 1.5.2]).
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We define the fractional power spaces X” := D(B¥) C Y for v € [0,1]. Then a variable step-size implicit
Euler discretization of (5.1) is a linear nonautonomous difference equation of the form (2.2) with

A(k) == [Iy + (tppr — tp)B]™"  forall k € Z;
in addition, we define K (k) := [Iy + (tp1 — tx)B] "
Lemma 5.1. If the above assumptions on (5.1) are satisfied, then there exist q € [%, 1) and Hy > 0 such that for

all H € (0, Hy) and h € (qH, H) the following holds: There are complementary projections P_(k), Py (k) onY
as in Hypothesis (H)1 and constants K, K, K; , K5 >0,

(1+h8) " <A<A<(1+Ha)"
with || Py (k) — Q+|| = O(H) as H — 0 and
O(k,1)P(1) o < KFARY foralll <k,
L(XV) 1

1@k, )Py (VK (D yxy < Kb/ (k =1+ 1)7"A" foralll <k,
@k, )P-(D| () < KT A" forallk <1,
@k, )P-(D|yx0y < K A" forall k <.

Proof. Since B is a positive operator, there exists an a > 0 such that R\ > a for all A € o(B). Hence, we
have [0, H] C p(B), provided that H > 0 is chosen according to aHH < 1. This implies the well-definedness of
A(k), K(k) € L(Y) for all k € Z. Our further proof is subdivided into two parts. Thereto, we choose 0 € [h, H],

define A5 := K5 := [Iy + 5B]_1 and consider the autonomous equation
(5.3) Y = Asy.
(D In this step we progressively verify that (5.3) satisfies the dichotomy estimates (2.6)—(2.9). As a first observation,
the spectral mapping theorem (cf., e.g., [Con90, p. 204]) implies

oA\ {0} = {1+ eC: Aeo YU{1+6N) " eC: Aeay ).
Now we investigate the consequences of (5.2) to this spectral decomposition for A5 € L(Y"). We observe that the
mapping 5 : C — R, Rs(z) := M satisfies lims\ o R5(z) = Rz and Rz < N5z for all z € C. Therefore,
with o/ € (sup reo. TN, a) we obtaln from the compactness of o_ that there exists a small # > 0 (and in turn a
small 0 < § < H) such that sup,., Rs(z) < o and consequently

(1+6a) ' <(14+6a) " < Jnf |1+ SAT
On the other hand, with #’ € (3,inf)c,, RA) one has 3’ < RA < Rs(A) for all A € o, which implies
sup [1+6A 7 < (1+68) " < (1+68)"

A€oy
Having these two relations on o (As) at hand, an equivalent re-norming of the Banach space X" (cf., for instance,
[Ioo79, p. 6, Technical lemma 1]) implies two dichotomy estimates

| A5Q+ || xvy < (1468 forall k >0, A5 Q-] (xey < (L +6a)™"  forallk <0,

representing autonomous formulations of (2.6), (2.8), respectively. A further consequence of the spectral decom-
position (5.2) are the estimates (cf. [SY02, p. 97, Theorem 37.5])

(5.4) |’e_BtQ+HL(Y_Xu) < Ct Ve Pt forallt > 0, He_BtQ_HL(YX,,) < Ce™® forallt <0
with some C' > 0, and referring to the definition of powers of operators (cf. [SY02, p. 95, (37.8)]) one has

- 1 > —s —Bs
L R
. 0

Xv
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<5<4> C Nk+1-v)
T kIR !
To simplify this expression we observe that well-known properties of the Gamma function imply
kE+1)*(k+1)! k+1
I(z) < (k+1)"(k+1) r+k+
z(z+1)---(z+k+1) k+1
and after an easy computation we arrive at the desired relation
2C
k
HA5K5Q+HL(Y,XV) = 1_1
which represents (2.7). Similarly one deduces an autonomous version of the estimate (2.9). Therefore, we have
shown that (5.3) satisfies Hypothesis (H )1, provided 0 < § < H are sufficiently small.
(IT) In the above first step we derived the assertion for constant step sizes > 0. Now we demonstrate how to
get rid of this limitation. The resolvent map R(-, —B) of —B is related to A; via
(5.5) As=0"'R(67',-B) =1y — BR(§"*,-B)

and since B is a positive sectorial operator there exists a constant A/ > 0 (cf. [SY02, p. 78]) such that

sPVem3/078 s |ly|ly < 20677 (1+368) " |ylly forallk>0,yeY.

forallz >0, k € Z§

§V(k+1)""(1+68)" forallk e Z¢,

R, < HM, 145 (xvy <M forall § € [0, HJ.

M
“Blloen < g

Using (5.5) and the resolvent equation R(\, —B) — R(u, —B) = (n — A)R(A, —B) R(u, —B) this implies the
estimate || A5 — Al (xvy < M(1+ M) (4 —1) forall 4,6 € [h, H] and, note A(k) = Ay, ,, ., also

|A(k) = Asllp(xvy < M+ M)(Ff =1) forallk € Z, 6 € [h, H].
Thus, choosing the parameter ¢ < 1 (and in turn the quotient % > 1) close to 1, we can make the differ-

ence ||A(k) — As|| L(xv) arbitrarily small. Then a roughness theorem for exponential dichotomies as in [Hen81,

p- 232, Theorem 7.6.7] implies that also (2.2) admits an exponential dichotomy as in (H);. Finally, the relation

[Py (k) — Q4| = O(H) as H — 0 is a byproduct of the above roughness theorem for discrete dichotomies. [J
Let 7 € R and Q C R be a bounded interval of length |©2|, on which an Allen-Cahn equation

s6 ug — Au+ g(t,z,u) =0 in (1,00) x £,

(56) Ult=r =ug, u=0 on(r,00)x N

is considered in [EMR90]. The above remarks on (5.1) apply when B is the negative Laplacian B = —A on
Y = L?(Q). In this case, the spectrum of B consists of real simple eigenvalues v,, = %nz satisfying

O<r < <..., lim v, = oo;
n—oo
thus, we can choose spectral sets o = {v1,...,v,} and 04 = {Vp41,Vnt2,. ..} for some n € N. The appro-

priate interpolation space is X 1/2 = H}(9), and concerning the nonlinearity we impose g : R x Q x R — Ris
continuous, Dsg exists, is continuous and for every bounded I C R the set D3g(R x  x I) is bounded, and there

exist constants c1, . ..,c5 > 0, p > 2 and an increasing function ay : [0, 00) — [0, 00) such that
t -
limsup M > Oa Sgnu g(t,x,u) > ‘u|p t- C2,
|u|—o0 u
90,2, 0)| < es |ul”™ + ea l9(t, 2, w)| < ao(ful)

and u — g(t, x,u) + csu is increasing.
Given k € Z and an initial value ug, as temporal discretization of (5.6) we consider the following recursion

uk L ok

5.7) T AT gt =0 i,
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u =ug, u¥=0 ondQ,
which can be brought into the form (2.1) with
A(k) = K(k) = [T — (trs1 — i) A, (F(k,y))(x) := %Q(tkﬂﬂayl)

and constant state spaces X, = H{ (), Y, = L*(Q) for k € Z. We gradually verify that the assumptions of
Theorem 4.1 hold and begin with (H ).

Lemma 5.2. If the estimate H < min {1, cs} holds, then (2.1) is well-defined on Z x Hg(Q) and the general
solution ¢(k; k,-) : H} () — HY(Q), k < k, is continuous.

Proof. The constant step-size proof in [EMR90, Theorem 4.3] lifts to our time-dependent setting. O

Lemma 5.3. The nonlinearity F : Z x H}(Q) — L*(Q) is well-defined and there exists a L : [0,00) — [0, 00)
such that for all r > 0 one has

[1F(k,u) = F(k,0)|| 20y < L(r) | [l — UHH(}(Q) forallk € Z, u,v € B,(Hy()).
Proof. Thanks to the continuous embedding H*(£2) < L°°(2), we can proceed as in [SY02, p. 270ff]. O

Lemma 5.4. There exists a real number p > 0 such that for all bounded nonautonomous sets B C 7. x Hg ()
and H < min {1, ¢} there is an M(H) € ZZ such that

o(k;k —m,B(k —m)) C B,(Hy () forallk € Z, m > M(H).

Proof. The proof for constant step-sizes t1 — ¢ in [EMR90, Lemma 7.6] is based on techniques like the discrete
uniform Gronwall inequality (cf. [EMR90, Lemma 8.2]), which carry over to our setting. O

Having all preparations collected we arrive at the following discrete inertial manifold theorem:

Theorem 5.5 (discrete Allen-Cahn equation). Choose w € (0,1) and N € N. There exist Hy < min {1, cs} and
q € (w, 1) such that for H € (0, Hy| and h € (¢H, H] the following holds: If we choose A, \,, according to

(5.8) (14 hper) " <Ay <Ay < (14 Hpp) ™
and if there exists a positive integer n < N satisfying the following spectral gap condition

2M K K 2MK, Ky A 1
(59) HL(p) ( 7/\ + ﬁLll/Q (Ai‘f’)\n) +maX{ 7/\ FL11/2 (Ai‘fj\n)}) < An+)\n7

then the temporal discretization (5.7) of the Allen-Cahn equation (5.6) possesses a n-dimensional inertial fiber
bundle W C 7 x H}(2) as in Theorem 4.1.

Proof. The proof verifies the assumptions of Theorem 4.1, where we set § = H. Above all, the inequalities
(4.1) and (4.3) are only imposed to guarantee that the modified equation (4.8) is well-defined (and continuous)
on Z X H&(Q) Since (5.7) is an implicit Euler discretization of (5.6), this fact can be seen similarly to [BG99,
Lemma 3.6] — provided H is small. The remaining hypothesis of Theorem 4.1 hold as follows:

Lemma 5.2 guarantees that (H ) is true. It is evident that for ¢ < 1 sufficiently close to 1 one can choose real
numbers A, A, as in (5.8). Thus, referring to Lemma 5.1, we know that also (H ); is satisfied with growth rates
A, < A\, for n < N;in particular, due to wH < h one has

1@k, )Py (DK (D] 1200y, 112 2y < Ko (WH) 2 (k =14+ 1)72A5" forall 1 < k.

Our Lemma 5.3 implies the Lipschitz estimates needed in (H),, where (2.10) follows from |g(¢,z,0)| < ag(0)
forallt € R, x € (. Finally, Lemma 5.4 yields the pullback dissipativity (H )s. In addition, for sufficiently small
Hy > 0 the estimates (4.4) and (4.6) hold true. Then it is easy to see that (5.9) implies (2.12). O
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5.2. Fully discretized complex Ginzburg-Landau equation. Consider the nonautonomous complex Ginzburg-
Landau equation with cubic nonlinearity satisfying 1-periodic boundary conditions

wp — pa (B)u + (1 + i)ty — (1 + ipa(t)) [ul>uw =0 in (7,00) x R,

(5.10)
Ulp=r = up, u(t,x) =u(t,z+1) on(r,00) x R,

and a given initial time 7 € R. The instability parameter u; : R — R, as well as the dispersion parameter
w2 : R — R are assumed to be continuous functions satisfying

J251 (t) S (Ro, Rl] R ug(f) S [—Rg, RQ] forallt € R

with bounds Ry, R1, Ro > 0, and v € R. It is shown in [CVO01, p. 118] that the problem (5.10) is well-posed in
the space L2, has regular global solutions and a uniform attractor (under the assumption Ry < /3).

Let us turn to an appropriate full discretization of the initial-boundary value problem (5.10). Here we largely
benefit from — and closely follow — previous work in [Lor97], who considered the autonomous case of (5.10)
and constant step-size schemes. Concerning the spatial discretization we subdivide the periodicity interval [0, 1]
into N > 3 uniform subintervals of length 1/N. Thus, the state space for a finite-difference approximation of
(5.10) respecting periodic boundary conditions is the set of N-periodic sequences in C, which will be canonically
identified with C%. On this set we introduce the difference operators 6_, §, with components

)

Tjt1 — X5 fOI'jZI,...,N—l r1 —ITN fOI'j:l
Opxj = . o_xj = ‘
r1 —xy forj=N zj1—x; forj=2,...,N

and a finite-difference version of the second order spatial derivative is given by the product 6,6_ : CN — CV
with corresponding matrix representation

2 -1 -1

Ay :=N? e RVXN
-1 2 -1
-1 -1 2
where entries not explicitly stated are assumed to be zero. This reduces the initial-boundary value problem (5.10)
to a finite-dimensional problem in the space C", endowed with the weighted inner product

N
1
(x,y) = i ingi for all z,y € CV.
j=1

Lemma 5.6 (properties of Ay). The matrix Ay € RN*N has eigenvalues v,, € R with corresponding eigenvec-
tors e, € CN given by

vp = 4N? sin® ("—A’;) , en = (exp (271'%));\:01 foralln=1,... N,

respectively, where ey, . .., en are orthonormal w.rt. (-, -). Moreover, one has:
N
(@) 0<v, <vpgrforalln=1,..., L;J

(b) Vn41 —vn > 2V3N?sin (), if N > 5andn > 1 with N3 <n < 2823,

Proof. Concerning the eigenvalues v,, and pairwise orthogonal eigenvectors e,,, we refer to the reference given
in [Lor97, Lemma 1.1]. Assertion (a) is a direct consequence of monotonicity properties for the sine function. In
order to prove (b), we remark that elementary trigonometric identities yield

M+ 1
Vi1 — U = 4N%sin <(”;\;)W> sin(%) forallm=1,....N —1
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and that we have the estimate sin x > § forallxz € [%, 2{] . Provided N > 5 there exist positive integers n such
that I < W < 27 and the claim follows. O

Having such quantitative information on the matrix Ay at hand, we can proceed by establishing an ambient
space setting for our discretization scheme. Since {ej,...,ex} is an orthonormal basis of CV one can define
discrete Sobolev spaces H3¢ as follows: We equip CV with inner products

N

(T, y) zs = Z(l + )% (z,e;)(y,e;) foralls >0, 2 €CV,
j=1

set L% := HY, and remark that |- ”L?v is related to the above inner product on CV and ||- ||HllV via

5.11) lellzz = Vi), ol 2 < llzlly,  forallz € CV,

respectively. If we introduce a semi-norm [z, = := /(z, AnT) on CN, then the H},-norm satisfies

(5.12) Izl = \/ll2l72 + al%, forallz eV

and using the above difference operators §_, 1 one easily deduces the relation
N

N
1 _— 1 _—
(5.13) (x, Ayz) = N E xj0p0_x; = i E 64x;0,x; forallz e CN.
j=1

i=1
Since the nonlinear term in (5.10) does not contain spatial derivatives, define Gy : CV — CV by
2 2 T
Gn(@) = (21 21, Jon] an)

Our full discretization of (5.10) will consist of such a finite-difference approximation in space (represented by the
matrix Ap), which leads to the nonautonomous ODE in CV,

(5.14) i+ Ayz = G(t,x)

and a fully implicit variable step-size Euler method for (5.14), i.e., we arrive at the implicit recursion
pRHL gk

(5.15) b A2 = Gty 2T
tr+1 — Tk

with Ay := (1 +iv) [Icvy + Anx] and G(t, z) := (1 (t) + 1 +iv)z — (1 + ipa(t))G n(z). In order to embed this
into our notational framework given by (2.1) we write (5.15) in the familiar form

(5.16) ' = A(k)x + 0K’ (k)F(k, ")

with abbreviations K (k) := I¢w,

- traq —t -1
A(k) := |Icv + (tig1 — tk)AN} . F(k,2') = % [ICN + (th41 — tk)AN} G(th+1,2").

Lemma 5.7. The mapping A : 7. — CN*N is well-defined, has invertible values and with complementary orthog-
onal projections Pf € CN*N given by

N—(n+1)
Plra .= Z (x,ej)e;, P x:=x— P,z
j=n+1
one has the following properties for all integers k € Z,n=1,..., LT*QJ :

1

(a) A(k)PE = PFA(k),
®) AR B | sy < 11+ (L4 i) (tn = 8) (14 vnga)|
1

© [AFR) P N Lmyy = M+ L+ i) (e — t) (L)
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Proof. Letk € Z and n be an integer withn =1,..., L%J By the spectral mapping theorem (cf., e.g., [Con90,
p- 204]) one derives the explicit relation o (A(k)) = {v;(k) € C: j=1,..., N} with
v (k) = [1+ (trr — o) (1 + )1+ 1)) 7
and consequently 0 & o(A(k)). Thus, A(k) € CV*¥ is an invertible matrix. For later use we introduce the
discrete sets I := {n+1,...,N — (n+ 1)}, I, := {1,..., N} \ I} and choose z € CV with x = E;\Ll xje;
and z; = (x, e;). We instantly obtain assertion (a) from
N

N
A(k)PEx = Z zjA(k)e; = Z vj(k)zje; = PE Za:jvj(k:)ej = PEA(K) Z:I:jej = PEA(k)z.
jEly jElE 7=1 7=1

In addition, due to |v;(k)| < |vn11 (k)| for all j € I} one has the forward estimate

2 2 2 2 2

[AR) P 2y = D+ vy) o (B) ) < fonar (R) el
JELY
which implies (b), and our claim (c) follows from the corresponding backward estimate
_ 2 22 2 2
[AR)Py 2| = D+ w) o (B) [25]” = [on (k)] |7y,
J€El,

since we have |v; (k)| > |v, (k)| forall j € I,. O

After these preparations we verify the assumptions of Theorem 4.1 step by step. First of all, we need to
investigate wether (5.16) is well-defined.

Lemma 5.8. Choose p € R so large that
(5.17) p > 2v/Riexp [2Ry + 216(1 + v°)(1 4 216(1 + v*)RT)R}] .

Then for all (k, &) € Z x CN the following holds:

(a) The difference equation (5.16) possesses a forward solution ¢ : Z} — CN satisfying ¢p(r) = &.
(b) There exists an No(€) € Zg such that the solution values ¢ (k) are uniquely determined for k > r + No,
provided the temporal step-sizes satisfy

(5.18) 2(R1—|—6\/1+y2) PPH < 1.

(c) For each uniformly bounded set B C 7 x HJ; there exists an N1(B) € Z(J{ such that the general solution
o(k;K,-) : B(k) — CV is well-defined and continuous for k — x > Ny (B), provided (5.18) holds.

Proof. (a) The existence of forward solutions can be shown using a criterion from [FJ791, Proposition 4.8]. For
details see [Lor97, Lemma 3.1], whose techniques carry over to our time-depending setting.

(b) This can be derived along the lines of [Lor97, Lemma 3.2].

(c) Since H le is finite-dimensional, this follows from (b). O

Lemma 5.9. For every r > 0 and u,v € B.(HY) the nonlinearity F : Z. x CN — CV satisfies
||Ps: [F(k,u) — F(k,v)]HH}V < L(r) | %] Ju— ”HH}\, foralln=1,...,|%2| keZ

with L(r) := /2(1 + RZ + 1v2) + 360(1 + R2)r™.

Proof. Letr > 0,u,v € B,(HY)andn € {1,..., | ¥52]}. We proceed in two steps:
(I) We begin to derive a Lipschitz condition for the function Gy : CV — C¥. Here, our approach is based on
relation (5.12). The mean value inequality leads to

‘\uj|2uj—|vj\2vj <2 sup |uj 4 t(v; —u)*|u; —v;| forallj=1,...,N.
t

€[0,1]
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From [Lor97, Lemma 1.2] we borrow the embedding relation |u;| < v/3 ||ul| ;1 and arrive at
N

(5.19) lu;|?uj — v v;| <6r%|u; —v;| forallj=1,...,N, u,v € B.(Hy),

which, in turn, equips us with the first L3 -estimate

1 & 2
(5200 [G(w) = G0y = 1 3 [lusfFuy = oyl vs| <368 lu—vlfs  forallu,v € By (H).
j=1
Moreover, for notational convenience we identify w41 with ©y (and v 41 with v1) to obtain
2 2
2 2 2 2 2 2
04 (Jug " uy) — 64 (Jvg Uj)’ < <‘|Uj+1| Uj1 — [Vj41] vj+1’ + ‘|Uj| uj — |vj ij

(5.19) 2
< (6% fujpr — vy |+ 677 fuy — )

< 72t <|uj+1 — v+ Juy — vj|2> forallj=1,...,N
from the elementary inequality
(5.21) (x+y)? <22® +2y* forallz,y € R.

Therefore, with relation (5.13) for the seminorm || , =~ we get

N
1 2
|Gy (u) — Gy, = i > 64(Gn(u) = Gn(v));04(Gn(u) — Gn(v));
7j=1
N
= 20 — Gr(0);[* < 144 lu — 0]},
j:
and combining this with (5.20) we obtain from (5.12) that
G.
(5.22) |G (u) — GN(U)Hz}V < 180r* |ju — v||i?v g 1807°4 [lu — v||§1,11V for all u,v € B,.(Hy).

(IT) Now we aim at a Lipschitz estimate for the full nonlinearity F'. By definition, adopting the notation from
Lemma 5.7 and its proof one has

2 2 2 2
1P [F(kyw) = F (ko)) < 1517 D0 (4 ) o (R [(Gltisn, w) = Gltisr, ), e)]
jely
and referring again to the basic inequality (5.21) we proceed to

1PE (P (eyw) = PRl < 2[4 (14 B +07) 3 (1 +w) [(u—v,e))

jely
2| 817 (14 B) D0 (1 +0) (G () = G (v), )
€Ly
E | * [(1 + R? + 1) + 180(1 + R2)r] |ju — u||§,}v :
Taking the square root of this estimate yields the assertion. U

Lemma 5.10. Suppose p € R satisfies (5.17). If the temporal step-sizes satisfy
(5.23) 4Ry [1+108(1 4 v*)(1+216(1 + v*)R})R| H < 1,

then the nonautonomous set 7, X B,,(H 1) is uniformly pullback absorbing in H 5 and positively invariant.
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Proof. Let (k,&) € Z x CN. It can be shown as in [Lor97, Theorem 3.2] that there exists an Ny (§) € ZS‘ such that
a solution ¢ of (5.16) exists with ¢ (k) = £ and ¢(k) € B,(H} ) for k > k + Ni. Since the integer N; depends
only on the H3,-norm of &, this implies our claim. ]

After all these preparations we eventually arrive at

Theorem 5.11 (discrete Ginzburg-Landau equation). Choose w € (0,1) fixed, the radius of the absorbing ball
p > 0 so large that (5.17) holds, N > 5 so large that

(5.24) N2sin (&) > 28 [(p)

and define n := [%1 In addition, choose

14vy, 2vy, u+ui
(5.25) q¢e (max {w’ 1+vp41? vptvnyr? \l V+V72L+1 } ’ 1:|

and H > 0 so small that beyond (5.18), (5.23) also the estimates
(5.26) L(p)H <1, qH < e e
are satisfied. Then for temporal step-sizes with h € [q¢H, H] the following holds:
(a) The full finite difference discretization (5.16) of the complex Ginzburg-Landau equation (5.10) possesses a
(2n + 1)-dimensional inertial fiber bundle W C Z x B,(HY) as in Theorem 4.1,
(b) there exists a unique pullback attractor A* for (5.16), which satisfies A* C W,

where the constant L(p) > 0 is defined in Lemma 5.9.

Remark 5.1. The formulation of Theorem 5.11 is quantitative in the sense that the fiber-dimension of the inertial
fiber bundle W can actually be computed for given values of v and bounds R;, Ry > 0. Figure 1 illustrates the
dependence of dim W(k) on these parameters. Related estimates for the continuous problem (5.10) (and constant
functions p1, o) are given in [DLT96].

Proof. First of all, Lemma 5.6(a) ensures that the interval for the balancing parameter ¢ in (5.25) in nonempty.
Unfortunately, we cannot apply Theorem 4.1 directly, since the forward solutions of (5.16) need not to be unique
in forward time (cf. Lemma 5.8). However, this problem can be circumvented as follows:

Choose p > 0 so large that (5.17) holds. We modify the nonlinearity of (5.16) as in the proof of Theorem 4.1
and directly employ Proposition 2.1 and Theorem 2.5 to the modified equation

(5.27) ' = A(k)z + 0K'(k)F,(k,z").
Thereto, we verify the corresponding assumptions with constant state spaces Xy = Y;, = HJ for an appropriate
spatial discretization with N > 5. Since H j is a Hilbert space, we are in the scope of Remark 4.1(1).

(H)o For H > 0 so small that the left estimate in (5.26) holds, we prove just as in Theorem 4.1 that the general
solution of (5.27) is well-defined (and continuous) on Z X H}V Note that Lip, F,, < L(p) due to Lemma 5.9.

(H)1 We define constant projectors Py (k) := PE for some positive integer n < 22 and observe using
Lemma 5.7(a) that (2.3)—~(2.5) hold with C' = 1. Introducing the growth rates
Ap =1+ A +i)h(1+vpr)| ", A= 14+ 1+ i) H( +vn)| ",

an elementary computation shows A,, < A, provided the step-sizes are balanced according to (5.25). Then
Lemma 5.7 implies the desired dichotomy estimates

k—1
19k, )P Dl ) < TTIIAG P gy < AR foralll < &
j=l
and also||®(k, 1) P— (Z)HL(H}V) < Hé;i HA(j)P,‘L"HL(H}V) < Me=lforall k < I, verifying (H);.
(H)» Clearly, F(k,0) = 0 on Z implies (2.10) and Lemma 5.9 yields (2.11) with LT = L(p) | £|.
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FIGURE 1. Dimension of the inertial fiber bundle W from Theorem 5.11: Left: dim W(k) over
(R1, R2)-plane for v = 1, Ry € [0.001,0.05], Ry € [0.25,15] yielding 3 < dim W(k) < 29.
Right: dim W(k) over (Ry,v)-plane for v € [0.0125,1.5], Ry € [0.02,0.04] and Ry = 1
yielding 3 < dim W(k) < 29.

The remaining goal for an application of Theorem 2.5 is to verify the estimate (2.12), which reduces to

(5.28) 3( A\ —G)L(p)H <& forall g € (o, 22522).

Our approach is to show that there exist large NV, n such that the spectral gap condition (5.28) holds. We begin with
a preparatory elementary estimate. For real numbers 0 < y <1 < w™'—1onehas /T + x < VI+ ¢ <w™ /2,
thus T+ ¢ (vI+ 9 + I+ x) < 2 and this implies

Y- X VI+Xx

w
5.29 —(p—x) < =1- forall0 < y <o <w™—1.
I R RV Y sxsvs
Abbreviating x := 27, +72+v?H? and ¢ := 2q7n+1+q27'3+1 +q?v?H? we obtain 0 < y < v from ¢ >
(cf. (5.25)). Moreover, we get from the right relation in (5.26) that ¢ < w™! — 1, thus

1+v,
1+vn41

An — A, Vi+x 629w
= — > — — .
A Vize = 2W v

For the difference 1) — x one can establish the relation 1) —x > 2H (quy, 41 —vy), provided ¢*v2 | —v2 > v(1—¢?%)

holds, but this is given by (5.25). The assumption g > Vni”yﬁﬁ (cf. (5.25)) implies quy 41 — Vn > £(Vny1 — Vn)
and combining the above three estimates finally yields

An— A qw w?

7}1—)%” > T(Vn+1 —Vp) > 7(Vn+l — Vn)

due to ¢ > w (cf. (5.25)). This brings us into the position to apply Lemma 5.6(c) guaranteeing

)\n _An : b3 _
“Hn > V3w?N?sin (%) forn= [%] .
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Keeping in mind that ¢ : [2,00) — [4,00), (t) := t*sin(7) is strictly increasing with lim; .o ¢(t) = oo, we
are able to fulfill (5.24), i.e., there exists a minimal integer N > 5 such that
An — A, \/§W2
o\, 2
this implies 3(\, — 5)L(p)H < 3\, L(p)H < 22522 forn = [¥=23], 5 € (0, \,) and consequently there exists
areal o € (7, 22522 such that (5.28) is satisfied.

(a) Having verified all assumptions of Theorem 2.5 we know that the implicit difference equation (5.27) in C
has a global inertial fiber bundle W, if N > 5 satisfies (5.24). Each fiber W(k), k € Z, is a graph over P cN
and by definition of the projector P, in Lemma 5.7 we have dim W(k) = dim P;CN =2n+1forallk € Z.
Since the nonautonomous set Z x B »(H3 ) is uniformly pullback absorbing for the original equation (5.16) (see
Lemma 5.10), all solutions of (5.16) eventually enter the ball B,(H4 ). We define W := W N U, CZx Hy and
the positive invariance of Z x B,(H} ) implies that WV is an inertial fiber bundle for (5.16).

(b) Because of Lemma 5.10 there exists a compact pullback absorbing set Z x BP(H}\,) for (5.16) and [K100,
Theorem 3.6] guarantees the existence of unique pullback attractor A* C Z x B,(H A)- Clearly, A, < 1 and
F(k,0) = 0 on Z implies that Corollary 4.2 can be applied, which yields .A4* C W.

Therewith, Theorem 5.11 is established. O

N?sin (%) > 3L(p) forn=[¥3],

APPENDIX A. AN OPTIMAL CUT-OFF FUNCTION

The existence of smooth cut-off functions is of importance to deduce local results from global ones. To keep
the paper self-contained we present a tool aiming for a kind of optimality in their Lipschitz constant.

Lemma A.1. For every real s > 1 there exists a function 9 € C*°(R) such that 9(t) = 1 on (—o0, 1], 9(t) € [0, 1]
fort €[1,2), 9(t) = 0on [2,00) and DVY(t) € [—s,0] forallt € R.

Proof. For reals r > 0 consider the C'"*°-bump function w,. : R — R,

[ exp(—12%z) forz| <
wr(z) 1= { 0 for |z| >

[N

(cf. [AMRSS, p. 94]). Then ¥, : R — R given by ¢, (z) := [*__w,/ [ wy is an increasing C°°-function with
Or(x) = 0 forz < —3, J.(x) = 1 for z > 3 and the derivative DY, (z) = wy(z)/ [ w,. From the properties
of w, we see that minger DY, (x) = 0 and m(r) := maxzer DU (x) = exp(—r)/ [ wy. Itis not difficult to
prove that m : (0,00) — R is a strictly increasing continuous function with lim,~ o m(r) = 1. Thus, for every
s > 1 there exists a 7* > 0 such that m(r*) < s, therefore DV« (x) € [0, s] for all z € R. Then the function ¥
given by (z) := ¥, (2 — z) satisfies the assertions of our lemma. O
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