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Abstract

Besides being interesting infinite-dimensional dynamical systems in discrete time, in-
tegrodifference equations successfully model growth and dispersal of populations with
nonoverlapping generations, and are often illustrated by simulations. This paper points
towards and initiates a mathematical foundation of such simulations using generic
methods to numerically discretize (and solve) integral equations. We tackle basic prop-
erties of a flexible class of integrodifference equations, as well as of their collocation
and degenerate kernel semi-discretizations on the state space of continuous functions
over a compact domain. Moreover, various estimates for the global discretization error
are provided. Numerical simulations illustrate and confirm our theoretical results.
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1. Introduction

The numerical analysis of integral equations is a well-studied field (cf. for instance
the monographs [1, 2, 5, 11]). It provides efficient algorithms to solve linear and non-
linear equations, as well as eigenvalue problems for various classes of integral opera-
tors (Fredholm, Volterra, Hammerstein, Urysohn, etc.). Roughly, these tools allow a
classification into Nystrom, projection and degenerate kernel methods.

The paper at hand abandons a classical and static perspective of solving, say a fixed
integral equation or determining the spectrum of an integral operator numerically. We
rather investigate the behavior discrete semi-dynamical systems given by the iterates
of nonlinear integral operators — one speaks of integrodifference equations — along
with their spatial discretization. In particular, the iterates of Hammerstein integral
operators serve as successful and increasingly popular models in theoretical ecology
(e.g. [10, 14, 9]): If u : © — R describes the spatial distribution of a population
over a habitat €, then the corresponding growth and dispersal between consecutive
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nonoverlapping generations is captured via a Hammerstein operator

H(u)(x) := A k(z,v)g(y,u(y))dy forallx € Q, (1.1)

whereas, when dispersal precedes growth, an adequate model is

N(u)(z) =G <x, /Q k(x,y)u(y) dy) forallx € Q. (1.2)

Here, g,G : 2 x R — R are growth functions commonly used in theoretical ecology
of e.g. Beverton-Holt, Ricker or logistic type (cf. [10, 9]), while & : 92> — Ris a
probability kernel yielding the dispersal of species. Yet another special case covered
are so-called spatial difference equations having right-hand sides

S(u)(z) == g(z,u(x)) forallz € Q (1.3)

and which e.g. model populations of sedentary species. Also vector-valued versions of
(1.1)—(1.3) are considered to capture multi-species relationships (e.g. [14]).

Such modelling aspects serve as motivation, but are not our main focus. We rather
aim to achieve two goals in this paper:

e We abstractly study the iterates of operators like 3, N or G on the space of con-
tinuous functions over a compact set {2 C R” (the state space); other function
spaces are possible, but require a different analysis. The resulting discrete dy-
namical systems are called integrodifference equations (short IDEs). They are
allowed to be nonautonomous, i.e. their right-hand sides (1.1)—(1.3) can depend
explicitly on time in an aperiodic way. Such a generalization is well-motivated
from applications [9]. Whence, we lay the basics for a qualitative theory of IDEs.

e When simulating the dynamics of IDEs, the problem needs to be discretized,
which allows two approaches: For Nystrom methods the integral is replaced by
a quadrature/cubature rule and one immediately obtains a recursion on a finite-
dimensional space. Alternatively, one proceeds in two steps: First, the infinite-
dimensional state space is replaced with a finite-dimensional subspace by ap-
plying a projection or degenerate kernel method. Since our state space is not a
Hilbert space, projection methods will be of collocation type here. This yields a
semi-discretization, because the resulting operators still contain integrals. Sec-
ond, one applies a cubature rule in order to approximate these remaining inte-
grals. The resulting full discretizations are obtained by discrete projection (col-
location) or discrete degenerate kernel methods (cf. [1, 5, 11]). We therefore pre-
pare preliminary results justifying numerical simulations via semi-discretizations
for a general class of IDEs such as (1.1)—(1.3). Nonetheless, an analysis of such
full discretizations (i.e. Nystrom, discrete collocation and discrete degenerate
kernel methods) is reserved for a future paper.

In detail, the structure of this contribution is as follows: Sect. 2 introduces a general
class of nonautonomous IDEs containing such with right-hand sides (1.1)—(1.3) as spe-
cial cases. We provide a flexible framework proving the underlying well-posedness,



differentiability, as well as Lipschitz and complete continuity properties of IDEs. This
allows to embed such problems into the recent theory of nonautonomous dynamical
systems in discrete time (see e.g. [15]). For a subclass, still containing (1.1) and (1.2),
a smoothing property is shown, which guarantees that already the first iteration of a
continuous initial function inherits the differentiability of the right-hand side. This
observation turns out to be helpful in error estimates. Also an interlude on the com-
pactness of linear IDEs and the explicit form of the resulting variational equations is
given. Sect. 3 introduces two semi-discretizations for IDEs based on the commonly
used collocation and degenerate kernel methods to solve integral equations numeri-
cally [5, 1, 11]. They substitute IDEs by difference equations in finite-dimensional
subspaces. For these spatially discretized problems, similar questions as in Sect. 2
concerning well-definedness, differentiability, Lipschitz continuity and the associate
variational equation are addressed. Furthermore, the local discretization error measur-
ing the discrepancy after one iteration is introduced. Appropriate closeness notions are
given by means of (bounded and C™-) convergence. We provide explicit illustrations
for collocation and degenerate kernel approximations based on piecewise linear func-
tions. In general, linear or quadratic convergence orders can be realized only when the
state space is restricted to C''- resp. C2-functions. Nevertheless, under the smoothing
property mentioned above, a relevant special case of IDEs including (1.1), (1.2) yields
these convergence orders on the space of continuous functions. In Sect. 4 we provide
estimates how the global discretization error between the solutions of the original and
of the discretized equation develops over time ¢. For general IDEs, the global error
typically grows exponentially as ¢ — oo (cf. Thm. 4.1). Under a contraction condition,
however, convergence of the error is established on unbounded intervals. In order to
prepare future applications to the numerical dynamics for IDE, we also derive estimates
relating the global errors between solution derivatives. An illustration of the obtained
results is given in Sect. 5 by means of three examples. They confirm the exponential
growth of the global discretization error as ¢ — oo, the predicted (quadratic) error
decay over finite time-intervals, as well as the smoothing property of solutions.

Finally, two appendices conclude the paper. They contain an ambient Gronwall
lemma in App. A, which is required to prove error estimates. For the reader’s con-
venience, the concluding App. B presents a rigorous, purposive study of substitution
and Urysohn (nonlinear Fredholm) integral operators in a consistent form, rather than
referring to diverse sources beyond e.g. [13].

Notation

A discrete interval 1 is a nonempty intersection of a real interval with the inte-
gers Zand I' := {t €1: t+1€I}. We write Ry := [0,00) and |-| for norms on
finite-dimensional spaces. In a metric space (M, d), B,(z) is the open ball with ra-
dius r > 0 and center x, B,(z) is the closed counterpart and B,.(A) := {z € M :
inf,eca d(x,a) < r} defines the open r-neighborhood of a nonempty subset A C M.

On the spaces R¢ we throughout use

|z| := max {|z1], ..., |z4|} (1.4



as norm, which induces the maximum absolute row sum as matrix norm

d
K| = m_”alxz k| forall K € R¥¥P, (1.5)
[

Let X,Y be normed spaces (with norm ||-||) and Ix the identity map on X. The
space of bounded j-linear mappings from X7 to Y is denoted by L;(X,Y), j € N;
L(X,)Y) = L1(X,)Y), L(X) := L(X,X), Lo(X,Y) := Y and GL(X,Y) are the
invertible elements of L(X,Y). ForT € L(X,Y), R(T) :=TX CY is the range.

Ifamap f : X — Y satisfies a Lipschitz condition, then lip f denotes its smallest
Lipschitz constant. When f : X x P — Y additionally depends on a parameter from
some set P, we write lip; f := sup,cp lip f(-,p) and deploy an analogous notation
for Lipschitz constants w.r.t. other variables. The modulus of continuity of f is

w(é, f) = sup | f(x) = f(z)| forall§>0
le—z(| <3

and precisely the uniformly continuous functions f satisfy lims\ o w(d, f) = 0. The
class M := {T": Ry — Ry | lim,\ o I'(p) = 0} of limit O functions is convenient.

Suppose throughout that 2 C R* denotes a nonempty, compact set without isolated
points. The space of functions u : 2 — R, whose derivatives D’ up to order j < m
have a continuous extension from the interior Q° # @) to Q is denoted by C™ (),
m € Ny. Since 2 is compact, C"*(2) is a Banach space w.r.t. the norm

ull,, = max |ul;, ul; = max |DIu(z)| forall0 < j <m;
we write C(Q2) := C°(2), ||-|| := ||||op- The cartesian product C'(2)? is identified

with the space of continuous vector-valued functions u : Q — R¢ (similarly for other
function spaces). Since {2 is kept fixed throughout, we abbreviate

Cyq:=C(Q)%, o= C™(Q)4.

2. Integrodifference equations

Given a discrete interval I, let us first provide an abstract framework in terms of
general nonautonomous difference equations

U1 = Fe(ur) o)

having right-hand sides F; : C4 — Cy, t € I'. For simplicity we assume that (1) is
globally defined, but our analysis extends to the situation when J; is merely given on
ambient (e.g. convex) subsets of Cl.

Given an initial time T € 1, a forward solution to (Iy) is a sequence (¢¢)r<; in Cy
satisfying ¢y11 = Fi(¢y) forall 7 < ¢, ¢t € I’ and an entire solution (¢;)ier fulfills



this identity on I'. The unique forward solution starting in the initial state u, € Cy is
determined by the compositions

Fi10...0F (ur), T<t,

Ur, t=T

o(t; 7, ur) = { 2.1)

and denoted as general solution to (Iy). If the functions J;, t € I, are of class C'!, then
Dsp(ri7,ur) = Icy,, Dsp(t; T, u,) H DFs(o(s;7,ur)) (2.2)

hold for all 7 < ¢t and u, € Cy (by mathematical induction). One says (Iy) is periodic,
if [ = Z and there exists a period 6 € N such that ;9 = F, forallt € Z. An
autonomous equation is 1-periodic, i.e. the right-hand sides of (/) do not depend on ¢.

Being more specific, as standing assumptions, for every ¢ € I’ the right-hand sides
F; of (Iy) are composed of two operators:

o IfG; : Q x R% x R? — R? are continuous, then the substitution operators
Gi:CaxCp— Cq,  Gi(u,v)(x) := Gz, u(z),v(x)) forallz €
are well-defined and continuous (see App. B.1 for this and more).
o If the kernel functions f; : 0 x Q@ x R? — RP are continuous, then the Urysohn
integral operators

Uy : Cqg— Cp, Uy / filz,y,u(y))dy forallz € Q@ (2.3)

are well-defined and completely continuous (see App. B.2).

In the most general form considered here, the difference eqn. (1) possesses

Fi(u)(z) =G (z u / filz,y,u dy) forall z € Q 2.4)

as right-hand sides, or in a brief notation
Fi(u) = Gi(u,Ug(u)) forallu € Cy. (2.5)

We consequently speak of nonlinear Urysohn eqns. (Iy) on Cy, which include right-
hand sides (1.1)—(1.3). Let us first address well-definedness and smoothness properties:

Proposition 2.1. The general solution p(t;7,-) : Cq — Cq of (Ip) is well-defined for
all T < t, as well as bounded, continuous and uniformly continuous on bounded sets.

Proof. Let s € I'. Thanks to Thm. B.1 the substitution operators G, : Cy x C, — Cy,
and due to Thm. B.5 also the Urysohn operators U; : Cqy — C,, are well-defined,
bounded, continuous and uniformly continuous on any bounded subset B C Cy x C),
resp. B C Cy. This carries over to the composition F, from (2.5) and by (2.1) also to
their composition, that is, the general solution. O



More can be said for pure integral operators, where the mapping G; does not de-
pend on the second variable, i.e. F; coincides with a function

T :Cy— Cq, TFi(u)(z) := Gy (ar, fe(x,y,uly)) dy) forallz € Q, (2.6)
Q

where G; : Q x R? — R% is continuous.

Corollary 2.2. Let 7 < t. If there exists a T < to < t so that F, = Ty, is of the form
(2.6), then o(t; 7, ) : Cq — Cq is completely continuous.

Proof. Due to (2.6) the right-hand side F;, = Gy, o Uy, : Cq — Cy is a composition of
the completely continuous mapping Uy, : C4 — C,, (cf. Thm. B.5) with the bounded,
continuous map 9t0 : Cp — (4 (see Thm. B.1), thus completely continuous. The
claim follows by the same argument from (2.1), since ((t; 7, -) is a composition of Ty,
with bounded and continuous mappings F, s # . O

Corollary 2.3. [ffor every s € I, r > 0 there exists a function \s . : Q? — Ry such
that g - (x,-) is measurable on Q with £s(r) := sup,cq [ As,r(2,y) dy < oo and

(@, y,2) = fol@,y,2)| < Asr(@,) [z — 2| forallz,y € Q, 2,% € B(0),
then B C B,.(0) C Cy implies lip Fs|p < Ly(r), where

o Ly(r):=lipp 3 Gs max{1,(,(r)}, provided lip(s 3y Gs < 00,

o Ly (r):=lipy Gs + lips Gls(r), provided lip, G, lips G5 < 0.

If F, = F, is of the form (2.6), then L(r) = lipy G4/,(r) holds.

Proof. Letr > 0and s € I’. In Cor. B.6 it is shown that lip Us|p < ¢4(r) holds for
subsets B C B,.(0). The assumed global Lipschitz condition on G extends to G (cf.
Cor. B.2), which yields the assertion by elementary estimates. O

We point out that Cor. 2.3 has immediate implications for the global dynamics of
nonautonomous IDEs ([).

Remark 2.4 (forward and pullback convergence). Assume that U, satisfies a global
Lipschitz condition or that [ := sup,.» Ls(r) < 0o, and suppose u € Cy:

e Let I be unbounded above and 7 € I. If (¢¢),<¢ is any forward solution to (/o)
and the limit relation HiiT ls = 0 holds, then mathematical induction yields

t—1
lp(t:mw) — el = llplts ) — (87 6,)]| < (H zs) Ju—6-ll —o0.

Thus, ¢ is globally forward attractive and all solutions to () are asymptotically
forward equivalent; that is, they converge to each other.



e Let I be unbounded below. If there exists a bounded entire solution (¢ ):ey of
(Ip) and the limit relation H?:foo ls = 0 for some ty € I’ holds, then (as above)

t—1
. _ < — <
l(t; 7, u) — ¢el| < (]:[z) lu = ¢rll ———0 forallt <to.

Hence, ¢ is globally pullback attractive (cf. [15, pp. 62-63, Def. 2.4.4]).
The next results rely on the classes of C7"- and C'}"-functions introduced in App. B:

Proposition 2.5 (differentiability of ¢(t;7,u)). Let m € Ny. If fs are of class C7*
and G, are C™-functions for every s € I, then ¢(t; 7,u) € C™(Q)? for all T < t and
u € C™(Q)%

Proof. Lets € I',u € C™(Q)? and w.l.o.g. m € N. Combining Thm. B.3 and B.7, it

follows from (2.5) and the chain rule [12, p. 337] that F5(u) is of class C"™. Again the
chain rule and mathematical induction imply the claim with (2.1). O

If the kernel functions f, are differentiable in the first argument, and G are dif-
ferentiable as well for s € I, then IDEs with right-hand sides (2.6) have a smoothing
property. This is convenient in error estimates for discretizations (cf. Sect. 3), because
continuous initial functions inherit the kernel’s smoothness after one iteration.

Corollary 2.6 (smoothing property). If (Iy) has right-hand sides (2.6) for all s € T,
then o(t; T,u) € C™(Q)? for every 7 < t and u € C,.

Proof. Givenu € Cy, we obtain from Thm. B.7 that U, (u) € C™ ()¢ holds. Then the
representation F (u)(z) = Gs(z, Us(u)(z)) on  identifies Fq(u) as a composition of
C™-functions and the claim follows by induction from (2.1). O

Proposition 2.7 (differentiability of ¢(¢;7,-)). Let m € N. If fs and G5 are of class
C} forevery s € I, then (t;7,-) € C™(Ca, Cq) forall T < t.

Proof. Let s € I'. From Thm. B.8 the mapping U : Cy — C), is of class C™, and
sois u > (u,Us(w)). Then Thm. B.4 and the chain rule [12, p. 337] imply that also
the composition F (cf. (2.5)) is m-times continuously differentiable. Using (2.1) this
extends to the compositions o(t; 7, ). O

2.1. Linear integrodifference equations

The linear-homogeneous IDEs being relevant for our purposes read as

Vt41 = Loy

with coefficients £; := M; + K, being the sum of two operators. For every ¢ € I’ and

e continuous M; : Q — L(R?), consider the multiplication operator

(M) (z) := Me(x)v(z) forall z € Q, 2.7



o kernels k; : Q2 — L(R?) such that k;(x,-) : @ — L(R?) is measurable for all
x € §, consider the Fredholm integral operator

(Kp)(z) == / ki(z,y)v(y)dy forallz € Q. (2.8)
Q

Proposition 2.8. If k, : Q> — L(RY) satisfies {5 := sup,q Jo lks(z,y)| dy < oo
for all s € T, then the transition operator

LoqLor, t,
O(t,7) € L(Cy), Ot 7) = {1 T< (2.9)
ch, T=1

is well-defined, ||®(t, )| < HZ:T Uy forall 7 < t and Uy := {s + maxgeq | M,(z))|.

Proof. Let s € I'. It is not hard to see that every M, € L(Cy) from (2.7) is well-
defined and satisfies | M| = max,cq |M,(x)| =: m,. In[13, p. 167, Prop. 3.4] it
is shown that X, € L(Cy) from (2.8) is continuous and fulfills ||X,|| < /. Hence,
L € L(Cy) with || Ls]| < ms+Ls. Then induction yields that ®(t,7) € L(Cy) is well-
defined using (2.9), and moreover one has the norm estimate for ®(¢,7), 7 < t. 0

Corollary 2.9. Let 7 < t. If ky, : Q% — L(R?) additionally satisfies

lim/ |kt (z,y) — kiy (&, y)| dy  uniformly in & € )
Q

=&
and My, = 0 for some T < ty < t, then ®(t,7) € L(Cy) is compact.
Proof. Due to [13, p. 167, Prop. 3.4] the operator £;, = XK, is compact. Therefore,
[8, p. 215, Prop. 1.2] and (2.9) imply that the composition ®(¢, 7) is compact. O

2.2. Variational equations

Suppose ¢ = (¢¢)ter is an entire solution to (Ip). If fs and G are of class C’ch for
all s € ', then F, : C; — Cy is continuously differentiable due to Prop. 2.7 and

’Ut+1 = ngt(@)vt ‘ Vo)

is denoted as variational equation of (1) along ¢. It spectral properties determine the
stability of ¢.

Corollary 2.10 (variational equation). Let (¢¢)ic1 be an entire solution to (1) and
s € I'. If f, and G, are of class C}, then DFs(¢ps) = My + Ky holds with the
summands (2.7) and (2.8) for all x € Q) and v € Cy explicitly given as

(M,0)(2) = DG, (x,ass(x), [ w00t dy) o(@),
(%,0)(x) = DsG,s (x,qss(x), / fs<x,y,¢s<y>>dy) [ st onwot an

If F, = F, is of the form (2.6), then DF,(¢,) = Ky € L(Cy) is compact.



Proof. From Prop. 2.7 we know that Fs = (s + 1;s,-) € C1(C,4, C,) and the chain
rule [12, p. 337] implies DFs(¢p) = D1Gs(¢, Us(d)) + D2Gs(d, Us(p)) DUs(¢p) due
to (2.5). Using the explicit derivatives from Thms. B.4 and B.8, we conclude the claim.
In case D>Gy vanishes, then My = 0 and DFs(¢) = D2Gs(0, Us(9))DUs(9) is
the composition of a bounded (multiplication) operator with the compact derivative
DU,(¢) (cf. Thm. B.8) and is therefore compact itself (see [8, p. 215, Prop. 1.2]). O

3. Semi-discretizations of integrodifference equations

Applying a semi-discretization method to an IDE (J) yields a family of nonauto-
nomous difference equations

Ut4+1 = f}?(ut) (In)

with right-hand sides F7' : Cy — Cy,t € I, depending on n € N and values in a finite-
dimensional linear (or affine) subspace of C;. The same terminology as introduced for
(Ip) applies to each (I,,) and particularly its general solution is denoted by ,,.

The (local) discretization error €} : Cq — C4,

er (u) i= Fy(u) = F7' (u)

captures the distance between solutions to (/) and (I,,) starting in the same point after
one iteration. Since n € N is understood as discretization parameter, £ (u) is supposed
to become arbitrarily small as n — oo. To be more precise, we say F3* or (I, )nen 1S

o convergent, if lim,_, ||e}'(u)|| = O holds forall t € I', u € Cy

o bounded convergent, if lim,,_, o sup,cp ||€}(v)|| = 0 holds for all t € I" and
bounded B C Cy

o C™-convergent with m € Ny, if there is a convergence function I'y € O and for
every bounded B C C™(Q)? (in the C™-topology) there is a K (B) > 0 with

lef (w)|| < K(B)Lo(L) forallt €', n € Nandu € B. (3.1)
In case there exist C,y > 0 with T'g(p) < Cp" for all p > 0 one says (I)nen
has convergence order v > 0.

Note that C°-convergence is sufficient for bounded convergence, which in turn implies
convergence. Moreover, O™~ !-convergence yields C™-convergence for m € N.

Under natural assumptions (see below), the right-hand side of (I,,) inherits contin-
uous differentiability from (/). This allows to consider the variational equation

[ver1 = DIF (0e)or = MG+ K] | (Va)

associated to an entire solution (¢; )y of (I,). The precise form of (I,,) and (V},)
depends on the particular discretization method studied next:



3.1. Collocation methods

Collocation methods for linear integral equations were thoroughly discussed in
[1, pp. 49ft, Chapt. 3], [5, pp. 81ff, Sect. 4.4] and [11, pp. 241, Chapt. 13]. Our
straight-forward generalization to nonlinear problems is as follows: Assume that X,
n € N, are subspaces of the real-valued continuous functions C; with finite dimension

d,, = dim X,, having a basis {ey,...,eq, }. We choose distinct collocation points
&1, ..., &q, € () and require the interpolation condition
(ei(&)))i=1 € GLR™). (3.2)

Given this, P,u = Z?;l e;(+)v7 define projections P, : Cy — X<, where the vectors
v, ..., v% € R? are (by (3.2) uniquely) determined via the interpolation conditions
Z;l;l ej(&)v? = u(&) forall 1 <i < d,.

A collocation method to approximate (Iy) now reads as

dn
Fp(u) = PaFe(u) =Y e;()0]. (3.3)
j=1
Each evaluation of F', ¢ € I, requires to determine the vectors v}, . . . vf" € RY from

the linear equations

n

> el = Gy (M(&), /Q ft@,y,u(y))dy) forall 1 <i < dy.

Jj=1

Accordingly, F7*(u) € X¢ holds and we obtain merely a semi-discretization (3.3),
since d,, R%-valued integrals remain to be computed.

Theorem 3.1 (collocation methods). Let m € Ny and n € N. The general solution
on(t;7,-) : Cq — X2 of collocation methods (3.3) is well-defined, completely contin-
uous and uniformly continuous on bounded sets for T < t. In case sup,,cy || P || < 00
these properties hold uniformly in n € N. Moreover, one has:

@) Ifer,...,eq, € C™(Q), then ¢, (t;7,u) € C™(Q) forall T < t,u € Cy.
(b) If fs,Gs are of class CF' for every s € I, then o, (¢;7,-) € C™(Cy, Ca).

Proof. Letn € N, s € I'. By (3.3) the collocation method F” is a composition of a
linear operator P,, € L(Cy) with Fs. Thus, F7 and ¢, (¢; 7, ) inherit the corresponding
properties of Fs resp. ¢(t;7,-) stated in Prop. 2.1. Moreover, since P, has finite-
dimensional range, F7 is completely continuous, and so is ¢, (¢; 7, -) for 7 < t. The
uniformity of these properties in n € N for bounded sequences (P, )nen is equally
evident from (3.3).

(a) Given u € Cy, it immediately follows from (3.3) that F}*(u) inherits its smooth-
ness from the basis functions e1, . .., e,, and so does ¢, (t; 7, u).

(b) Due to Prop. 2.7 the mapping F5s = ¢(s + 1;s,-) is of class C™, and so is
F = P,Fs. Then the claim for ¢,,(¢; 7, -) results from the chain rule [12, p. 337]. O

10



Corollary 3.2. In the setting of Cor. 2.3 the following implication holds:
BCB.(0)cCy = lipF?p <||P.||Ls(r) forallr >0,secl',neN.
Proof. Letr >0and s € I'. If u,u € B C B,.(0), then

(3.3)
I <

19 (w) = T (w) [Pl 1Fs (u) = Fs (@)l

and the concluding estimate in Cor. 2.3 guarantees the assertion. O

Corollary 3.3 (variational collocation equation). Lern € N, s € I' and ()1 be an
entire solution to (I,) given in (3.3). If fs and G are of class C’}, then the derivative

DI (¢s) € L(Cy, X2) is compact and given by DF"(¢ps) = P,Ms + P, K.

Proof. Dueto DF?Y(¢s) = P, DF(¢s) the formula for DF? () follows by Cor. 2.10
and (3.3). Furthermore, [13, p. 89, Prop. 6.5] shows that DF™ () is compact. O

3.1.1. Lagrangian interpolation

Due to Cor. 3.2 the norms of the projections P,, play a crucial role to preserve
uniformity, and in the light of Rem. 2.4 and its implications, for contractiveness under
discretization. For Langrangian interpolation, that is, when (3.2) is strengthened to

ei(§;) =6y foralll <4,j <d,, (3.4)

one deduces: According to [1, p. 51, (3.1.8)] the projections p,, : C; — X,, given by
JURTRES Z?gl e;(-)u(§;) satisfy ||pn|| = maxzco Z?gl le;(x)| and thus (1.4) implies

dn .
that [| Pyul| = max {|[ppuall, - ., [[pruall} < maxeeq 3250 lej (@) [lull, ie.
dn
|12 < r;lgé(z:l lej(z)] foralln € N. (3.5)
j=

Lagrangian interpolation furthermore allows the explicit representation
dn
Fr(u)=> G (@-, (&), / fi(&,y,u(y)) dy) e
j=1 @
for the right-hand side of (I,,) and

dn
M?'U = Z DQGt (gjv ¢t(§j)a /Q ft(gja Y, ¢t(y)) dy) U(gj)ej’
j=1

dn
Kiv = ZDth (Ej,(ﬁt(fj),/ﬂft(fjay,@(y))dy)
j=1

. / Dsfi(&,y, 0c(y))v(y) dye; forallt € I',veCy
Q

in the variational equation (V;,) (cf. Cor. 3.3). We continue with two special cases:
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3.1.2. Piecewise linear interpolation on intervals

Let © := [a, b] and define §; := a +jb_T“ for 0 < j < n. If X, is the space of
continuous, piecewise affine functions over [a, b] with collocation points {{p, . .., &},
then d,, = n + 1. We choose the basis {e, ..., e, } C Cla, b] of hat functions

ej : la,b] = Ry, ej(x) := max{lan O} forall 0 < j <n.

b—a

They fulfill (3.4) (the interpolation is Lagrangian) and (3.5) implies || P, || = 1, n € N.
Hence, for piecewise linear collocation we obtain from Thm. 3.1 and Cor. 3.2:

o o, (t;T,u) € Cqforall T < t,ue Cy.

e lipJF7|p < Ly(r) for s € ' and B C B,.(0) C Cy, i.e. the Lipschitz conditions
are preserved and uniform in n € N.

The interpolation estimates [6, p. 241, p. 247] yield the local discretization error

w(b%aa‘?ﬁ(u)% H:t(u) € C[avb]a
lef @l < { Sret5e. Fiw)), Fulw) € C'ab],
o) \Fy(u)ly,  Fi(u) € C2[a,b];

whence, the convergence order depends on the smoothness of F;(u), ¢t € T'. Let us
illuminate this using our above convergence notions: Because [a, b] is compact, the
functions F;(u) : [a,b] — R< are uniformly continuous. Thus, piecewise linear in-
terpolation yields a convergent method (1), cx at least. The question for convergence
rates, however, depends on the structure of the right-hand sides for (/). For this reason,
we suppose that G is of class C™ and that f; is of class C]".

e If F, is of the general form (2.4), then Prop. 2.5 implies F;(u) € C™]a, b]? for
arguments u € C™[a, b]%. In case m = 1 the coarse estimate

w(=2 Fy(u)) < 2||Fyp(u)|| forallneN, tel

thus implies (3.1) with convergence function T'g(p) := %5%p and

K(B) :=supsup ||F;(u)’|| forevery C'-bounded B C C[a, b]%.
tel’ ueB

Hence, piecewise linear collocation is C''-convergent of order 1. In case m = 2

we obtain (3.1) with the functions Ty (p) := %/ﬂ and

K(B) :=supsup ||F;(u)"|| for every C*-bounded B C C?[a, b]*
tel’ ueB

and therefore even C?-convergence of order 2 holds. The explicit form of the
derivatives F(u)(™) shows that sup,,¢ s ||F:(u) ™| are always finite for every
C™-bounded set B C C™[a,b]¢ and m € {1,2}. Yet, one has to assume that
the further supremum over ¢ € I’ in the definition of K (B) exists.

12



e IfG; = G, and consequently J;, = F, are of the form (2.6), then the derivatives
of fﬂ(u) do not depend on the derivatives of u. This guarantees that (I},)nen
is C”-convergent of respective order m with the above K (B) and I'y(p). Here,
SUP,cn ||3"t(u)(m) || exist for every bounded set B C Ca, b]* in the ||-[|-norm.

In conclusion, error estimates for general right-hand sides (2.4) require smooth argu-
ments, whereas IDEs given by (2.6) can be treated in a C”-setting.

3.1.3. Piecewise linear interpolation in R”

Piecewise linear interpolation extends to higher dimensional domains and we con-
sider a rectangle Q := [a1,b1] X ... X [ax, bs], where each interval [a;,b;],1 < j < K
may have n subdivisions. If eg, coed laj,b;] = R4, 1 < j < k, denote the hat

functions as introduced in Sect. 3.1.2, then we define their multivariate version
K
e, () := He{j(xj) forallz = (z1,...,24) € Q= (t1,...,tx) €{0,...,n}"
j=1

and choose {e, : Q@ — Ry |t € {0,...,n}"} as basis of X,, C Cy, thus having di-
mension d,, = (n + 1)". It is not hard to see that e,(x) € [0, 1] for all z € © and that
the interpolation is Lagrangian.
Lemma34. (a) > cqo  ny=c(r)=1ond

(b) Ifu € C*(Q), then |lu — poul < gtz Z;Zl(bj —a;)? ||Dj2u||

Proof. (a) We proceed by induction. For x = 1 the claim is clear from Sect. 3.1.2. As
induction step kK — « + 1 we obtain

Z e (T, s Tiy1) = Z e(m1, . m)et (Ther)

1€{0,...,n}rHt (1,6)€{0,...,n} 1
n
_ r+1 _ _
= Y )Y e )= Y elonm) =1
1e{0,...,n}" /=0 1e{0,...,n}"

on the product @ X [a,41, bx+1] from the induction hypothesis.
(b) results inductively using [6, p. 267]. O

The partition of unity from Lemma 3.4(a), the fact that the basis functions e, are
nonnegative and (3.5) imply

|P,| =1 foralln € N. (3.6)

Whence, also in the multivariate case the general solution (,, has the properties stated
in Sect. 3.1.2. Furthermore, if F;(u) € C?() holds, then Lemma 3.4(b) leads to

14 1 &
ller (u)]| < @Z(bj—ajfupj?(a(u))u foralln € N, t € I'.
j=1

13



Finally, suppose © C R? is a compact domain with polygonal boundary. Let 7}, be
a subdivision of € into triangles K C (2, constructed so that no vertex of a triangle lies
on the edge of another triangle, and that diam K < % holds for all n € N. This means
that all triangles in 7}, have a diameter < % We equip the space of piecewise linear
continuous functions X, := {u € Cy : u|k is affine linear for all K € T,,} with cor-
responding tent functions as basis. If F;(u) € C?(Q2)? holds, then there exists a C > 0
such that (cf. [2, p. 402, Thm. 10.3.8])

lep ()] < 5 |Fi(u)], forallneN,tel.

In both cases, Q C R* is rectangular, or Q C R? has polygonal boundary, an analysis
as in Sect. 3.1.2 shows that (I,,),en is C?-convergent of order 2 for general right-hand
sides (2.4). Yet, for IDEs (Iy) with (2.6) one has C°-convergence of order 2.

3.2. Degenerate kernel methods and Hammerstein integrodifference equations

Due to their prominent role in applications [10, 7, 14, 9], an important special case
of general IDEs (1) are Hammerstein integrodifference equations (HDEs for short)

i1 = Fy(ue), Fe(u) = /QKt('ay)gt(yﬂ(y))dy‘F hy (Hop)

with inhomogeneities h; € Cy, t € I'. They fit into our framework of (1) with
Gi(z,y,2) == 2+ hy(z) forallt el zeQ, vy, zeR?
(independent of the second variable) and kernel functions
fr: 2 xR =R fi(w,y, 2) = Ki(2,9)g:(y,2) forallt el (3.7)

having the continuous factors K; : Q2 — RY*P (the kernel), g; : Q x RY — RP (the
growth function). In particular, HDEs have right-hand sides of the form (2.6) with the
corresponding consequences. For all 7 < t and u € C,; we obtain:

o o(t;7,-) : Cqg — Cyq is well-defined, continuous and uniformly continuous on
bounded sets by Prop. 2.1, while it is completely continuous by Cor. 2.2.

o If D{KS 102 > L; (R”,Rd”’), 0 < j < m, exist as continuous functions and
hs € C™(Q)4, s € T, then Cor. 2.6 ensures ¢(t; 7, u) € C™(Q)<.

For growth functions g; of class C}, Thm. B.8 (applied to f; from (3.7)) yields that the
right-hand side &, ¢t € I, is continuously differentiable and the variational eqn. (V{)
associated to an entire solution (¢;);cy has the coefficients

DTFy(¢)v = /QKt(',y)D2gt(y7¢t(y))v(y) dy forallsel’, veCy.

Note that the complete continuity of F; from Prop. 2.1 implies that DF;(¢;) is compact
due to [13, p. 89, Prop. 6.5].
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While collocation methods apply to general right-hand sides (2.3) and in particular
to HDEs, we now discuss an approach being tailor-made for (Hy). For linear integral
equations, degenerate kernel methods are discussed in [1, pp. 23, Chapt. 2], [S, pp. 651f,
Sect. 4.2] and [11, pp. 195ff, Chapt. 11]. Our nonlinear set-up is a natural extension,
where we suppose that eq,...,eq, : @ — R are linearly independent, continuous
functions and the kernels K; : Q2 — R%*P are approximated by degenerate kernels

dn
K[ (z,y) :== Zej(a;)Bf(y) forall z,y € Q (3.8)

j=1

with continuous coefficient matrices Bg :Q — R¥P, 1 < j < d,. Given this, a
degenerate kernel method is a discretization (I,,) of the form

/K Y)ge(y, u(y)) dy + hy

= Z/ v)g:(y, u(y)) dye; + hy forallt € T'. (3.9

We point out that also (3.9) is merely a semi-discretization since it remains to evaluate
the d,, R%-valued integrals [, B} (y)g:(y, u(y)) dy in actual simulations.

Theorem 3.5 (degenerate kernel methods). Let m € Ny, n € N. The general solution
on(t;7,+) : Cq = Cq of degenerate kernel methods (3.9) is well-defined, completely
continuous and uniformly continuous on bounded sets for T < t. Moreover, one has:

@ If e1,...,eq, € C™(Q) and hy € C™(Q)? holds for every s € T, then
on(t;T,u) € C™(Q)4N (hy—y +span{eq, ... eq, }*) forall T < t, u € Cy.
(b) If gs is of class CY', then on(t;7,) € C™(Cyq, Cy).

Proof. Lets € I'. For fixedn € Nand 1 < j < d,, we abbreviate
04 1:2) = Bllo)an (s (@), T = [ Gl ul) dy s 2 B

and obtain F7 (u) = 2?21 FI(u) + h from (3.9). Thus, it suffices to establish the

claimed properties for each summand J7. First, all ¢7 : Q% x R? — R? are continuous
and therefore Thm. B.5 guarantees that 57 : Cy — Cj is well-defined, completely
continuous and uniformly continuous on every bounded set. These properties transfer
to J7', which moreover maps bounded subsets of C; into bounded sets. Whence, the
composition ¢, (¢;7,-), 7 < t, is well-defined, as well as completely continuous and
uniformly continuous on every bounded set.

(a) Given v € Cy our assumptions imply that every function @7 is of class O
and hence Thm. B.7 yields 37 (u) € C™(Q)%. The claim follows since F7(u) is the
sum of C™-functions and as above, also ¢, (t; 7, -) is such a function. The remaining
inclusion is evident from (3.9).

(b) Our assumptions ensure that ¢ is of class C7*, therefore Thm. B.8 yields that

every f;"g is m-times continuously differentiable, and the same holds for the sum J7.
Thus, the claim results from the chain rule [12, p. 337]. ]
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Corollary 3.6. Iffor everyr > 0, s € I there is a measurable function 5\” Q= Ry
with

£u(r) = sup / Ko(@9)] Aen(y) dy < 00, L(r) = / R (y) dy < oo,
zeQ JQ Q

such that the Lipschitz condition

195(y.2) = 95(y, )| S As(y) [z — 2| forally € Q, 2,7 € B (0)
holds, then B C B,.(0) C Cy implies lipF? < £(r) + I(r) || K — K.
Proof. Letr > 0and s € I'. Given u,u € B C B,.(0) one has the estimate

(3.9

|5 (w)(2) = Fg(u)(2)] <

S

/QKS(:&y) [9s(y, u(y)) — g9s(y, u(y))] dy‘

+

/Q K () — Ko (2, )] (90 (s u0)) — g4y, 5(0))] dy’

< [ I A ) dullu =l + [ 1K) = K2 )| A ) dy u =
< (Us(r) + 1s(r) || Ks — K2 [Ju — @] forall z € Q.
The assertion readily results by passing to the supremum over x € €). O

Corollary 3.7 (variational degenerate kernel equation). Letn € N, s € I' and (¢)+er
be an entire solution to (I,,) given in (3.9). If gs is of class C}, then DF" (¢ps) is
compact with

dn
DT6)0 = | BU)Dagnly. 6.())ota) dye; forallv € Co
j=1

Proof. Our assumptions guarantee that (z,y, z) — BJ(y)gs(y, 2)e;(z), 1 < j < dp,
are continuous and of class C}. Therefore, it follows from Thm. B.8 that the functions

5’2 : Cq — Cy defined in the proof of Thm. 3.5 are of class C 1 with derivative
Dé’g (u)v := / Bg (y)Da2gs(y, u(y))v(y) dye;(z) forall u,v € Cy.
Q

Then the assertion follows due to DF7 (u) = Z;l;l DFi(u). O

Given a bounded subset B C Cyq, v € B, n € Nand t € I, estimates for the local
discretization error in degenerate kernel methods are based on the estimate

et (u)(2)] < / (K7 (z,y) = Ki(2,9)] 9:(y, u(y))| dy  forallz € Q. (3.10)
Q
Among various techniques to approximate kernels K; via K*, we exemplarily consider

piecewise linear approximation on 2 = [a, b], where e, ..., e, : [a,b] — R, denote
the hat functions introduced in Sect. 3.1.2:
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Example 3.8 (piecewise linear degenerate kernels). Suppose Bf : la,b] — RI*P in
(3.8) are given by 4
Bl(y) := K,(&,y) forall0 <j <n,

which corresponds to a piecewise linear interpolation in the first argument of K. Thus,
using [6, p. 241, p. 247] the interpolation errors

w(B5t, K, y), Ki(-,y) € Cla, b]2x?,
|Kf($,y) - Kt(-')f,y)l < ITTQ 2( P ,Dth( )) Kt(.’y) c Cl[a’ b]dxp,
(bSTg) Supze [a,b] |D Kf ‘T y)| Kt(', y) S C2 [a, b]pr

follow for all .,y € [a, b]. Combining this with (3.10) implies that the local discretiza-
tion error fulfills (3.1) with convergence function

fb ((b—a)p, Kt( ))dy7 Kt('ay) € C[a7b]dxp7

To(p) == sup bap [Py a)p, D1Ky(+,y)) dy, Ki(,y) € C'a, 0],
ter a

Ga) 2 fa SUp,cap |DTK(z,y)| dy, Ki(,y) € C?[a, b]P

and K (B) := sup,cp SUpP,ep SUP,eq |9:(2, u(x))|. In particular, provided the above
expressions exist and Ky (-, ) is of class C™, one has C°-convergence of order m.

Example 3.9 (bilinear degenerate kernels). Let B! : [a, b] — R*? in (3.8) read as

n

Bl(y) = e, (W)Ki(&,&5,) forall0 < j<n,

j2=0

that is, K, is approximated by piecewise linear functions over [a, b]?. For C'?-kernels
K : [a,b]? — R¥*P this leads to the error estimate

n 1
|Kt (z,y) — Kt(xay” = Enax Z |K¢ (z y)J1J2 Kt(x7y)j1j2‘

Jj2=1

b— 2
< ( 8n§) gndglc Z Z||D?Kt(.)jlj2|| for all z,y € [a, ],

if we apply [6, p. 267] to each matrix entry. Thanks to (3.10) this guarantees a local
discretization error satisfying (3.1), a convergence function

(b—a)?
To(p) = "5 piggga§J2§:1;!|Dth (Vi |

)

K(B) := sup,cp SUp,ep fab |9¢(y,u(y))| dy and thus C°-convergence of order 2.
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4. Global discretization error

This section studies how the solutions to general IDEs (/) and to their spatial dis-
cretizations ([,,),en are related over time, provided adequate convergence assumptions
are satisfied. On finite time intervals, it is shown that convergent methods yield a global
discretization error with limit 0 as n — oo. This situation changes on infinite inter-
vals, where typically exponential error growth occurs. For contractive equations (/y),
nevertheless, convergence does still hold.

Let ¢,, denote the general solution of (/,,) and ¢ stand for the general solution
of (Iy). The global discretization error

EM(t; T u) == p(t;T,u) — on(t;T,u) forall T <t

describes the propagation of the local error as time evolves from 7 to ¢ > 7; one
clearly has E"(¢t + 1;t,u) = €}(u) for all ¢ € I'. Our goal is to estimate the global
discretization error by the local discretization error €;'. Suitable estimates on its order
for concrete methods were derived above in Sect. 3.

For the upcoming results we assume that a discretization family (/,,),en 1S Lip-
schitz, i.e. for s € I’ and bounded sets B C Cj there exists a Ls;(B) > 0 such that

|F2(w) — F2(u)|| < Ls(B) |lu—a| forallm €N, u,u € B.
Note that the constants L¢(B) are assumed to be uniform in the parameter n:

e For collocation methods, according to Cor. 3.2 this requires the projections P,
to satisfy sup,,cy ||[Pr|| < oo. On the one hand, when working with piece-
wise linear collocation, even || P, || = 1 holds, so that (Ip) and all (I,,) have the
same Lipschitz constants. On the other hand, polynomial interpolation should be
avoided since the optimal growth of || P, || is basically like Inn (see [1, p. 93]).

o In degenerate kernel methods we learn from Cor. 3.6 that the Lipschitz constants
of (Hp) and (3.9) essentially differ by the norm ||K]* — K;||. Boundedness, or
even convergence to 0 as n — oo, in this quantity, yields a Lipschitzian dis-
cretization family.

Cors. 3.2 and 3.6 provide conditions under which a Lipschitz condition for F extends
to a collocation resp. degenerate kernel discretization 7, s € T'. Hence, for such
methods it suffices to assume a Lipschitz condition for (/p).

When dealing with nonautonomous difference equations (/) it is helpful to intro-
duce the following terminology. A subset B C I x Cy is called nonautonomous set
with the ¢-fiber B(t) := {u € Cy: (t,u) € B} for every t € I. We say B is bounded,
if every fiber B(t), t € 1, is bounded.

Theorem 4.1. Let m € Ny, 7,7 € Twith T < T fixed, w € Cqand B C 1 x C
denote a nonautonomous set being bounded (in the C™-topology). If a Lipschitzian
discretization familiy (I,)pecn is C™-convergent and

o(t;T,u) € B(t) forallT <t <T, 4.1
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then for every p > 0 there exists a No € N such that o, (t; 7,u) € B,(B(t)) and

[[E™(t; 7, )] SFO(%)iK(B(s)) 1:[ L.(B,(B(r))) foralln> Ny (4.2)
S=T r=s+1

and T <t <T.

Remark 4.2. For autonomous IDEs (Ip) and B = Z x B with some C"-bounded set
B C C7, the constants in (4.2) become uniform in s € I’. Then the estimate (4.2) for
the global discretization error simplifies to

L(B,(B))" " —1

€™ (t; 7, u)|| < K(B)To(2) L(B,(B)) -1

forall 7 <t <T.

In the typical case L(B,(B)) > 1 this means that for fixed n € N the global error
&"(t; 7, u) is exponentially growing as ¢ — oo. For this reason such “classical” error
estimates are useless when studying asymptotic properties of (/y) and relating them to
(1,). Yet, for a finite interval 7 < ¢ < T one has convergence to 0 as n — oo.

Proof. Let p > 0and (7, u) € B be given; abbreviate ¢(t) := ¢(t; 7, u). By induction
over t > 7 we show the existence of a Ng = No(T') € N such that (4.2), as well as

on(t;T,u) € By(B(t)) forallT <t <T,n> Ny 4.3)

hold. For ¢ = 7 this is trivially true. Suppose that (4.3), (4.2) are satisfied for some
fixedt < T, set z; := ||E™(¢; 7, u)||, and we obtain

4.1

Tep < 137 (on(t) = TN+ et (@)
eB(t)

1T (ot 7)) — TP o(8) )| + K (BE)To(L)
—_———— ~—
B, B(1) 0]

< Lo(B,(B(1)))z: + K(B(t))To(L)

@ LB, BT S KB [ Le(BoB0) + KBE)To(2)

r=s+1

=To(1) S K®B() T Lr(Bo(B(r))).

r=s+1

Due to I’y € N, for a sufficiently large Ny it holds ||E™(¢ + 1;7,u)|| < p and hence
the desired inclusion ¢, (t + 1;7,u) € B,(B(t + 1)). This concludes the proof.  [J

Nevertheless, IDEs (/j) having an ambient contraction property allow uniform es-
timates on the global discretization error. Here we retreat to C°-convergence:
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Coro!lary 4.3. Let 7 € I, u € Cy. Suppose that there exist reals Ko > 1, a € (0,1)
and N € N with

t—1 t—1
H lipF, < Koo' >, H lipd" < Koo' ™ foralls<t,n>N  (44)

and that (o) has a bounded forward solution. If (In)nen is CO-convergent, then there
exist Ng > N and K > 0 with ||€"(t; 7,u)|| < ETo(L) forall 7 <t,n > No.

— l-«

It follows from Cor. 3.2 and (3.6) that the second estimate in (4.4) trivially holds
for piecewise linear collocation methods. When using degenerate kernels, then Cor. 3.6
allows to conclude the second estimate in (4.4) from the first one, provided || K" — K¢||
is sufficiently small, which might hold for a sufficiently large N.

Proof. Given an initial time 7 € I, let (¢} ),< denote a bounded forward solution to
({o), i.e. there exists a Ry > 0 such that ||¢7|| < R; holds for all 7 < t. If t; € Ny is
chosen so large that Koa! < 1forallt; <t,then

[N < lle(t) — oill + o7l = le(t) — ot T, o7)|| + (167
g . * “H t— *
< th[ﬂ |lu— ||+ R1 < Koo' 7 |lu— ;| + Ry

<|lu—@i||+ Ry forallty <t —r7.

This shows [|¢(t)|| < max {Ry + |lu — ¢%||, max7t 1 [|o(r)||} =: Rforall T < ¢.

Therefore, the assumptions of Thm. 4.1 hold with B:=1xB r(0) and arbitrary times
T > 7. Whence, setting K := KoK (Br(0)) there exists an Ny > N such that

t—1 t—1
4.2)
[e"(tmwll < To(2)Y  K(Bgr(0) [] lipgy
S=T r=s+1
RS R
= RToG) 3 <50
s=0
holds for all 7 < ¢, n > Nj. O

We next provide an estimate for the global discretization error in the C"*-topology.
To keep the technical effort at a reasonable level, let us restrict to Hammerstein inte-
grodifference eqns. (Hy) and their degenerate kernel discretizations:

Corollary 4.4 (Hammerstein equations). Let p > 0, m € Ny and choose Ny € N from
Thm. 4.1. Suppose a Hammerstein eqn. (Hy) fulfills for r < s < T, 0 < 5 < m that

(i) DIK,: Qx Q — Lj(R* R¥*P) exist as continuous functions, h, € C"™(Q)7,
(ii) for all r > 0 there exists a measurable function S\S,T : Q — Ry such that

195(y,2) — 95(y, 2)| < Nsr(y) |2 — 2| forally € Q, 2,7 € B,(0)

and 03 (r) := SUP,,en SUPyeq fQ ’D{Kf(w, y)’ S\S,T(y) dy < oo.
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If the functions eq, ..., eq, in a CO-convergent degenerate kernel discretization (3.9)
are of class C™ and there exists a constant K1 > 0 such that

m’ggcsup/ ‘D{Kt"(gmy) - D{Kt(amy)’ dy < KiTo(L) foralln > Ny, (4.5)
1=V ze JQ

then E"(t;7,u) € C™(Q, R?) with the error estimate

€77, <To(2)uibx (R + ) Y K(BGs)) T Le(Bo(BG)
S=T r=s+1

+ FO(%)I_Q sup  |gi(y,2)| foralln > Ny
yeN,zeB(L)

and ™ <t < T hold.
Proof. LetT € I, 7 < tand u, @ € Cy. In order to apply Thm. 4.1 we first show that

(In)nen is Lipschitz. If we set r := max {||u||, |||}, then

|F7 (u) () — F7 (@) ()] E

S

/Q K™2,9) [9:(9, u(y)) — :(5.5())] dy
< /Q K™ (2,9)] |92 (yu(w)) — g2(y ()] dy
< /Q K™ (@, 9) R () dy 1 — 1] < £9(r) [lu— ]

and passing to the supremum over x € Q yields | F7(u) — F2(w)| < €2(r) ||lu — ||
for s € I'. Hence, the discretization is Lipschitz. From Thm. B.7 and (3.9) we obtain

plt+ 1m0 ) = | DU y)anly ot 0)) d-+ (),
eult+ 1m0 (@) = [ DI @)t ) () dy + 1 (0)
on ) for 0 < j < m. With the nonautonomous set B from Thm. 4.1 we choose

some R > 0 so large that the inclusion B(t) € Bg(0) holds for 7 < ¢t < T. Hence,
n(t; 7,u) € Bry,(0) and as above, this yields

eult + 17,0 D (@) = ot +157,0)) (@)

<

/QD{K?(JJ,Z/) [9¢(y, on(t; 7, u)(Y)) — ge(y, (t; 7, 1) (y))] dy’

+

| [P229) = DI )] st
< B(R+ ) lonlti o) - oltir.u)|

+ [ |pikr@y - Dikie | dy_sw (s 2)
Q yeQ,zeB(t)
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45) . _
< G(R+p)|lE"(tmu)|| + Kilo(y;)  sup  |gi(y,2)| foralln > Ny
yeQ,z€B(t)

and 0 < j < m. Then (4.2) implies the claim. O
We conclude with a local variant, but also a tightening of Thm. 4.1:

Proposition 4.5. Let 7,T € Twith 7 < T and (¢}) <. be a solution of (Iy). Suppose
there exist a pg > 0 and functions T3, T§,vo € N such that for all T < s < T there
exist LY > 0 fulfilling

1F2(69) = Fa(@DI <To(3),  IFe(w) =T @) < Lilu—all  4.6)

forallu, @ € B, (¢%) and n € N. Then there is a Ny € N so that for n > Ny, times
7 < t < T and initial values w € B po (¢%) one has
2L

@) pn(t;T,u) € By, (¢7) and

t—1
lon(t;m,u) — o7 < (HL:) Ju — ¢x]| + T5(% Z H L,

s=T r=s+1

(b) if additionally for all T < s < T, n € N the maps T, F" are of class C* with

| DF¢(u) — DI (@) < volllu — ¢2ll), 4.7
|IDF2(#%) — DF(67)]| <TH(2) (4.8)

forall w € B,,(¢}), then

| D3on (t; 7,u) — D3p(t; 7,7 ||

t—1
<> L o(len(simu) — ¢3)) + To(2 H L:, (49
S=T r=s+1

where we abbreviate L = max}.__ Hi;lT *and l = Hl_[t L DF(¢7)]].

Proof. Let op(t) := @n(t;T,u), 2t := ||pn(t) — ¢5|| and we proceed by induction:
(a) For t = 7 the claim obviously holds true. As induction step ¢ — ¢ + 1 one has

(4.6)
w1 < [T (en (1) = T2 (O + 197 (07) = Fe(@) < Lize +T0(3),

since @, (t) € B,,(¢;) holds by induction hypothesis, which, in turn, also yields

t t

¢
Te41 < <HL:> HU_¢:H+F8(%)Z H Ly <8+ 58 =po

s=T r=s+1

forall 7 <t < T, provided u € B, (21)(¢5) and one chooses Ny € N so large that
the second term in the above sum is bounded above by £
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(b) First of all, due to (2.1) the partial derivatives D3, D3, exist, because ¢, ¢y,
are compositions of C''-mappings. It remains to perform the induction step in the proof
of the inequality (4.9). Let us write y; := ||D3p,(t;7,u) — D3o(t; 7, ¢%)||. We first
observe that the Lipschitz condition (4.6) implies || DF} (u)|| < Lj forallu € B, (¢})
(see [15, p. 363, Prop. C.1.1]). Thus,

w2 HD??(%(t)) T[] D57 (6n(s)) — DT (on(®) [] DFo(62)
D57 (o) [] DFu(6) — DF(67) [] DFo(62)
22)

< DT (@n®)llys + [1DFF (pn (1)) — DIe(7)]] b

and the inclusion ¢, (t) € B, (¢;) established above yields

Yre1 < Liye + [[DF(@n(t) — DFe(7)| L
< Liye + |IDFF(pn(t) — DI (90 b + | DT (¢7) — DT (d7)]] L
@7
< Liye +v0(llen®) — 071l + |1 DIFF(d7) — DI (7)) || L
(4.8)
< Liye+ (vo(llen(t) — ¢711) + To(£)) 4.

Having this at hand, the induction hypothesis guarantees the desired estimate

t

e < 3L [ollen(s) — 5D +T6(0)] T L

S=T r=s+1

forall 7 < ¢ < T and initial values u € B, /2 (¢}). O

5. Numerical simulations

Let us close by illuminating some results using concrete IDEs and their discretiza-
tion over one- and two-dimensional domains. Throughout, we work with piecewise
linear approximations. In order to obtain full discretizations preserving a quadratic er-
ror order, the following simulations replace the remaining integrals by the trapezoidal
quadrature rule (see [4, p. 368]). For Q = [a, b] this means

b _a n—1 —a 3
[ty = 5 (utm) + 2 ) +ulon)) - O e

with nodes n; := a—|—jb77a, 0 < j <n,n € Nand some intermediate value £* € [a, b].
First, we approximate scalar, nonlinear Urysohn IDEs

b
ut+1(x) =Gy (x,ut(x),/ ft(xvy7ut(y))dy> forall z € [avb]
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by piecewise linear collocation. With the hat functions ey,

... en : [a,b] = R defined
in Sect. 3.1.2, this yields the semi-discretization

n

b
ut+1(:r) = ZGt n77uf(77’b)a/ ff(nlayaut(y))dy 61(.’,5) forall z € [aab]
i=0 @

in Cla, b]. If we evaluate these functions at x = 1), replace the integral by the trape-

zoidal rule and set vy (i) := wu:(1;), one arrives at the explicit recursion'

n—1
ve41(2) = Ge | i, ve (i), b2—na (ft (M350, v¢(0)) + 2 Z fe iy nj, ve(5))

Jj=1

+ fi (m,nmvt(n))) forall0 <i<n (5.1)

in R™*! which is our desired full discretization of ().

15 10
10 =5 10 ~n=10
~t=10 n=100
=15 1n=1000
10" 1 10°f Vi
//
== 10° == 100 e e
o 5} T - -
1000 — 103
-5 L L 10 L L
107, 50 100 150 00 00 5 10 15
n t

Figure 1: Errors in Exam. 5.1 as a function of the accuracy n (left) and time ¢ (right)

Example 5.1. Let Q) = [—7, 7] and o € R. Consider the scalar, autonomous IDE

2 _ 2
g1 (z) = sinzx + alt (2)" —m

2 4
3 +a/ 2 —ylu(y)®dy  (5.2)

for all z € [—, 7], with the time-constant solution ¢*(z) = sin z being independent
of the parameter . A full discretization is of the form (5.1) with integration bounds
a=—m,b=mand

ft(xayaz) = |J’. - y| Z27

. 22 2
Gi(z,u,v) :==sinzx + «“*—"5=% + aw.
s Uy 2

IThe reader might realize that this is the Nystrom discretization [1, 5] of (Ip) based on the trapezoidal
rule. We will observe the same phenomenon for the full discretizations in our subsequent examples.
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10 =10
~t=15
t=20
3
10
e ., ]
Ec 10
107
1005 B . .
10 10 Figure 2: Error in Exam. 5.2 for ¢ € {10, 15,25}
n as a function of the accuracy n.

Applying the IDE (5.2) to the initial function ug(z) := ¢*(x) yields a fixed point, i.e.
©(t;0,up) = ¢* for all ¢ > 0. Due to discretization errors, this changes when working
with approximations (5.1): Fig. 1 demonstrates for o« = 0.15 how the error

- %2; u(£:0, u0)(ny) — & ()|

develops as function of the accuracy n (left) and in time ¢ (right). In particular, erryggo
grows exponentially with rate ~ 1.88; an exponential growth of the global discretiza-
tion error in ¢ is predicted by Thm. 4.1. Moreover, keeping ¢t = 15 fixed, the global
error preserves the order of the method. The quadratic decay of err, (15) ensured in

. . Inerrsopo(15)—In crr200(15)
Sect. 3.1.2 is reflected by the numerical value I8 500—In 350 —2.07.

Second, the next example is defined on a rectangle {2 = [ay, b1] X [az, bs] and for
n i=a; + i :L“" , 7 = 1,2, the trapezoidal cubature rule becomes (see [4, p. 411])

b2 by — az)(by —

2 — a2){01 — a1
[ = ) (g ) + ulokod) + k)
aq az

n—1 n—1
+2 ) (ulng, me) +ulm),,m2) +2 > (ulng,n3,) +u(n,n2,))
Jji=1 J2=1
n—1 n—1
AN ), ) + 0.
Jji=1j2=1

Example 5.2. Let Q = [0,1)%, « € R and h(z) = \/z173 — q—;a(ml + z2). We
consider the scalar, autonomous and inhomogeneous Urysohn IDE

T —l—a?

U1 () = Oé/ / T w2 ! 2 5 dy1 dya + h(z) = F(uy) () (5.3)
+ uy

for all z = (x1,22) € , having the constant solution ¢*(z) = /x1x3. In order to

derive a Lipschitz estimate for the right-hand side of (5.3), we obtain

1

1 3v3 = _
‘@71% <38,z forallz,z€R
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from the mean value theorem, consequently for every u, @ € C(Q) it results

(53)
F(u)(z) — F@) ()| < o] / / 88erten) 4y dy, flu —

<ol 22 max (@1 +a2) |u—al = |a] 2 |lu—all

z1,22€[0,1]

and thus lipF < |af %. For || < % the IDE (5.3) is contractive. Combining
(3.6) with Cor. 3.2 implies that also the semi-discretizations (I,,) via piecewise linear
collocation are contractions (with the same constant) and Cor. 4.3 applies. Choosing a
fixed parameter o = 0.75 the error

1 n n .
err(t) = — > Y |en(t:0,u0) (mj,m3,) — & (0,3,

J1=0 j2=0

for times ¢ € {10, 15,25} as a function over the accuracy n is illustrated in Fig. 2. Tt
confirms that the error decays quadratically with n.

Third, we finally tackle a scalar, homogeneous Hammerstein IDE

b
Ut+1:/ k(- y)g:(y, ue(y)) dy,

whose kernel function k : [a, b]> — R is approximated by piecewise linear degenerate
kernels k" (Ia y) = ZZ:O ZZ,:O k(nu y Thio )ei1 (I’)BQ (y) This ylelds

U1 = Z Z k 7]1177)12 / gt(yaut(y))eiz (y) dyeil

7,1 O’LQ 0

as semi-discretization. Approximating the remaining integrals with the trapezoidal rule
leads to a recursion in R**! given by

n—1

(k(m, 10)9t(n0, v¢(0)) + 2 Z k(nisn;)9¢(n5,0¢(5))

b—a

v (1) =

+ k(i 0n) gt (M Ut(”))) forall 0 <¢ <n.

Example 5.3 (Beverton-Holt equation). Let Q = [—17 1]. We consider the IDE

ar(y) [us(y)]
u k(x d 54
e / 1+|ut< e ey
with the Laplace kernel k(z,y) := Ze~*l*~¥l, a Beverton-Holt-like growth function

9:(y,2) == aw)lz| having a 2—per10dlc, space-dependent growth rate

1+|z|
1-— tis odd
an(y) =5 c.osy, %s odd,
1+siny, tiseven.
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If the dispersal parameter «« > 0 is increased, then a 2-periodic solution (¢} )¢z to (5.4)
bifurcates transcritically from the trivial solution, due to [7] it attracts every nonzero
initial function (see Fig. 3). For o = 20 we illustrate the convergence to this attractive

2
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Figure 3: Attractive 2-periodic orbit of (5.4) depending on the dispersal parameter o € [0, 20] for even
instants (red, left) and odd instants (green, right)

2-periodic orbit in Fig. 4, which given a rough initial function ug, also illustrates the
smoothing property of (5.4) guaranteed by Cor. 2.6. We semi-discretize (5.4) using
piecewise linear degenerate kernel approximation and the trapezoidal rule to arrive at
full discretizations. In the following, the attractive 2-periodic orbit ¢* is understood as
its approximation for n = 2000. The L'-error

n-

err(n) = QL (166 (1) = @6 (mi)l + 17 () — ¢1(n;)1)
7=0

between ¢* and its discrete counterpart ¢™ as function of the discretization parameter
n is pictured in Fig. 5 (right). For fixed values n € {250,500, 1000} the temporal evo-
lution of the global discretization error is depicted in Fig. 5 (left). The errors become
stationary for larger values of ¢, since the solution to (I,,) converge to a fixed point
different from the equilibrium of (Hy), that is (5.4).

Figure 4: Tterates us = o(t;0,uo) fort > 0 result-

: : i ing from a (rough) initial function u (dotted curve)
-1 05 0 0.5 1 and graphs of the globally attractive 2-periodic orbit
X (¢7)tez (green and red) for o = 20
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Figure 5: Errors in Exam. 5.3 as functions in time ¢ (left) and accuracy n (right)

A. A Gronwall lemma

The following elementary Gronwall-type lemma is useful in error estimates:

Lemma A.1. Let (A\i)ier, (Bt)ter be sequences in Ry resp. R and 7 € 1. If a real
sequence (x4)ier satisfies xiy1 < My + By foreveryt € I, 7 < t, then

t—1 t—1 t—1
xtSmTH)\T—FZﬂS H A forallT <t, T,tel.
r=1 S=T r=s+1

Proof. We proceed by induction. For t = 7 the above inequality becomes x, < x;
due to the usual conventions. In the induction step ¢ — ¢ + 1 one has

t—1
Ter1 < Mxe + B < M H Ar + A
=T

t—1 t—1
Zﬂs H )\r + ﬁt

s=T r=s+1
t t t
:xTHAT+Zﬁs H )\r
r=1 S=T r=s+1
and consequently the claim follows. O
B. Nonlinear operators on C ()¢

Let 2 C R" be nonempty, compact without isolated points and suppose (Y, |-]) is
a finite-dimensional normed space; we abbreviate Cy := C(£2, R%).

Given m € Ny, a function ¢ : 2 x Q x R — Y is called of class
e O, if the partial derivatives D} ¢ : Q% x RY — L;(R*,Y)
exist as continuous functions for all 0 < j < m. Furthermore, ¢ is of class

o (7" (f for final variable), if the partial derivatives D§¢ : Q2 xR? — L;(RYY)

exist as continuous functions and that for all ¢ > 0, x,y € Q there existsa § > 0
such that for every 1 < j < m one has the implication

|21 — 22| <6 =

Dg(b(az,y, z1) — Dggb(x,y,zz) < eforall 21,2, € RY.
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B.1. Substitution operators

For a continuous function G :  x R — Y we define the substitution operator
S(u)(z) == G(z,u(x)) forallz € Q, u e Cy (B.1)
and derive the following properties:

Theorem B.1. The operator G : Cy — C(Q,Y) is well-defined, bounded, continuous
and uniformly continuous on every bounded subset of Cj.

Throughout, a mapping is called bounded, if it maps bounded sets to bounded sets.

Proof. Since continuity is preserved under composition, §(u) € C(Q,Y) foru € Cy
holds. The continuity and boundedness of G result from the definition of the sup-norm
and the uniform continuity of G' on compact subsets of Q x R?. We vicariously verify
the uniform continuity on any bounded B C Cj. Then there exists a R > 0 with
|lu|| < R for u € B. Since G is uniformly continuous on the compact set 2 x Br(0),
for every € > 0 there is a > 0 such that |x1 — 22| < 0, |21 — 22| < ¢ implies the
inequality |G(x1,21) — G (22, 22)| < 5. For all uy,up € B with ||u; — ua|| < § this
yields |G (z,u1(x)) — G(z,uz2(x))| < § for z € Q. Finally ||G(u1) — G(u2)|| < ¢
holds due to (B.1), by passing to the maximum over x € €2. That is, the substitution
operator G is uniformly continuous on B. O

We say that a mapping G : ) X R? — Y is uniformly Lipschitz, if for every r > 0
there exists a real A() > 0 such that

|Gz, 2) — G(x,2)| < A(r) |z — 2| forallz € Q, 2,2 € B,.(0).

Corollary B.2. If G : Q x R? = Y is uniformly Lipschitz, then G is Lipschitz; more
precisely, B C B,.(0) C Cq implies lip G| < A(r) for all > 0.

Proof. Given r > 0, choose continuous functions u, % € B,.(0). This leads to

15(u)(z) — §(a)(2)| "= |Gz, u(z)) — Gla,a(z))| < A(r)|Ju—al| forallz € Q

and passing to the maximum over ) guarantees ||G(u) — G(@)|| < A(r) ||u —al. O

Theorem B.3 (differentiability of G(u)). Let m € N. If u and G are of class C™, then
GS(u) € C™(,Y) holds with the first order derivative

S(u)'(z) = D1G(z,u(z)) + D2G(z,u(z))u'(z) forall z € Q.
Proof. This immediately follows from the basic chain rule, e.g. [12, p. 337]. O

Theorem B.4 (differentiability of G). Let m € Ny. If G is of class C}, then G is
m-times continuously differentiable with derivatives

(DIG(u)hs -~ hy) (@) = DIG(a,ul@))h (@) - hy(@) forall0<j<m,

x € Q and functions u, hy, ..., h; € Cy.
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Proof. Letu,h € Cy be fixed. In case m = 0 the claim results from Thm. B.1.
(D) For every 1 < j < m we consider the mappings r; : Cq — R,

rj(h) :=sup sup ’D%G(x,u(z) +9h(z)) — DiG(x, u(x))‘
2€Q9€[0,1]

and show limy,_,o7;(h) = 0. Given e > 0, 29 € Q,1 < j < m, our assumption im-
plies that there exists a d(x¢) > 0 so that ’DéG(xo, z1) — DG (o, 22)’ < 5 holds for
21,22 € R with |21 — 23] < 6(x). Since { Bs(,)(z) : @ € Q} is an open cover of the
compact set €, there exist finitely many z1,...,z, €  with Q C U?Zl B2,y ().
We define 6y := min {d(x;) : 1 <i <n} > 0and for every z € {2 one finds an index
v € {1,...,n} such that x € Bs(, )(x,) holds. Hence, |21 — 22| < dp < 0(x,) leads

to ‘D%G(m,zl) — D%G(x,zg)’ < § forall x € Q. Thus, in case ||h]| < dg it is

’D%G(z,u(w) +9h(x)) — DIG(z,u(z))| < § forally € [0,1], = € Q.

By passing over to the least upper bound for ¢ € [0, 1] and then over x € (), this
implies the desired inequality |r;(h)| < e, whenever h € B, (0) holds.
(ID) For 0 < j < m we define the mappings

Fj:QxCq— L;(RLY), Fj(x,u) = D}G(x,u(x)),

Fl:QxC* Q) — LjRYY),  Fi(z,u,h) = D} G(z,u(x))h(z).

It is easy to see that h — F(-,u, h) are linear and bounded. Given this, for all z €
we obtain from the mean value theorem (cf. [12, p. 341, Thm. 4.2]) that

|Fj(z,u+ h) — Fj(x,u) — Fj(z,u,h)| (B.2)

= | PAG(, u(w) + h(z)) - DIG(, u(x)) — DI Gz, u(z) hz)|

/O 1 (D3 G(a, u(a) + 9h(x)) — D} Gl u(2))] a9 h()

< sup ‘D§+1G(ﬂﬁ,u($) +0h(z)) — D§+1G(x’u(ﬂﬁ))‘ [Pl < 7ja(R) (]

(IIT) Passing over to the supremum over all z € € in the inequality

1S(u+h)(x) = G(u)(z) — Fo(z,u, h)]
B.1) ) ®2)

=" |Fo(z,u+h) = Fo(z,u) — Fo(z,u, h)| < ri(h)[|h]
implies ||G(u + h) — G(u) — F(-,u, h)|| < r1(h) ||h|. Hence, due to the limit rela-
tion limy, 0 r1(h) = 0 and its uniqueness, one obtains the explicit Fréchet derivative
DG(u)h = F{(-,u, h). It is standard to show that u — DG(u) is continuous (see the
proof of Thm. B.1),i.e. §: Cy — C(Q,Y) is of class C*.

(IV) We proceed by mathematical induction and assume § is of class C7, j < m.
It follows for all = € 2 that
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|D7G(u+ h)(x) — D'G(u)(x) — Fj(z,u,h)|
= |Fy(eut h) — Fj(a,u) — Fl(w,u, b)) S ra(B) 1]

Hence, DG is differentiable in u with the derivative & — Fj(-,u, h). As in the proof
of Thm. B.1 one establishes continuity of D7*1G. O

B.2. Urysohn integral operators
Let us study Urysohn integral operators

U(u) := / o(-,y,u(y))dy forallu € Cy (B.3)
Q
associated to a continuous kernel function ¢ : 2% x R? — Y. Our subsequent measure-

theoretical terminology always refers to the Lebesgue measure \,; on R”.

Theorem B.5. The operator U : Cq — C(Q,Y) is well-defined, completely continu-
ous and uniformly continuous on each bounded subset of C.

Proof. The special case Y = R is shown in [13, p. 166, Prop. 3.2]. The reader might
verify that our situation of a general finite-dimensional normed space Y requires no
additional arguments yet. O

Corollary B.6. Iffor everyr > 0 there exists a function )\, : Q2 — R so that \.(z, -)
is measurable on Q with {(r) := sup,cq [o Ar(z,y) dy < co and

6(x,y,2) — b2,y 2)] < Ap(@,y) [z = 2| forallz,y € Q, 2,7 € B,(0),
then Wis Lipschitz, i.e. B C B,.(0) C Cy implies lipU|p < ¢(r).
Proof. Given r > 0, choose u, @ € B,.(0), which implies
(B.3)
U(w)(z) — U(a)(z)] < /Q |9(z,y,u(y)) — ¢(z,y,uly))| dy

< /ri(x,y) lu(y) —u(y)| dy < 228/(}%(%1/) dy [lu —al| < £(r) lu—al .

Passing over to the supremum over x € € shows |[|U(u) — W(@)|| < 4(r) ||u —al]. O

Theorem B.7 (differentiability of U(u)). Let m € Nq. If ¢ : Q2 x RY — Y is of class
C7, then U(u) € C™(Q,Y) with the derivatives

U(u)?) = /QD{aﬁ(-,y,u(y))dy forall0 < j<m, ueCy.

Proof. Letu € Cy be fixed and define r := ||u|| for u # 0 and r := 1 else. For m = 0
the claim results from Thm. B.5.
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(I) For 0 < 7 < m we consider the Urysohn integral operators

Uy (u) = /Q Doy u(y)) dy

with continuous kernel functions. As quoted in the proof of Thm. B.5 one obtains the
inclusion U;(u) € C(Q, L;(R*,Y")). We establish that U(u) :  — Y is of class C™.

(IT) Let us abbreviate Fj(z,y) := DI¢(x,y,u(y)) and due to our assumption, the
functions F; : Q% — L;(R*,Y) are continuous. First, y — F;(z,y) is integrable for
all x € €), since {2 is compact. Second, the partial derivative D F; = F}j1 exists by

assumption for 0 < j < m. Third, because D{H([) is bounded on the compact product
Q2 x B,.(0), also Fj;1 is bounded on ©? and thus integrable. Then differentiability of
parameter integrals from e.g. [3, p. 90, 16.3 Cor.] implies the derivatives

WG = [ DiF )y = [ DIoCu(w) dy =Wy (w)
Q Q

for all 0 < j < m. Now induction yields U(u)™) = Ug(u)™ = U,,(u), where the
mapping U, (u) : @ — L, (R",Y) is continuous due to (I). Hence, also the mth order
derivative U(u)(™) is continuous and the claim follows. O

Theorem B.8 (differentiability of U). Let m € No. If ¢ : Q2 x R? — Y is of class
CF, then W : Cq — C(S,Y) is of class C™ with the derivatives

D'U(u)hy ... hj = /§2D§¢(-,y,u(y))h1(y) . hi(y)dy forall0 <j<m

and DU(u) € L(Cyq,C(Q,Y)) is compact for all functions u, hy, ..., hj € Cyq.

Proof. Letu, h € Cy be fixed throughout.
(I) For each 1 < j < m let us define the mappings r; : Cq — R,

rj(h) = Au(9) sup sup | Df(e,y, uly) + 9h(y)) — Dio(x, y,uly)
z,y€N 9€[0,1]

and establish lim,_,o 7;(h) = 0. We abbreviate £ := (z,y) and given e > 0, & € Q2
our assumption yields a (&) > 0 so that ‘D§+1¢(§0, z1) — Dg+1¢(£0, 22)‘ < 2)\#(9)

holds for 21,22 € R?, |21 — 22| < 6(&). Because {Bj(e)(€) : £ € 22} is an open
cover of the compact product 2, there exist finitely many &1, . .., &, € Q2 with

Q2 € | B (6).
i=1
We define 6 := min {6(&;) : 1 <i < n} > 0and forevery £ € Q? one finds an index

v € {l,...,n} such that { € Bs, (&) holds. Hence, |21 — 22| < dp < 6(&,) yields
‘Dg;*lqs(g,zl) - D§+1¢(§722)‘ < oximy for & € Q2 IF[|h]| < 6y and 2,y € ©, then

’DéJrld)(z,y,u(y) +0h(y) — DY olr,y, u(y))| < gxiqy forall ¥ € [0,1]
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holds. Passing over to the supremum for 9 € [0, 1], z,y € Qleads to |1 (k)| < e.
(ID For 0 < j < m we introduce

F i Qx Cas LRLY),  Fy(e,u) = / Dig(z,y,uly)) dy,
Q

Fl:QxC*(Q) = LyRYY), Fl(z,u,h) = /Q DI (. uly))h(y) dy.

As readily seen, the mappings h — F]’ (+,u, h) are linear and bounded. From the mean
value theorem [12, p. 341, Thm. 4.2] we arrive at

|Fj(z7u+h) 7Fj(xau) 7Fj{(x7u7h)|

= ’/Q Dio(x,y, uly) + h(y)) — Did(z,y,uly)) — D5 é(z, y, uly))h(y) dy‘

/Q/O1 DI 6(@,y, u(y) + Vh(y)) = D o, v, u(y))| 49 h(y) dy’

= /S e | DY o,y uly) + VR(y)) — DY olw,y,u(y))| dy ]
€10,

<rjt1(h)||h]| forallz € Q. (B.4)

(IIT) Passing to the supremum over x € £ in the inequality

[U(u+ h)(z) = U(u)(z) - Fy(x,u, h)|

(B.3) / B4

=" |Fo(z,u+h) = Fo(z,u) — Fo(z,u, )| < ri(h)[|h]
yields ||U(u + h) — U(u) — F{(-,u, h)|| < ri(h)|h]]. Hence, due to its uniqueness
and limp,_, 1 (h) = 0, one has the Fréchet derivative DU(u)h = F{(-,u, h) and as in
Thm. B.5, u — DU(u) is continuous, i.e. U : Cy — C(,Y) is of class C*.

(IV) We now proceed by mathematical induction and assume that the Urysohn

integral operator U is of class C7, j < m. It results for every = € ) that

| D’U(u + h)(z) — D'U(u)(z) — Fj(z,u,h)|

B.4)
= ’Fj(x,u-l- h) — Fj(z,u) — F;(fr,u, h)| < rjp1(h) Al

Hence, D?U is differentiable in u with the derivative h +— FJ(-,u,h). As in the proof
of Thm. B.5 one shows that D’ ™1 is also continuous.

(V) Combined with Thm. B.5 for m € N we established that U : Cy — C(Q,Y) is
a completely continuous C''-mapping. Thus, [13, p. 89, Prop. 6.5] finally implies that
the derivative DU (u) is compact. O
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