ATTRACTIVE INVARIANT FIBER BUNDLES

CHRISTIAN POTZSCHE

ABSTRACT. This work on implicit nonautonomous difference equations (iterations) is devoted to an
abstract technical result on the existence of attractive invariant manifolds. We investigate their existence,
smoothness and their asymptotic phase property using invariant foliations. Such results lay the basic
foundation of further investigations on discretization methods of evolutionary differential equations.

1. INTRODUCTION

1.1. Introduction and Motivation: The ultimate goal of the qualitative theory of dynamical systems
is to describe the asymptotic behavior of a given evolutionary equation, i.e. to determine its global
attractor. However, since it is usually difficult to obtain the detailed structure of an attractor — not
only for infinite-dimensional systems —, a mathematically justified simplification of the given problem is
desirable. One of the key techniques to simplify a dynamical system is to embed the attractor into a lower
dimensional surface and thus to reduce the dimension of its state space to arrive at an equation sharing
the same essential dynamical features as the original one. A rigorous mathematical formulation of this
idea is based on the concept of attractive invariant manifolds. Here, invariance means that solutions of
the system starting on the manifold cannot leave it, and attractive means that the dynamics on such an
invariant set affects the behavior of the system in a whole neighborhood, so that an overview over the
whole system can be given. The flow on the manifold forms a (reduced) system on its own, which in
many cases is finite-dimensional and can (hopefully) be investigated more easily. Therefore, in a way,
attractive invariant manifolds capture the essential behavior of a dynamical system.

The ubiquitous invariant manifold theory started over a century ago with the classical works of Poincaré
[P0i86], Hadamard [Had01] and Perron [Per30], and its development has continued to this day. The use
of attractive invariant manifolds is a fairly traditional matter as well, beginning with Pliss’s study on
local center manifolds leading to his celebrated reduction principle (cf. [P1i64]), which is a main tool to
investigate the stability of equilibria in a nonhyperbolic situation. While Pliss’s original work is helpful
in a local analysis near invariant sets, other approaches in the same vain led to reduction principles of
a global nature involving, e.g. slow manifolds of singularly perturbed problems (e.g. [Bar69]) or inertial
manifolds of evolutionary equations (e.g. [FST8S]).

While the above references are concerned with dynamical systems generated by differential equations,
the same questions also occur in the field of discrete dynamical systems generated by maps or difference
equations. Theorems on invariant manifolds for maps have been proved in a variety of settings, ranging
from stable/unstable manifolds of fixed points, local center manifolds (cf. [Too79]) to general results
of Hirsch, Pugh & Shub [HPS76] or results on nonautonomous equations (see, e.g. [Aul98]). Attractive
invariant manifolds of maps were considered by Kirchgraber [KS78], and his results have been generalized
by Nipp & Stoffer [NS92], including the proof of differentiability properties. Beyond that, global smooth
center-unstable manifolds related to fixed points were treated in Chow & Lu [CL88]. Further applications
of perturbation results for attractive invariant manifolds for maps naturally come from discretization
theory of inertial manifolds (see [DG91, JS95, JST98, vDL99, Kob94, Kob95, Kob99]).
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Apart from [Aul98], all the above references work with maps, i.e. autonomous difference equations,
where the right-hand side does not depend explicitly on time. Such an approach has certain limitations,
since the obtained results can be applied only to constant step-size discretizations of autonomous evolu-
tionary equations. This is rather restrictive, since step-size control is widely used in order to counteract
a possible 7stiff” behavior, and from a modelling perspective, nonautonomous equations frequently yield
more realistic descriptions of certain phenomena.

Motivated by this deficit, the present paper was initiated by some work on the discretization theory
of nonautonomous evolutionary equations. In such a set-up, it frequently occurs that systems under
consideration possess global attractors of finite dimension or attractive invariant manifolds. To prove that
the latter property is preserved under discretization with numerical methods and to address convergence
issues later on, one first of all needs corresponding existence results for attractive invariant manifolds of
nonautonomous difference equations.

The article at hand is the first one in a series on that topic. Our general philosophy is to provide flexible
quantitative results applicable to a large class of discretizations, and to gather technical background for
later reference. More precisely, we lay the basics on persistence of attractive invariant manifolds under
discretizations. Our nonautonomous difference equations set-up is sufficiently flexible to obtain invariant
manifolds including discrete versions of inertial manifolds, as well as of pseudo-unstable manifolds related
to equilibria. To capture schemes being adaptive in spatial variables (cf., e.g. [EJ95]), our state spaces
can vary in time. The assumptions on the linear part admit non-smooth initial data (and corresponding
blow-ups). All this works for implicit equations, since stability issues in the numerical solution of PDEs
demand the use of such methods. In addition, the nonlinearities of our systems are allowed to be
unbounded in time, as long as the growth rate is dominated by their linear part. Beyond existence matters,
we include assertions concerning smoothness, invariant foliations and a strong asymptotic attraction
property, namely an asymptotic phase. The latter property guarantees that each solution is attracted
exponentially by a unique solution on the invariant manifold starting at the same time.

Classically, there are basically two approaches to construct such invariant manifolds. The geometrically
intuitive graph transform [KS78, NS92, JS95, JST98, vDL99] and the Lyapunov-Perron method [DG91,
Kob94, Kob95, Kob99] with a more functional analytical background. In an autonomous framework,
both approaches feature certain advantages. In our nonautonomous situation, however, it seems more
canonical to use a Lyapunov-Perron technique and additionally this approach has the benefit that we can
refer to earlier results in a similar setting. Actually, we state that a C"™-smoothness of the right-hand
side is shared by the invariant manifold, provided a certain gap condition is satisfied.

Relating this work to earlier results, [KS78, JS95, vDL99] work in a Lipschitzian setting, the C'-case
is considered in [JST98] and higher-order smoothness assertions can be found in [NS92]. The existence
of an asymptotic phase is shown in [KS78, NS92] and without proof in [Kob94, Kob95, Theorem 2.1]
or [Kob99], while [DG91, JS95, JST98, vDL99] derive a weaker exponential attraction property. To
derive such an asymptotic phase for a given attractive set one typically uses invariant foliations over the
set. In the framework of not necessarily invertible mappings, existence and C'-smoothness results for
invariant manifolds can be found in [CHT97] using the Lyapunov-Perron technique. Related references
concerning invariant manifolds of nonautonomous difference equations (so-called invariant fiber bundles)
include [Aul98, APS02, PS04], where pseudo-stable and -unstable fiber bundles and their smoothness is
addressed. A construction of invariant foliations, however different from ours, can be found in [AWO03].

To conclude this introduction we give an outline of this paper: We state our basic setting and as-
sumptions in Section 2. Having this at hand, the existence and smoothness result on attractive invariant
manifolds (invariant fiber bundles) for nonautonomous difference equations is derived in Section 3. We
continue our investigations in Section 4 deriving an invariant foliation over the invariant fiber bundle,
and its asymptotic phase. So far, our results are global in nature and supposed to hold under Lipschitz
conditions on the whole state space. This strong assumption is weakened to construct a discrete coun-
terpart of an inertial manifold in the follow-up [P6t06a]. A straightforward application of such results
to simplify nonlinear higher-order difference equations has been given in [P6t06b]. Finally, Section 5 is
intended to illuminate our results and hypotheses by various discretization approaches to evolutionary
equations including temporal and spatial schemes.
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1.2. Basic Notation and Nonautonomous Sets. We write Z := {0, £1, 42, ...} for the set of integers,
a discrete interval is the intersection of a real interval with Z, in particular, Z = {k € Z: k < k},
Z, :={k€Z: k <k} for some x € Z, and N := Z]. The Banach spaces X,Y of this paper are real
(F =R) or complex (F = C), and their norm is denoted by [|-|| x , |||y, respectively. We write L(X,Y)
for the space of bounded linear operators between X and Y, L(X) := L(X, X), and Ix for the identity
on X. The space of bounded n-linear operators from X to Y is denoted by L, (X,Y), n € N.

For amap F: X x Z — Y, where Z denotes a nonempty set, we define the Lipschitz constants

LipF(-,z) :=inf{L >0: ||F(z,2) — F(z,2)|ly < L||lz— |y foral z,z € X},
Lip, F := sup Lip F(+, 2),
2€Z

provided they exist. If the set Z has a metric structure, one defines the Lipschitz constant w.r.t. the second
variable Lip, F' analogously, and proceeds correspondingly, if F' depends on more than two variables.
Moreover, f: X — Y is said to be of class C™, if it is m-times continuously Fréchet differentiable.

In order to provide a flexible set-up covering many discretization schemes, we are dealing with time-
dependent state spaces, and thereto let X}, k € Z, be a sequence of Banach spaces and X := | J,.cz Xk
For k € Z and reals v > 0 we introduce the spaces of exponentially bounded sequences

(k) € Xy, for all k € ZF and
SUPg ezt ¢(k)‘|xk 7k < oo } ’
¢(k) € X, for all k € Z,; and

SUPge7- H‘f’(k)nxk YR < oo } '

x:ﬁ = {(ﬁ:Z: — X

Xy = {qﬁ 2 Z, =X
It is handy to use the abbreviation Xfﬂ for either Xt or X ; accordingly we proceed with Z} and our
further notation. As an elementary, yet important observation we state without proof

Lemma 1.1 (quasibounded functions). Let k € Z and v > 0. Then f)Ci7 1s a Banach space w.r.t. the
norm Hq§||f7 = sup,ezx [[0(F) | x, 5k A sequence ¢ : 1 — Uy Xk defined on a discrete interval I,
which is unbounded according to 7% C 1, is called y*-quasibounded, if ¢|Z§ € Xfﬁ holds.

For (not necessarily invertible) linear operators A(k) : Xi — Xi11, k € Z, we define the associate
evolution operator ®(k, k) : X, — Xk, K,k € Z, k < k, as the linear mapping given by

N Iy, for k=«k
@(k,/ﬁ).—{ A(k—l)"'A(“) for k> k"’

and if A(k) is invertible for k < k, then ®(k,r) := A(k)™1--- A(k — 1)1 for k < k.

Let I stand for a discrete interval. Given a sequence ¢ : I — X, we define ¢/ (k) := ¢(k+1) forall k € I
such that £ 4+ 1 € I, and use a similar notation for operator- or set-valued sequences.

Numerical schemes to approximate evolutionary equations are typically recursive formulas (iterations)
and for (numerical) stability reasons they are frequently assumed to be implicit. To denote such (ordinary)
difference equations, we prefer the notation

(1.1) x = f(k,l‘,.’l?l)

rather than the more established ones xz(k + 1) = f(k,z(k),xz(k + 1)) or xxy1 = f(k, Tk, Trs1), with
right-hand side f(k,-) : X X Xp41 — Xk41, k € Z; advantages of this notation are explained in [Aul98].
A sequence ¢ : I — X satisfying ¢(k) € Xy, for k € I and the solution identity ¢'(k) = f(k, p(k), ¢’ (k))
for all k € I with k+ 1 € I is called solution of (1.1).

We often write X := {(k,x): k € Z,x € X} for the extended state space of (1.1). If the difference
equation (1.1) is well-defined on X in forward time, i.e. if for all kK € Z, £ € X,; there exists a unique
forward solution ¢ : Z;7 — X of (1.1) satisfying ¢(r) = &, we introduce the general solution p(-; k,&) = ¢
of (1.1). It is easy to see that the so-called cocycle property

(1.2) p(k;k,&) = p(k;l, (I 5,€)) forallk>1>k

holds for ¢. Note that (1.2) is also known as 2-parameter semigroup or process property.



4 CHRISTIAN POTZSCHE

Due to the implicit nature of (1.1), solutions need not to exist or to be unique. We do not dwell on
this fact here and only remark that even in the explicit case (f does not depend on the third argument),
o(k; k, ) in general does not exist for k < k.

Finally, a subset A C X is called a nonautonomous set with k-fiber A(k) := {x € Xy : (k,z) € A} for
k € Z. Such a set A is called positively invariant w.r.t. (1.1), if the inclusion p(k; x, A(x)) C A(k) holds
for k < k, and it is called invariant, if one has equality p(k; x, A(k)) = A(k) for k < k. Moreover, we
denote (1.1) as difference equation in A, if A is positively invariant. A nonautonomous set A is called a
vector bundle, if each fiber A(k) is a linear subspace of Xi. The cartesian product of two nonautonomous
sets A, B C X is defined as A x B:= {(k,a,b) e Zx X x X : a € A(k),b € B(k)}.

2. PRELIMINARIES AND ASSUMPTIONS

In this section we motivate the kind of difference equations under consideration and give the precise
hypotheses on the abstract framework we shall use throughout this paper. The generality and scope of
these results will be illustrated by examples in Section 5.

Let Yi, k € Z, be a further sequence of Banach spaces. The paper is concerned with #-dependent
nonautonomous difference equations of the form

(2.1) y' = A(k)y + 0K'(k)F(k,y,y),

where A(k) : Yy — Y41, K(k) € L(Y}) are linear operators and F'(k,-) : Yy X Yiy1 — Yiq1 denotes the
nonlinearity for k € Z. As indicated in our introductory remarks on (1.1), we have used a compact and
convenient notation in (2.1), which classically reads as

Y1 = AK)yr + 0K (k + 1) F(k, yg, Y+1)-

A priori, (2.1) is a difference equation in Y := {(k,y) : k € Z,y € Y} }. Here, 6 € O denotes a parameter
from a nonempty set © C F. Typically, it will be related to the maximal step-size in time discretizations,
or to the ratio of temporal and spatial step-size in full discretizations. Nevertheless, in this paper we do
not focus on the dependence of (2.1) on the parameter § and include it only for future applications (see
also Remark 2.1(1)).

Now we formulate our main assumptions in a quite quantitative fashion. At first glance they seem
very technical, but basically mean that the linear part of (2.1), given by

(2.2) y' = Ak)y,
possesses an exponential dichotomy and the nonlinearity F' is Lipschitzian.
Hypothesis. Let Xy,Y), k € Z, be Banach spaces with the embedding
(2.3) X, CY, foralkeZ,
letv>0,0<A<\ K ,K;, Kf,K;,K;‘ > 0, L;,L;‘,L;,Lg‘ > 0 be reals and assume:
(Ho) The difference equation (2.1) is well-defined on X in forward time with general solution .

(Hy) There exist complementary projections P_(k), Py (k) on Yy with P_(k) € L(Yy), P-(k)Yr C Xy,
P, (k)X C Xk,

(2.4) P’ (k)A(k) = A(k)P_(k), K(k)P_(k)=P_(k)K(k) forallkeZ,
one has the inclusions

(2.5) A(k) Py (k) Xk C Xiy1, P (k)K(k)Y, C Xy fordlkeZ,
the mappings

(2.6) AR)p_ (k) x, + P-(k) Xy = PL(k)Xk+41

are invertible with associate evolution operator ®(k,x), we have
(2.7) C = sup [ K (k)| 1 y,y < 00
kEZ

and for all k,1 € Z one finally has the exponential dichotomy estimates
(2.8) 1@k, )P (Dl px, xp) < KA for all 1 <k,
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(2.9) 1@k, )P (DK (W) v xpy < (BKS + K (0] (k= 1+ 1)7")A" for all 1 <k,
(2.10) ||<i>(k,l)P_(l)||L(Xl X0 < K0 for all k <1,
(2.11) |2k, DP-D| 31 x,) < Ky A= for all k < 1,

where ®(k,1) is the evolution operator for A.
(Hz) For one (and hence every) k € Z the constants

(2.12) C = sup || PL(k)F(k,0,0 P
k<r

My,

are finite, we have the global Lipschitz estimates
|PL(k) [F(k,2.y) = F(k, 2,y

<Lylz—2ly, foralk€Z, 2,3 € Xy, y€ Xppa,

< LE|ly- ngXkH forallk €eZ, x € Xi, y,9 € X1

My, .
My, <

and we require the spectral gap condition: There exist reals 0 < 0 < Opax < % such that
(2.14) 0] 2(5) <1 forall® € ©, 5 € (0,0max)

holds with a function ¥ : (0,0max) — RT to be specified later, but depending on the dichotomy
data and LQi, LSi; we then define the nonempty interval I := [A + o, \ — o).

(Hs3) The Fréchet derivatives DYF(k,-) @ Xi X Xgy1 — Lp(Xk X Xiq1,Yet1), k € Z, exist, are
continuous and one has the global boundedness

< oo forallne{l,...,m}.

sup sup
L (XX Xp41,Ykt1)

kEZ (z,y)EX kX Xk+1

D?Q,S)F(kvxay)‘

Remark 2.1. (1) As a matter of notational convenience we suppress a possible dependence of the functions
A, K and F on the parameter §. Nevertheless, all our assertions persist, as long as the estimates (2.7),
(2.8)—(2.11), (2.12), (2.13) are uniform in § € ©. Moreover, also the spaces Xy, Y} can depend on 6.

(2) The left relation in (2.4) implies that the sets Py := {(k,z) € X : © € Py(k)X)} are positively
invariant w.r.t. (2.2), and the regularity condition (2.6) guarantees invariance of the vector bundle P_.
We denote Py as pseudo-stable and P_ as pseudo-unstable vector bundle of (2.2); the motivation for
this terminology lies in a possible dynamical characterization of these sets following from the dichotomy
estimates (2.8)—(2.11). One should note that the operator A(k) : Y — Yi41 defining the linear part
of (2.1) is not assumed to be continuous so far. However, (2.8)—(2.11) imply the boundedness of the
mappings Py (k) : X — X, Pr(k)K(k) : Yy — X and

A(k)\;i(k) 1 PL(k) — P_(k), AK) 1Py (k) : Py(k) = X1,
A(R) Py ik (k)vs * Py (B) K (k)Y — Xpya.

(3) The estimates (2.9), (2.11) are not present in the established notions of an exponential dichotomy
for linear difference equations (cf., for instance [Hen81, p. 229, Definition 7.6.4]), in particular due to the
singularity for & — 0 in (2.9). Nevertheless, our approach is well-motivated by diverse applications in
discretization theory sketched in Subsections 5.2 and 5.4.

(4) Hypothesis (Hy) holds, if K'(k)F(k,z,-) : Xp11 — Xg11 satisfies a global Lipschitz condition

(2.15) |0| Lip K’ (k)F(k,z,-) <1 forallk€Z,0€0,ze Xy
this is an easy consequence of the contraction mapping principle.
The following corollary justifies the operator norms used in the dichotomy estimates (2.8)—(2.11).

Corollary 2.1. Under Hypothesis (Hy) the following is true:

(a) A(k)P_(k) C P._(k) for k € Z; hence the linear map in (2.6) is well-defined and satisfies
(2.16) ®(k,1)P_(l) = P_(k)®(k,1) for all k,1 € Z,

(b) Bk, )P_(1)Y; C Xy for k <1,

(c) ®(k,)PL()K()Y; C Xy, forl <k,

)
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(d) if (2.3) is a continuous embedding and (2.11) holds also for k =1, then (2.10), (2.11) are satisfied,

if and only if there exists a Ky > 0 with HCT)(k,l)P,(l)HL(Yl vo) < Ky A= for all k < 1.

Proof. The proof of (a)—(c) is simple; assertion (d) can be shown with Banach’s isomorphism theorem. [

3. INVARIANT FIBER BUNDLES

In this section we derive the existence of an invariant nonautonomous set Wy C X for (2.1), which gen-
eralizes the pseudo-unstable vector bundle P_ to a nonlinear setting. Due to our global assumption (Hz),
each of the fibers Wy(k), k € Z, will be a submanifold of X, given by the graph of a globally Lipschitzian
mapping over P_(k). A proof of this fact requires technical preparations.

Above all, we introduce the polylogarithm (cf. [Lew82, pp. 236-238]), which is the strictly increasing
unbounded continuous function Li, : [0,1) — R, v € [0, 00) with Li, (0) = 0, given by

(3.1) Liy(z) == Y n~"a™

it can be interpreted as discrete version of the Gamma function frequently occurring in Lyapunov-Perron
constructions of inertial manifolds for evolutionary differential equations (cf., e.g., [Kob94, Kob95]).
For additional notational convenience, consider the Green’s function for A, given by

[ —®(k,k)P_(r) fork <
(3.2) Gk, k) == { Bk P for ko

We begin our analysis with a perturbation result for linear equations, which essentially goes back to
[Hen81, p. 230, Theorem 7.6.5]. It is concerned with the admissibility of spaces of quasibounded sequences.

Lemma 3.1 (admissibility). Let § € O, k € Z, C > 0, assume (H;) holds, let v € (A, ) and consider
the nonautonomous linear difference equation

(3.3) y' = A(k)y + 0K (k)r(k)
with a sequence (k) € Yii1 for all k € Z. Then the following holds:
(a) If one chooses 6 € [y,00) and the inequality

(3.4) Ir(®)lly,,, < CY*="  forallk € Z}

holds, then for any & € X,, there exists a unique solution ¢ : Z;7 — X of (3.3), satisfying ¢ € T)C:ﬁ
and Py (k)p(k) = Py (k)E. It is given by

o(k) = ®(k,k)Py(K)E+ 6 i G(k,n+ 1)K'(n)r(n) foralkeZ}

n=~k
and satisfies the estimate ||¢||:’5 < K 1]l + 10| C (f_{\ + \GI’[';K3+ Li, (%) + C;I_(i) )
(b) If one chooses § € (0,7] and the inequality
(3.5) Ir(®)lly,,, < CAF=%  for all k < &

holds, then for any & € Y, there exists a unique solution ¢ : Z, — X of (3.3), satisfying ¢ € Xos
and P_(r)p(k) = P_(k)§. It is given by
k—1
¢(k) == ®(k, k)P_(K)E+0 > G(k,n+ 1)K (n)r(n) for all k € Z;

n=—oo

and satisfies the backward estimate

_ K& 0K CK;
) < K~ 2 3 1; (A 2 |
(3.6) 16155 < KT IP-(w)Elx, +161C (7 o S L (2) +
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Proof. Let 8 € © and k € Z be given. Since both assertions of Lemma 3.1 can be shown in a very similar
fashion, we present only the proof of (b).

For points £ € Y,; it is easy to verify that ¢ : Z,; — X is a solution of (3.3); here the inclusions (2.5)
imply ¢(k) € X, for all k € Z,,. Moreover, due to (2.16) one gets P_(k)p(x) = P_(x)€. Now we establish
that ¢ is 0~ -quasibounded for § € (0,~]. Therefore, (2.7), (2.10), (2.11), (3.5) implies

(2.16)

IP-(B)o(R)llx, < [|@(k,K)P-(5)|  x, x0) IP-(K)E]Ix,
r—1 _
101 S 1Dk, + VP g ey 1K) vy )y,
n=k

Cken COKy; N &2 fy\» ~
< KD P (), + 10 252(}) for all k € Z,
n=~k

and accordingly one gets from (2.16), (2.9), (3.5) that

c A X _ e _
||P+<k><z><k>||xk<|9|A( b Z (3)" -+ 1007 Kot Lly(§)> for all k € Z,

which, using [|¢(k)lx, < [IP-(k)o(k)]x, + | P+ (k)o(k)]|x, . leads to
CKy
)\ —

Kf 6V K
k—k < — 2 -
lo(k)l x, 0" < Kj ||P_(H)§|X“+|9|C<7—A+ A Li, ( )+ for all k € Z

This implies ¢ € xn 5> as well as the estimate (3.6). To deduce uniqueness of ¢, let o€ x; s be another

solution of (3.3) satisfying P_(k)¢(x) = P_(x)€. Then the difference ¢ — ¢ is a 6~ -quasibounded solution

of (2.2) with P_(k) [¢(k) — ¢(r)] = 0. Using the dichotomy estimates (2.10), (2.8) one shows that the

trivial solution is the only §~-quasibounded solution of (2.2) in Py, i.e. ¢ = ¢. O
Let (k,£) € Y and v > 0. For given ¢ € X > we formally define the sequence-valued operator

(3.7) To(9:€) = ®(, K)P_(K)E +0 Z .+ DK (n)F(n, ¢(n), @' (n)).

Similarly to this operator, we frequently encounter sequence-valued maps ¢ : Z — X _ . defined on some

K,y?
set Z. For an efficient notation we use the sometimes imprecise abbreviation ¢(k, z) :=(¢(z)) (k) € X.

Lemma 3.2. Let § € O, k € Z, assume (Hy)—(Hz) and let v € (A, ), § € (0,7] be reals. Then the
mapping Ty, : Xo , X Yo — X 5 is well-defined with

(3.8) 17 (@5 )5 < Ky 1P-(0)Ellx, + 1010w (7) + [01€(0) (18], , »
(3.9) [P+ (k) Ty 05 )|l < 10167 () (Ci +L*(y) ||¢IIZ,,W)
for all ¢ € X, ,, € € Yy, and we have Lipschitz estimates
(3.10) Lip; Py (k)T (r, ) < 0] LT ()07 (7), Lipy 7, < [6] £(7), Lip, 7, < Ky
with the constants L*(v) := LE + yL%,
Lu(y) = C*W( )+ Ca (), 0y) = L) () + L0 (9),
e = S PR, (3, C) T

Proof. Let 8 € © and k € Z. We begin with preparatory estimates. For ¢ € X
inequality, from (2.13), (2.12) one has ||PL(n)F(n,¢(n),¢'(n))],

using the triangle
;ﬁ) A"~ for

K,y

< (CF+ () 9

n,+1
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n < k. From this, using the relations (2.4), we obtain almost identically to the proof of Lemma 3.1(b)
that for each pair (k,£) € ) one gets

CKy
1P (KT, 65 )L, 0" < K IP-()el, o+ 101 (O + 2700 19,) =2

_ K& 107V KS
. r—k + + 2 _
1Py (R)T(k, ), 5 < Jo] (CF + L () 9], ) (7_ L L (4) ) forallk ez

Combining these two estimates, one has 7,,(¢;&) € X_; and (3.8). The relation (3.9) follows from the

latter estimate above by setting & = x. To prove the Lipschitz estimates in (3.10), let ¢, ¢ € X, s and
¢,€ €Y,. We obtain from (2.5), (2.16), (2.7), (2.11), (2.13) that

CKy L™ (y) AF &= fyy\» i
[P (k) [Tk, 6 €) — T (k, 6] | ., <|9|()WZ(K) lo |, forallkezg,

n=k

and (2.16), (2.9), (2.13) 1mphes
[Py (k) [Tu(k, 6;€) — T (k, 63 9)] || .,

+ k k-1 — =
< | LA(W) <K+ Z <%)"+|0|7VK3W;€*HL1V (2)) ||¢_¢>|}m forall k € Z.

Setting k& = x immediately yields the first relation in (3.10). Multiplying both above estimates with §rk
and applying the triangle inequality to estimate 7 (¢; &) — 7. (¢; €), gives us the middle relation of (3.10).
Finally, using (3.7), (2.11), the remaining Lipschitz estimate in (3.10) follows from

1Tk, 6:6) = Tk, 6:8)|| , 8" 7" < Ky [|€ = €|y, forall k € Z.

O

By virtue of the so-called Lyapunov-Perron operator 7,,, we can now characterize the exponentially
bounded solutions of difference equation (2.1) quite easily as its fixed points, and solve the corresponding
problem using the contraction mapping principle. Nonetheless, our approach differs from [DG91] or the
continuous counterpart in [SY02, pp. 569ff, Chapter 8], and imposes somewhat weaker assumptions on
the size of || L* (7).

Lemma 3.3. Let 0 € ©, (k,§) € Y, v € (A, \), ¢ € X, and assume (H1)-(Hz). Then for the mapping
T.(:5€) : X, — X, the following two statements are equivalent:

(a) ¢ solves the difference equation (2.1) with P_(k)¢(k) = P_(k)E,

(b) ¢ is a solution of the fized point equation
(3.11) ¢ = T (;€).
Proof. Let 6 € O, (k,&) € Y, v € (A, \). We define a sequence 7(k) := F(k,(k),¢'(k)) and using (2.7),
(213) one has ()., < (suPc [ F(80.0)ll, ., ¥ + (Ling F +yLig ) ] , ) v~ for k < .
Together with (2.12) this yields that r satisfies an estimate of the form (3.5).

(a) = (b) Let ¢ : Z;; — X be a vy~ -quasibounded solution of (2.1) with P_(x)¢(x) = P_(x)€. Then ¢
also solves the linear inhomogeneous equation

(3.12) y' = A(k)y + 0K'(k)F(k, ¢(k), &' (k))

and Lemma 3.1(b) implies assertion (b).
(b) = (a) A fixed point of 7,.(-, ) is a solution of (3.12), and therefore of the nonlinear difference
equation (2.1) satisfying P_(k)o(x) = P—(k)E. O

Lemma 3.4. Let § € ©, k € Z, assume Hypotheses (Hy)—(Hs) with omax = %, 3 given by

(3.13) S(0) =L (A—0) 2 4 L) - )<K2+|9|_VK+L1V<A+U>>
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and choose v € T'. Then the mapping T,.(-;€) : X, — X, ., possesses a unique fired point ¢ () € X,
for £ € Y. Moreover, the fized point mapping ¢ : Y. — X, satisfies ¢(§) = ¢ (P-(k)€) and one has:

(a) ¢w : Y — X, is linearly bounded, i.e. for all (k,&) € Y it is

Ky 10| Tx(v)
(3.14) (Il < W [P (k)€ x, + T=101¢(y)"
+
B15) IR0y, < I1E0) [+ 1 (7 1P, +61T0))|
(b) ¢« is globally Lipschitzian with
Ky . LTt (v)
(3.16) Lip ¢, < Wa Lip Py (k)dr < 0] K1 T 1010

(c) if additionally (Hs), A < A™ withm € N, and opmax = mln{ AQ A (1 - ,/%)} hold, then for
v € [A+o0,\—0) the mapping ¢, : Y, — X, is of class C™ with globally bounded derivatives,
where the constants L*(7), Tw(v), £(7), £ (v) are defined in Lemma 3.2.
Proof. Let 0 € © and (k,£) € Y be given. The spectral gap condition (2.14) implies || £(y) < 1 for all
v € T. Therefore, from the middle estimate (3.10) in Lemma 3.2 we know that 7,(-; ) is a contraction
on the Banach space X, and the contraction mapping theorem implies the existence of a unique fixed
point ¢, (§) € X . The relation ¢, (§) = ¢ (P-(x)§) follows from the fact 7 (-;€) = Tu(+; P-(x)¢), and

consequently the fixed points of the two contractions coincide.
(a) Thanks to |0|£(y) < 1, the estimate (3.14) follows from

(3.8)
1612, 2 I T(0u ()01, < KT IP-(m)Ellx

and the estimate (3.15) is a consequence of (3.14) and

1P R0, O, 2 1P ()T 6u€5 ), S 1016 () (G + L) 10n(©l, )
(b) Next we derive the Lipschitz estimates in (3.16). Let &,& € Y, and from (3.11), (3.10) we obtain
65(€) = 6 (Ol..,, < K3 [|€ = Elly, +101£(n) [|64(&) = & (O], -
which yields the left relation in (3.16). Similarly, from (3.11), (3.7), (3.10) one has
1P (6) [, €) = 60 )] L. < 161 L)) [[64(6) = 0D,

and this in connection with the left estimate for ¢, in (3.16), leads to the right assertion in (3.16).

(¢) The rigorous proof of the fact that ¢, : Y, — x;;w is of class C™ with globally bounded derivatives,
is based on an involved induction argument. It essentially follows the ideas of [PS04] and we refer to this
reference for further details. One formally differentiates (3.11) w.r.t. £ € X, and shows that the formal
derivatives are the actual derivatives using an argument similar to the proof of Lemma 4.3(b). O

(3.11)

L HOITR(y) +1014() 19O, forall £ € Yy

(311)

Invariant fiber bundles generalize invariant manifolds to nonautonomous difference equations. In order
to be more precise, we call a nonautonomous set Wy an invariant fiber bundle (IFB for short) of (2.1), if
it is 4nwvariant and each fiber Wy (k) is a submanifold of X}, for k € Z.

Theorem 3.5 (existence of IFBs). Let 8 € © and assume Hypotheses (Hy)—(Ha) with omax = % and
3 given by (3.13). Then the set

L there exists a solution ¢ : Z — X of (2.1)
W = {(mf) €xX ‘ with ¢(k) = € € X, and ¢l,- € X,

is an IFB of (2.1), which is independent of v € I' and possesses the representation
(317) W0 = {(“777 + ’LU@(K, 77)) eX: (K'an> € 73,}



10 CHRISTIAN POTZSCHE

as graph of a uniquely determined mapping we(k,-) : Y, — X, with we(k, &) = we(k, P_(K)§) € P1 (k)
for all (k,€) € YV and satisfying the invariance equation

wo(k +1,m) = A(r)we(k,n) + 0P, (k)K" (k) F (15,1 + wo (s, 1), + we(r + 1,m)),
m = A(k)n + 0K (k) F (k,n + we(k, n),m + we(r + 1,m))
for all (k,n) € P_, m € P"(k). Furthermore, for ally €T and 0 € © it holds:
(a) we(k,-): Y, — Xx is linearly bounded

L*(v)
1—10]¢(y)
(b) wy(k,-) is globally Lipschitzian with

(3.18)

(3.19) [lwo(r, O)llx, <101 €7 (y) [C: + (161 Te(y) + By |1P=(k)Ellx,) | for all (k,€) €Y,

LT () (v)
1—160]4(v)’

(¢c) assume Hypothesis (H3) is satisfied with A < \™, m € N, and if the spectral gap condition (2.14)
holds with oax = min {A;QA, A (1 - /\A%/\/},L)} , then the partial derivatives D3wg(k,-) : Y, —
L, (Y., X)) exist, are continuous, and globally bounded for n € {1,...,m},

(3.20) Lip, w < [0] KT

Remark 3.1. (1) Tt is instructive to relate Theorem 3.5 to a more classical situation — in particular to
explicit equations. Under the assumption F'(k,0,0) = 0 on Z, the relations (2.12) are trivially fulfilled and
Wy is the pseudo-unstable fiber bundle of (2.1) (cf. [Aul98, APS02, PS04] for the situation of a decoupled
linear part and constant state spaces). To be more precise, in the hyperbolic case A < 1 < A, Theorem 3.5
gives us the unstable fiber bundle of 0, and in the nonhyperbolic cases A < 1 or 1 < A we get the center-
unstable or the strongly unstable fiber bundle of 0, respectively. Likewise, these nonautonomous sets
reduce to the classical invariant manifolds in an autonomous situation.
(2) A result dual to Theorem 3.5 can be shown for the nonautonomous set

W(j = {(H7§) € X 80(7'%76) € x:,'y}a
if one assumes A(k) € L(Xy, Xi41) for all k € Z and that

sup max{HPL(k)F(k, 0,0 P_'s_(k)F(k,QO)HYkH } A"k < 0o for one k € Z

keZt

holds instead of (2.12). Then W;' generalizes the pseudo-stable fiber bundle (cf. [Aul98, APS02, PS04]).
(3) To provide an intuition for the crucial spectral gap condition (2.14) observe the following: Assume

a more classical situation in which the linear part (2.2) is autonomous and generates a continuous discrete
semigroup (A) kezg ON & common state space X = X}j. Then the exponential dichotomy assumptions

My

(2.8)—(2.11) are satisfied, if the spectrum o(A) allows a decomposition o(A) = o4 U o_ into disjoint
spectral sets 0,0 C C such that max.c,_[2| <A < X <inf.c,, |2] (cf., for example [Ioo79]). Hence,
in order to satisfy the spectral gap condition (2.14) in this setting, the limit relations

giH(lJ 10| 2() =0 forall € (0, 0max) lim |0 2(6) =0 forallf e O,
offer two possible points of view:
e For a given spectral gap A — A and arbitrary 0 < 0 < opax < % one can choose 6 € © so small

that (2.14) is fulfilled.
e On the other side, for fixed § € O, the spectral gap A — A > 0 has to be sufficiently large such

that there exist 0 < 0 < opax < ’\EA satisfying (2.14).

Which of these perspectives is favorable, depends on the application one has in mind.

Proof. Let € ©, (k,&) €Y and v € T.

We want to show that Wy is an IFB of (2.1). By definition, for each pair of initial values (k,&y) € Wy
there exists a solution ¢ € X, of (2.1) with ¢(x) = . Due to the uniqueness of forward solutions
guaranteed by (Hy), we have ¢ = (1, #(1)); accordingly ¢(+;1,¢(1)) is a v~ quasibounded solution and
this yields the inclusion ¢(I; &, &) € Wy(l) for all | € Z;F. Conversely, let £, € W)(x). Then there exists a
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~~-quasibounded solution ¢ : Z — X of (2.1) with ¢/(x) = & . Obviously, & = ¢(k) € Wy(k) and (Hy)
yields &1 = p(k + 15 k,&), i.e., we have the inclusion &1 € p(k + 15k, Weg(k)).
The spectral gap condition (2.14) and the middle estimate (3.10) from Lemma 3.10 give us

(3.21) 0] €(v) < 10] (LT (v)eH(A+ o)+ L™ (7 (A—0)) <1 forallyeTl};

therefore, Lemma 3.4 implies that the mapping 7.(-;€) : X, — X possesses a unique fixed point

#x(§) € X, .. This fixed point is independent of the growth constant v € [' because one has the

inclusion X C X, and every T, (-;€) : X, — X, possesses the same fixed point as the restriction

KyA—0 Ky
7. ( ‘x, . Furthermore, the fixed point is a solution of the nonautonomous difference equation (2.1)
Satlsfylng P (K)¢r (&) (k) = P— (k)¢ (cf. Lemma 3.3). Now we define
(322) w0(’{7§) = P+(I€)¢K(K7€)

and have wy(k, xo) € P4+ (k). In addition, (3.7) and the relation ¢, (§) = ¢ (P-(x)€) in Lemma 3.4 imply

wo(#,€) P2 Py (k)b (,€) = Py (k)b (5, P—(k)€) = wo(r, P—()E).

We now verify the representation (3.17) and the invariance equation (3.18).

(C) Let (k,x0) € Wy, i.e. there exists a v~ -quasibounded solution ¢ : Z — X of (2.1) with ¢(k) = xo.
Then ¢ satisfies P_(k)¢(k) = P_(k)xo and is consequently the unique fixed point of 7. (-;xp), i.e.,
¢ = ¢u(x0) (see Lemma 3.3). This, and ¢ (§) = ¢k (P-(k)€) (cf. Lemma 3.4), implies

1o = ¢u(K,0) = P_(K)drx(k,0) + Py (K)px(k, 20) = P_(K)20 + Py (K)pw (K, P—(K)20).

So, setting £ := P_(k)xo, we have xg = £ + Py (k) (K, &) = &+ wy(k,€) by (3.22) and the first inclusion
of (3.17) is verified.
(2) On the other hand, let xy € X,; be of the form z¢ = & 4+ wy(k, &) for some & € P_(x). Then

20 P2 € 4+ Py (1) bu (1, €) = P_(8)b (5, €) + Py (0)$n (5, €) = i, )

and therefore, ¢ = ¢, (&) is a v~ -quasibounded solution of (2.1) with ¢(x) = zo.
With points (k,&) € W, the invariance of Wy implies the relation p(k;k, &) =
wg(k, P_(k)p(k; k,&o)), multiplication with P, (k) yields Py (k)o(k;&,&) = we(k, P—
k € Z}, and setting k = k + 1 finally yields the invariance equation (3.18).
(a) We obtain (3.19) from Lemma 3.4 using

P_(k)p(k; 1, &) +
(k)e(k; k,&)) for

(3.15) +
o (s, ). “Z2 Py (0)n (). < 16]EF() Ci+%(lelfn(7)+Kf 1P~ (x)¢]ly, )

(b) To prove the claimed Lipschitz estimate (3.20), consider &,£ € Y, and corresponding fixed points
b (€), 9x(§) € X, of T (+:€) and T, (+;§), respectively. One gets from Lemma 3.4(b) that

_ (3.16)
1P+ () [0n(n.6) — on(m. 8]l < |9|K1L1(|e|e

(¢) We have the identity wg(k, &) = ¢x(k,§) (see (3.22)) for (k,£) € Y and by well-known properties
of the evaluation map (cf. [APS02, Lemma 3.4]) it follows from Lemma 3.4(c) that wg(k, ) : Y, — X, is
m-~times continuously differentiable and possesses globally bounded derivatives. O

(3.22)

||U)9(K/,§) U)9 K 5 HX

4. INVARIANT FOLIATION AND ASYMPTOTIC PHASE

In this section we investigate the attraction properties of the IFB Wy from Theorem 3.5 using certain
invariant fibers. These fibers serve as leaves for an invariant foliation of the extended state space X
and enable us to construct an asymptotic phase for Wy. This means that W is not only exponentially
attracting, but solutions are also synchronized with corresponding solutions on the IFB Wj.

Our strategy in the first part of this section is largely parallel to the previous. Nonetheless, the
present assumptions are stronger than in Section 3, and actually the continuity of the general solution
o(k;k,+) + Xx — X will play a crucial role. We remark that the construction of IFBs, as well as of
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invariant foliations, can be put in a common framework by studying general “Lyapunov-Perron equations”
(cf. [CHT97] for the autonomous case).
For this, some additional assumptions beyond (H;)—(H3) are required:

Hypothesis. Let m € N, assume for all k € Z that:

(HO) In addition to (Hy) we suppose p(k;k,-) : X, — Xy, is continuous for k € Z}.

(Hy) In addition to (Hy) we suppose A(k) € L(X,, Xy11)-

(H}) In addition to (Hz) we suppose K'(K)F(K,) : X3 X Xp41 — Xut1 18 continuous.

(H}) In addition to (Hs) the Fréchet derivatives DYF (k,-) : X,o X Xy11 — Ln (X X Xq1, Xpt1) exist
and are continuous forn € {1,...,m}.

Remark 4.1. Hypothesis (H})) can be replaced by (Hf)—-(H}) and inequality (2.15), which can easily be
deduced using the parametrized contraction mapping principle (see, for instance, [Aul98, Theorem 6.1]).

We introduce an appropriate Lyapunov-Perron operator to construct invariant fibers. Thereto, let

(k,m,&) € P x X and v > 0. For ¢ € X} ~» we formally define the mapping

Se(1h;n,€) =@ (-, k) [n = Py(r)¢] + 0 Z G(n+ 1K' (n):

(4.1) [P, (n) + (s 5, €, 8 (n) + o(n + 1 1,6)) — Fln, plni 5, €), (n + 15 1, €)].

Lemma 4.1. Let § € ©, k € Z, assume (Hy), (Hy)—(HS) and let 0 < v < §, v € (A, \) be reals. Then
the mapping Sy, : Xiﬁ X Pi(k) x Xy — DCI(S is well-defined with

(4.2) 18w (w1 )15 5 < K |l = Pr(w)éllx, + 10100 115,
(4.3) 1P= (%) (k3,1 x,, < [61L™(ME (N 19112,
for ally € Xﬂ 5» M€ PL(k), £ € X, and we have the Lipschitz estimates
K+
(4.4) Lip; P (r)Sx(k,-) < 0] L™ (7)€~ (), Lip; S < |0]€(v), Lip, Sy, < Wl\f(v)’

where the constants L~ (7y), £(y),£~ () are defined in Lemma 3.2.

Proof. Let § € ©, v € (A, \), ¢ € Xt and (k,7,§) € Py x X be given. Then (Hj) implies ¢(k; s, §) € Xy
for all k € Z}. First, we show that the sequence S, (1;n, &) is §T-quasibounded for ¢ € [y, 00). Thereto,
from (2.16), (2.7), (2.11), (2.13) one has

— A o0
(4.5) IP_ (5, 03 €, ), < Jo] S 1) 72( ) Il for al k ez,

n==k
and accordingly (2.4), (2.8), (2.9), (2.13) imply

P4 (F)Si (ky 31, 8) Il x,

k—1
< KFfAFS|p—P Lr) (s A N Lo KA L
< KA = Pgel, + 0 2 (K20 (3)" o s (4)) 1l

n=~Kk

for all k € Z}, which, using the triangle inequality leads to
IS (ks b, )N 677 < K |ln = Py (w)€ll, + 1016y 1)L, for all k € Z.

This implies S, (v;n,€) € DCK s, as well as the estimate (4.2). Moreover, if we set k = &, then (4.3) is a
consequence of (4.5). Next we derive the Lipschitz estimates (4.4). Let ¢, € X[, 0,7 € P4 () and fix
¢ € X,;,. We obtain from (2.4), (2.16), (2.7), (2.11), (2.13) that

oo

e
(@6) P08 [Sulh i) - Sulh, m O], < 10 T2 S (1) o -

K
v n=k
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for all k € Z}, and (2.16), (2.9), (2.13) have the consequence

(4.7) 1P () [Sulh, i, €) = Sk s, )] .,

L*(v) +A7kk71 AN Vet k—rp: (A _ant +
< o252 | K 7KZ(A) 101 K L () ) [ = Bl foral k ez

Multiplying both above estimates with §%~* and applying the triangle inequality to estimate the difference
Sk(;n, &) — Sk(;n, £), gives us the middle relation in (4.4); moreover, setting k = « in (4.6) leads to
the first estimate in (4.4). Finally, the remaining right Lipschitz estimate in (4.4) follows from

Hsm(ka ¢7 m, f) - Sn(kv '(/Ja ﬁ7 §)||Xk 5K_k S K{i_ ||7] - 77HX,€ for all k € Z:7
which we get from (3.7), (2.8), and we are done. |

The following lemma provides a dynamical interpretation of the operator Sj.
Lemma 4.2. Let 0 € ©, (k,1,§) € Py x X, v € (A, N), ¢ € X and assume (Hy), (H1)-(Hy). Then
for the mapping Sx(;n,&) : x;;w — x;@ﬁ the following two statements are equivalent:

(a) There exists a ( € X, such that ¥ = o(+; K, () — ¢(+; K, &) and

(48) Py (s)b(s) =1 — Py (w6,
(b) v is a solution of the fived point equation

(4.9) ¥ =Su(¥in,§).
Proof. Let 6 € ©, (k,£) € X and assume ) € x;v. For all k € Z; we define the inhomogeneity

r(k) = F(k, ¥ (k) + o(k: £,6),9' (k) + (b + 15, 8)) = F(k,o(k; £, 8),0(k + 15 5,€)),

and due to [|r(k)ly,,, < (Lipy F'+ || Lips ") ||¢H:7 yF=* for all k € ZF (cf. (2.13)), an estimate of the
form (3.4) holds for the sequence r.

(a) = (b) Let n € P4 (k) and assume there exists a ¢ € X such that ¢ = ¢(;5,0) — ¢(;k, &) is v -
quasibounded and Py (k)1(k) = n— Py (k)€. Then 9 is a yT-quasibounded solution of the inhomogeneous
equation y' = A(k)y + 0K’ (k)r(k) and Lemma 3.1(a) implies that ¢ is a fixed point of S,;(:;&, 7).

(b) = (a) Conversely, assume ¢ € X\ satisfies (4.9) for some 7 € Py (x), £ € Xx. Then define

Ci= P (k) [€ + (k)] + 1 and set ¢ == 1+ (s 5, €). Hence,
6(r) = G(r)+ €D PL(R)Gr) + Py (k)Su(thim, ) (k) + &
(4.10) W P (k)e(k) + 1 — Po(R)E+E = P (k) [(k) + & + 1=

and ¢ also solves (2.1). Due to the uniqueness of forward solutions guaranteed by (Hp), this gives us
¢ =¢(;k,Q), ie. ¥ = o(;;k,¢) — ¢(:;£,§). Finally, one has

(4.10)
Po(s() “2 Py() [~ €] = Po(w) I — €] = 0~ P (W
|
Lemma 4.3. Let 0 € O, k € Z, assume Hypotheses (H})~(Hb) with omax = 25%, ¥ given by (3.13) and

choose v € T. Then the mapping S.(-;n, &) : x:ﬁ — x:ﬁ possesses a unique fized point ¥.(n, &) € f)Cj’,Y
for each (k,n, &) € Py x X. Moreover, for the fized point mapping 1., : Py (k) X X, — XT_ one has:

Ry
(a) Y : Py(r) x X — X}, is linearly bounded

4.11 t o< Ky P
(411) 600 < =gy 1= P el
0
@12) APl ), < 1 O = Pl for att (5..6) € Py x &,
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(b) one has the Lipschitz estimates
K+
413 Lip; ¢y < ———,
19) LS TR )
and ¥y 2 Py (k) X X,o — X} is continuous for v € (A + 0, \ — o],
¢) if additionally (H3), A™ < X\ with m € N and opax = min{ 258 A (/AL 1) L hold, then
3 2 A¥A

for vy € (A+ o, \ — o] the mapping ¥y, : Py(k) x X,; — f)C;,Y is of class C', m-times continuously
partially differentiable w.r.t. the first variable and possesses globally bounded partial derivatives,

where the constants L~ (7y), £(y),£~ () are defined in Lemma 3.2.

L~ ()
L1P1 ( )wn( ) < |0| KTW fOT’ all k € Z,

Proof. Let 6 € © and (k,n, ) € P+ xX. From (4.4) in Lemma 4.1 we know that S, (-;n ,f) is a contraction
on f)CJr,Y and Banach’s theorem implies the existence of a unique fixed point ¥, (n,§) € f)C
(a) Thanks to |0|£(y) < 1, the estimate (4.11) follows from

(4.2)
1n . )1 1S (an, im, OIIE < K = Pr(r)€ll, + 161607 16w, I |

and similarly we get

(4.9) (4.3) o
[P (k) (rym, )l x [ P-(k)Sk(k, ¥, &0, )l x, < 101 L7 (V)€ (9) [¥n(n, )Ilm;

thanks to (4.11) this implies (4.12).
(b) Next we derive the Lipschitz estimates in (4.13). Thereto, let 7,7 € P4 (k), fix £ € X, and from
the estimates (4.9), (4.4) we obtain

(4.4)
[0 (1,6) = V(@ ONL, < Ki lln =il x, + 10160) 19 (1, €) = (Ol »
yielding the left relation in (4.13). Similarly, using the triangle inequality and (4.9), (4.1), (4.4) one has

HP— (KJ) [7/}:%(’(‘:’7775) - w*@(‘%7ﬁa g)]HXh S ‘al L~ (7)67(7) ||¢n(777§) - wﬁ(’r_]ag)n:,’y

leading to the remaining right assertion in (4.13). To close the proof of part (b), one has to show the
continuity of ¢, : Py (x) x X, — X} for arbitrary v € (A + 0, A — o]. In order to prove the continuity of
Ve (m0,-) : X — X}, it suffices to show for arbitrary but fixed (x,70) € Py the following limit relation:

(4.14) fh—>H§10 % (n0, €) = tbi(n0, L) I, =

(cf. Lemma A.1). To obtain a short notation, we suppress the dependence on the fixed 79 € P, (k) from
now on and define mappings Hy, : X; X Xgy1 X X — Y1 by

Hi(2,y,8) := F(k,z + o(k; 5,8),y + ok + 1;5,8)) = F(k, o(k; 5,€), 0(k + 15 5,€))

and Hy(¢,€) := Hy(¥n(k, ), ¥ (k +1,¢),€) for k € ZF. Note that Hy, and Hy(C,-) are continuous due
to (H%). For any parameter &y € X,; we obtain from (4.9), similarly to (4.6) and (4.7), the estimate

”7/}/{(]{375) - ¢H(k;€0)‘|X;€
(4.1)
< ”(I)(kv’i)PJr('%)HL(X,{,Xk) 1€ — Sollx,

+0|CKy Z Afmnt | P (n) [Hn(&,€) — (50750)”

n=k e
k—1
101 B> AT PL(n) [Ha(€,€) = Ha(60,60)] [y,

k—1
10 K3 (k= n) AR | P () [Ha(6.6) — Hu(o.&)] |y, forall k € Z}
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Subtraction and addition of H,, (&, &) in the corresponding norms leads to

6
H’(/)N(klvg) - T/)n(k§§o)||xk S ZSZ for all k£ € Z:,

=0

where (cf. (2.8) and (2.13)) Sp := K;" AP [|¢ — &oll .,

Sy =101 CKy > ALY e (n,€) — te(n. &),

n=k
10| CRy > N TLY [ (n+1,6) — vu(n+1,60) | x, »
n==k
k—1
52 = |0‘ K; Z AkinilL; Hd)ﬁ(nvg) - ¢n(n7§0)||xn

k—1
101K Y AR [y (n +1,6) — vu(n +1,6) | x, »
r1
Ss:=10]""" Ky Z(k: —n) AR TLLY (0, €) — (. o)y,

+|9|1 VK+Z N G YL e(n +1,€) — Yu(n+1,&)x,

Sy :=|0|CKy Z P | P (n) [Hn (0, &) — Hn (0. &0)] Hyn+1 ;

n=k
k—1
S5 = |0‘ K; Z Akinil HP-II-(n) [Hn(§07€) - Hn(&)vgo)] ||Yn+1 )
k—1
So = 10" K Y (k—n) AT PL(n) [Ha(60,€) — Haléo, )]y, -

Now we obtain the estimate

3
1 (k; €) = (ks €0)llx, 7% < KT 11E = Gollx, + D Siv™ " +101£(7) 19 (€) = ¥ul(&)l1,

i=1

for k € ZF. Hence, by passing over to the least upper bound for k € Z}, we get

max {10 CKy 10| K3, 0]~ K }

+
Hwn( ) djn(gO)Hn'y = K ||f &JHX 1— |9‘ Z(’}/) kSGHZ% U(k,f)
with the mapping
)\k 1 >
ZA " ||PL(n) [Ha(&0,€) = Huléo,0)] |y,
1 k-1
(4.15) v ZA " PL(n) [Ha(€o,€) — Huléo,€0)] Iy,
AF—1 k-1

+ v > (k= n) AT || PL(n) [Hn(§0,€) — Hn (0, &0)] HYTL_H :

n=~k
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Therefore, it suffices to prove the limit relation
(4.16) lim sup U(k,§) =0

§—%o kezi
in order to show the limit relation (4.14). We proceed indirectly. Assume (4.16) does not hold. Then
there exists an € > 0 and a sequence (&;);en in X, with lim; . & = & and SUpcz+ U(k,&;) > € for
i € N. This implies the existence of a sequence (k;);en in Z;F such that

(417) U(kz,gl) >¢ forall i e N.

From now on we assume v > A 4 o, choose a fixed growth rate § € (A + o0,7) and remark that the
inequality % < 1 will play an important role below. Because of Hypothesis (H}) and the inclusion
P () € DCL; we get HPﬂ’E(n)Efn(émf)HY - L* (%) ||¢n(fO)||:75 §"~ " for all n € ZF (cf. (2.13)) and the

triangle inequality leads to

+ - k
U(k,§) < ’ W“éi())””"; (LA f? + gt(l) + L*(v) Li, (3)) (i) for all k € Z;.

Because of % < 1, passing over to the limit & — oo yields limg_o, U(k,&) = 0 uniformly in £ € X,

and taking into account (4.17) the sequence (k;)ien in Z;! has to be bounded above, i.e. there exists an
integer K > k with k; < K for all ¢ € N. Hence, we can deduce

(4.15) \K—1 =© _ _
U(k,&) < s Z AP (n) [Hn (&0, &) — Hn(€0.&0)] Hyn+1

n=~Kk

AT S A ) () — Haleono)],

Ynt1

Anfl KH _ _
+ " Z(k —n) VAT || PL(n) [Ha($0, &) — Hp(€0,&0)] HYHH

for all 4 € N, where the last two finite sums tends to zero for i — oo by the continuity of H,,. Continuity
properties of H,, also imply lim; . H,(&o,&) = H, (&0, &) and with the dominated convergence theorem
of Lebesgue! we get the convergence of the infinite sum to zero for i — co. Thus we derived the relation
lim; oo U(k;, &) = 0, which obviously contradicts (4.17). Consequently, we have shown the continuity of
V(m0,-) : Xx — X}, and the proof of (b) is finished.

(c) A technically quite involved argument yields the rigorous proof of the differentiability assertion on
Y+ Py(k) x X, — X} . The precise verification essentially follows ideas of [PS04] and we refer the
interested reader to this reference for details. O

Proposition 4.4 (invariant fibers). Let 6 € © and assume Hypotheses (H})~(H3) with omax = 252 and
Y given by (3.13). Then for all (H &) € X the so-called fiber through (k,€), given by

Vga _{CEX o(5K,0) — (R Ex+7}
is independent of v € T, positively invariant w.r.t. (2.1), i.e
(4.18) (ks 5, Ve 0(k)) S Vome),0(k)  for all k € Zf
and possesses the representation
(4.19) Veo = {50+ vg(k0,€)) ¢ (5,m) € Py}
as graph of a uniquely determined mapping vg(k,-) : Xi X X — X, satisfying
(4.20) ve(K,n,&) € P_(k) forall (k,n,&) € P+ x X

and the invariance equation
’Ue(KZ + 17”71;51) = A(H)UG(Ha 7775) + QPL(H)K/(’{)F(F% n + Uo(f@ﬁ’f)ﬂh + ’UO(H + 17”1;51)%

ITo apply this result from integration theory, one has to write the infinite sum as an integral over piecewise-constant
functions and use the Lipschitz estimate on Hp, which is implied by (2.13), to get an integrable majorant.
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(4.21) m = A(k)n + 0P, (k) K' (k) F (k0 + ve(r, 1, €),m + ve(k + 1,m,¢)),
& = AR)E + 0K (K)F (K, €, &)
for all (k,n,&) € Py x X. Furthermore, for ally €T and 6 € © it holds:
(a) vo(k,-) : Pyr(r) X X,w — Xy is continuous and linearly bounded

L= (y)t~
(422) Joottn ), < 1P- (el + 10187 50O = Polel,  or all (em,€) € Py x
(b) wvo(k,+, &) is globally Lipschitzian with Lipy vg < |0 Kf%,

(¢c) assume Hypothesis (HY) is satisfied with A™ < A, m € N, and if the spectral gap condition (2.14)

holds with 0yax := min {%7)\ ( w/ %) — 1}, then vg(k,-) : Py(k) x X, — X, is of class
C1, the partial derivatives D3vg(k,-) : Py (k) X X — Ln(Pi(k), X,) exist, are continuous, and
globally bounded for n € {1,...,m}.

Remark 4.2. (1) In case the difference equation (2.1) is explicit with F(k,0,0) = 0 on Z, then V¢ ¢(k),
& € Wy(k), is the pseudo-stable foliation over the pseudo-unstable fiber bundle Wy of (2.1), with Vo
being the pseudo-stable fiber bundle of 0.

(2) If the general solution ¢ of (2.1) exists on Z X Z x X one can obtain a dual result to Proposition 4.4
for the fibers V; 5(x) := {¢eXi: o(5k,0) —0(k,8) € Xy, )

Proof. Let € ©, (k,n,¢) € Py x X and v € T.

We show the invariance assertion (4.18) for Ve (k). Let zo € ¢(k;k,Veo(k)) for some k € Z],
and by definition this is equivalent to the existence of a { € X, with o = ¢(k;k,() and a difference
o(:55,¢) — (5 k,€) € X}, Therefore,

(1.2)
o(3k,m0) = o(5 ks o(k; 5, €)) = (5 Ky p(ks 5, Q) — @(5 Ky p(ks 1, €)) =" (5 8, Q) — @55, 6),
ie. 20 € Vi(hine),0(k) for all k € Zf.
Due to the spectral gap condition (2.14) and the middle estimate (4.4) in Lemma 4.1 we have (3.21).

Hence, Lemma 4.3 implies that Sx(;7,&) : X}, — X}, has a unique fixed point ¢, (n,§) € X\, which

i Ate © X, and every mapping Sc(-;1,€) : X[f, — X}

possesses the same fixed point as the restriction Sy(+; n,{)’x+ . Furthermore, the fixed point is of the
k,A+o

form ¥, (n,€) = o(; 8, ¢) — (-3 K, &) with ¢ € X,; (cf. Lemma,4.2). We define

(4.23) vo(k,1,8) := P_(K) [§ + Yu(r, 1, €)]

and evidently have vg(k, z9) € P_(x). Let us verify the representation (4.19).
(©) Let ¢ € Veo(r), ie, = @(:;8,¢) — @(-5,6) € X . Then Lemma 4.2 implies

¢ = G(r) +E&=P_(R)(K) + Py(k)ib(r) + €
P (k) pr) + 1 — Py(r)E+ € = P_(k)i(k) + 0+ P_(K)E,

hence Py (k)¢ =1, and ¢ = Py (k)(+P- (k) [§ + Yu(k,n,&)]. Thus, ¢ is contained in the graph of vg(k, -, &)
over Py (k).
(2) On the other hand, let ¢ € X,; be of the form ¢ = n + vg(k,n,&) with some n € Py (k). Then (4.1)

and (4.9) imply Py (k)1x(n,§) = n— Py (), which yields ¢ = n+P_ () [§ + ¢ (k,1,§)] = E+vu(k, 1, £),
and consequently ¢ (- ,¢) — (5, 8) € X, ie., ¢ € Ve g(k).

To establish invariance equation (4.21) we observe that (4.19) and the positive invariance (4.18) imply
p(k; i, 1+ vo(k,n, €)) = Py(k)p(k; 5,m + vo (5,1, €)) + vo (K, Pi(k)p(k; 5,1 + va (5,1, §)), o (k3 5, €))
for all k € Z;. Multiplying this relation with P_(k), setting k¥ = x + 1, and keeping the inclusion (4.20)

in mind, this yields (4.21).

(a) We obtain (4.22) from Lemma 4.3, since (4.23), (4.12) imply
L~ (e ()
L—10]€(v)

is independent of v € I', because one has X

lvo (s )l x,, < I1P-(K)Ellx, + 16] K I = Py ()], -
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(b) To prove the claimed Lipschitz estimate, consider 1,7 € Py(k), a fixed £ € X,; and the corre-
sponding fixed points 1 (1, &), ¥x (77, €) € X, of Se(+5m,€) and Sk (57, &), respectively. One gets from
Lemma 4.3(b) that

(4.23) _ (4.13) L) (v)

o (.9, €) = v (s, 7, E)1| "2 | P_(5) [n (,1.6) — ulmo L)l < 16] K Wlln—ﬁllxx-

Under Hypothesis (Hj) we know from Lemma 4.3(b) that ¢, : Py (x) x X,; — X is continuous, and
by definition in (4.23) we get the continuity of vg(k, ).

(c) We have the identity vg(k,&) = P_(k) [€ + 1/%(/1 1;€)] (see (4.23)) for (k,n, &) € P+ x X, and using
well-known properties of the evaluation map (cf. [APS02, Lemma 3.4]) it follows from Lemma 4.3(c) that
the mapping vg(x, ) : P+ (k) x X, — X,; admits the claimed differentiability properties. O

In a more descriptive way, the subsequent asymptotic phase property is sometimes referred as “expo-
nential tracking” of the IFB Wjy. It states that convergence to Wy is actually “in phase” with solutions
on the IFB Wy, and for that reason we speak of an asymptotic phase. The proof relies on a geometric
argument, which demands a stronger spectral gap condition.

A=A

Theorem 4.5 (asymptotic phase). Letf € ©, k € Z and assume Hypotheses (Hy)~(H5) with omax = 25~

and X given by
S(o) = L~ (A= 0) K2 4+ L+ (A= 0) (B2 4107 K L, (L))

+max{L—(A—a)¥,L+(A—a)( K g K*Lly(Ma))}.

Then the IFB Wy from Theorem 3.5 possesses an asymptotic phase, i.e. for every k € Z there ezists a
retraction w(k,-) : X, — Wo(k) onto Wy(k) C X, with the property:

(4.24)

K -
(4.25) (ks 5, &) — (ks ki, (K, 6)] ¢, < WM <||P+(/<3)§||XK + Ci(fﬁ)) VT for all k € Zf

and all € € X,, with v € T. Geometrically, n(k,€) is given as the unique intersection
(4.26) Walk) N Veo(r) = {n(k, )} for all € € X,,
and one has:
(a) m(k,-): Xx — Wy(k) is continuous and linearly bounded
(4.27) Im(5,)llx, < CHEN+CT(E) for all € € X,

and, therefore, it maps bounded subsets of X, on bounded subsets of Wy(k),
(b) ¢(k;k,-)om(k, ) =m(k,)opk;r,) fork € Z},
(c) if Hypothesis (HS) is satisfied for m = 1, then 77( 3 X, — X, is of class C1,

where the constants LE(7), £(v),0X(v) are defined in Lemma 3.2 and () := L;("YQ)@S) L;,(ﬂg)ﬁ}(,;);

CCE + SO (0T (y) + KT P (9l x, ) + 101 K K80y [|Pe ()€ .,
1— [0 KK i(y)
Gy 1P- (k)¢ x, +10] K+% (1P (k)€ ] x, + hH(M)CE) + 10 K ()T ()
’ — 0P K K1 i(y)

Remark 4.3. The fact that the gap condition (2.14) holds with a function ¥ given in (4.24), implies that
the mappings wy, vg are globally Lipschitzian in their second argument, i.e. we have

Cr (&) =16

(4.28) Lipy wg < 1, Lipyvg < 1.
Proof. Let § € ©, v € T and fix (k,£) € X. As first observation we point out that (4.28) implies
(4.29) 0> Kf K7 l(y) <1 forallyel.
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We show that there exists one and only one ¢ € Wy(k) NVe g(k). Thereto, note that ( € Wy(k) N Ve g(k)
if and only if ¢ = P_(k)¢ + wy(k, P—(k)¢) and ¢ = Py (k)¢ + vg(k, P+ (k)C, §), which is equivalent to

(4.30) Py(r)C = wo(k, P-(r)¢) and  P_(k)C = vg(r, Py(r)C, ).

Due to Theorem 3.5(b) and Proposition 4.4(b) we know from (4.28) that Lip,wp - Lip,vp < 1 and
Lemma A.2(a) applies to the equations (4.30). Consequently, there exist two uniquely determined func-
tions gy : X — P1(K), pr : Xx — P_(k) satisfying the equations (4.30), i.e.,

(4'31) qn(ﬁ) = we(fﬂapn(f)) and pn(f) = UH("@QN(&):&) on X,.
Therefore, 7(k,&) := px(€) + ¢x(§) is the unique element in the intersection Wy(k) N Ve (k). We now
derive the estimate (4.25). From (4.31), (3.19), (4.22) we get

+ ()
lalx, < 11 GCE + 101 7T (OITA(0) + KT 1P (0],

(4.32) + 161" K Ky 000 [P (R)€llx, + 1617 KK E0) lan (), -

Since by definition, m(k,&) € Ve g(k) for £ € X, it follows from Lemma 4.2 that one obtains ¢(-; &, &) —
o(5 8, (K, E)) = VY (Py (k)T (K, ), &) and Lemma 4.3 together with (4.11) implies

K+
<Pk§’€a§ —90]‘3;’%77’@75 : Sil
(ki) — olhs (I, < Tt
This gives us (4.25), if we resolve (4.32) w.r.t. the value of the norm ||g.(§)||x_. Then Proposition 4.4(c)
yields the continuity of the mapping vg(k, ) : P (k) X Xx — P_(k) and Lemma A.2(b) implies that also
m(k,-) : Xy — X, is continuous.
(a) It remains to derive the estimate (4.27). From (4.31), (4.22), (3.19) we get

(lax@©llx, + 1P+ (r)Elx, ) -

I, < 1=, + 16187 00 Py (gl + 161 a7 00 ey

+ 10 KT UTa(y) + 1012 KT KT E0y) [pe(6) 5.,

and, thanks to (4.29), one can resolve this inequality, as well as inequality (4.32) w.r.t. the values of the
norms [|ps(§)[x and [|g.(§)[ x_, respectively; this yields (4.27).
(b) The (positive) invariance of Wy and V¢ g(x) implies
(4.26)
p(kir,m(r,€)) € (kiR Walk) N Veo(r)) C @(k; 5, Wo(r)) N @(k; K, Ve o(r))

(4.18) (4.26) 4
- WH(k) n V@(k;n,f),@(k) = {71'(]{}7 gO(k‘; R, g))} for all k € Zn'

(c) The continuous differentiability of m(k,-) : X, — X, under Hypothesis (H3) immediately follows
from a Cl-version of Lemma A.2, which can be derived using [Hen81, p. 13]. O

As an immediate consequence of Proposition 4.5 we obtain that for each (k, &) € Wy the fibers V¢ o(k)
are mutually disjoint and form a foliation of X,.

Corollary 4.6 (invariant foliation over Wy). The invariant fibers Ve ¢(x) from Proposition 4.4 are leaves
of a positively invariant foliation over each fiber of the IFB Wy from Theorem 8.5, i.e. for k € Z we have

(4.33) Xe= |J Veolw), Ve, 0(k) N Ve,0(k) =0 for all &,&9 € Wo(r), & # &.
EEWS (k)

Proof. Let § € ©, (k,&) € X. The positive invariance of the fibers Ve (k) is stated in (4.18). Thanks to
relation (4.25) we know ¢(+; &, &) — @ (- K, m(k,§)) € X;f and thus Proposition 4.4 implies § € Vy(, ¢),0(k)-
Since £ € X, was arbitrary, we established the left relation in (4.33). The remaining pair-wise disjointness
in (4.33) follows from 0 = {&1} N {&} = Ve, 0(k) N Ve, 0(k) for all &,& € Wy(k) with & # &. O
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5. EXAMPLES: DISCRETIZATION OF EVOLUTIONARY EQUATIONS

In applied sciences, investigations on the behavior of solutions to nonlinear evolutionary equations
are mainly computational. For that purpose such problems are discretized. In a first step, one possibly
obtains a time discretization, yielding an iteration in a suitable function space over the spacial domain. Of
high practical relevance, of course, are also full discretizations leading to recursions in finite-dimensional
spaces. In this section we discuss a straightforward time discretization and briefly mention two further
discretization approaches. Due to the technical effort, a deeper analysis is postponed to future papers.

Basic for our discretization schemes is an appropriate discrete set of time steps. Given two bounds
0 < h < H, this will be a real sequence (tx)rez satisfying tx+1 — tx € [h, H| for all k € Z.

5.1. Discretized Evolutionary Processes. Our results are intended to hold for discrete dynamical
systems given by time-h-maps of autonomous evolutionary equations, like reaction diffusion equations,
FDEs or ODEs. Information on the time-h-map is of crucial importance in discretization theory, since it
enables us to relate approximate solutions (obtained, e.g. by numerical schemes) to the original solution
of the differential equation. In fact, we can deal with nonautonomous problems as follows:

Let V, W be Banach spaces with V' C W. Working in a general framework intended to include abstract
formulations of PDEs and FDEs (see also [CHT97, Section 5.2] for the autonomous case), we consider
an abstract nonautonomous evolutionary equation

(5.1) us + Bt)u = f(t,u)

on the space W, so that the following holds:

(G1) For each Banach space X € {V,W} the linear equation u; + B(t)u = 0 generates an evolution
operator U(t,s) on X, i.e., (U(t, s))s<: is a family of bounded linear operators on X such that
(i) U(s,s) =Ix,U(t,s)U(s,7) =U(t,7) for all 7 < s <,
(ii) the mapping U : {(t,s) € R? : s <t} — L(X) is strongly continuous and there exist reals
a>0,v>0, My, My > 0 with

(5:2) Ut )l x) < M1 forall s <t, [[U(t,9)]| ) < Mot —s) 7€) for all s <,

(iii) there exist reals Kli, K;,K; > 0, f1 < (2, a projection-valued mapping Q_ : R — L(X)
satisfying Q_(t)U(t,s) = U(t,s)Q—(s) for all s <t, U(t,s)Q_(s)W C V for all s < ¢ such
that U(t,s) := U(t, s)|g_(s)x : @—(s)X — Q_(t)X is invertible with inverse U(s, ), and
one has the dichotomy estimates with Q4+ (¢) = Ix — Q_(t):

Ut $)Q+ () ) < Eif e forall s <t,

U, s)Q+ (s)||L(WV < (K + K (t—s)™)e P79 forall s < t,
Ut s)Q-(s) HL(V < Kye A=) forallt < s,
(5.3) Ut $)Q (s)”L(WV < Kye M=) forallt <s.

There exist several sufficient conditions for (Gy)(i)—(ii) to hold, which are well-documented in the litera-
ture and we refer to [ENOO, p. 478] for an overview. In the autonomous situation of a constant operator
B, the usual theory of Cy-semigroups applies (cf., e.g. [EN0O]). The dichotomy assumption (G1)(iii) is
more subtle even in the case of ODEs, but related to spectral properties, if B(¢) is constant or periodic
in time. On the nonlinearity we suppose

(G2) f:RxV — W satisfies L := Lip, f < oo and for each (7,up) € R x V there exists a unique
continuous w : {(t, Tug) ERZX V7T < t} — V such that u(-;7,ug) solves the integral equation

(5.4) u(t) = U(t, m)ug +/ U(t,s)f(s,u(s;T,up))ds for all 7 < t.

T

Criteria for the existence of such mild solutions can be found, for instance, in [SY02, pp. 224ff].
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Now we arrived at a position to introduce our nonautonomous counterpart of a time-h-map. Thereto,
define functions A: Z — L(W), K : Z - L(W), F:Z xV — W by

A(k) :=U(tkt1, tr), K(k) := Iy, F(k,x) := %/ - U(tit1,s)f(s,u(s;tr, x))ds.

Then, noticing that wu(-;tx,2) is a mild solution of (5.1) satisfying the variation of constants formula
(5.4), the general solution ¢ of (2.1) is given by @(k; K, up) = u(tg;ts, uo) for k < k. Moreover, (2.1) is
well-defined in forward time on Z x V and we assume constant state spaces X =V, Y, =W.

Lemma 5.1. If Hypotheses (G1)—(G2) hold with v € [0,1) and

(5.5) sup e~ Prhk
k<k w

then the nonlinearity F : Z x V. — W s well-defined and satisfies

tht1
16| Lip F(k, ) < M2E,_, ( "/ TMoT(1 — y)H) L/ edlteri=)ds  for gl k€ 7,

tr

< oo foroner €Z,

/ o U(tet1, ) f(s,u(s; tx, 0))ds

ty

where I denotes the Gamma function and E, is the Mittag-Leffler function (cf. [SY02, p. 624ff]) given
by Er(z) = 300 wiirmm -

Proof. Using the Gronwall-Henry inequality from [SY02, p. 625, Lemma D.4], one deduces a Lipschitz
condition for the solution u(t;s,-) : V. — V, s < t. With this estimate available, the assertion follows
easily from (5.4) and (G>). O

Proposition 5.2. Suppose Hypotheses (G1)—(G2) hold with (5.5), v € [0,1) and that V is continuously
embedded into W, where N > 0 is chosen such that ||v||,,, < N |v|| for all v € V. Then there exists an
Hy > 0 such that the nonautonomous difference equation (2.1) obtained as discretization of (5.1) possesses
an attractive invariant fiber bundle (as in Theorem 3.5) with asymptotic phase (as in Theorem 4.5),
provided the step-sizes satisfy H < Hy, are balanced according to

(5.6) prh < B2 H,
and the following spectral gap condition is satisfied:
(5.7) SM? [(K3)?N + (1+ Ky N) K| L < 2 — L5,

Proof. From assumption (Gz) we know that (H) is valid. Under inequality (5.6) it is easy to see that
Hypothesis (H}) holds with projector P_(k) = Q_(t), real constants C' = 1 and growth rates A := e~#2H
A := e P1h. Moreover, from (5.3) one obtains the estimate 1P~ (k)| wy < NK; and then Lemma 5.1

guarantees that (Hj) is satisfied. Within this set-up, the spectral gap condition (2.14) reduces to

e—B2H e~ Bih _ o—f2H
2 [(K;)’N+ (1+ K, N) <K2++K3+Liy( ) )}

e=PH 4 o 2(qH)
V2B, (YTETA =) L < S e
. v - — < -
L ( 2L (1 -v) ) 4H
and by continuity it is easy to see from (5.7) this this inequality holds true for h, H > 0 close to 0 and o
close to % The assertion follows from Theorem 4.5. a

5.2. Crank-Nicholson Time Discretizations. The discretization approach from the previous Subsec-
tion 5.1 is motivated from a theoretical perspective, because it yields values of true solutions u for (5.1)
evaluated at discrete points t;. From an applied point of view, however, this is not helpful since the
nonlinearity F' depends on the unknown solution u. To circumvent this deficit we briefly discuss another
method of more practical importance.

We retreat to a special case of the general framework from Subsection 5.1, where V is continuously
embedded into W and the evolutionary family (U(¢,s))s<; is given by a strongly continuous semigroup
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with generator —B via U(t,s) = e"2(=%). Then a generalized Crank-Nicholson discretization of (5.1) is
a linearly implicit recursion of the form
Yiet1 — Ui = —9Buy — (1 — ﬂ)Buk+1 + f(tk, uk)
tht1 — tk
with parameter ¥ € R. Choosing the maximal step-size H > 0 so small that Iy + (tg41 — tr)9B is
invertible for all k& € Z, one can transform this implicit recursion into an explicit difference equation (2.1)
with functions A: Z - L(W), K :Z —-L(W), F:ZxV - W,

Ak) = [Tw + (tegr — t)OB] " [Iw — (trg1 — o)L =B,  K(k) = [Iw + (trs1 — tr)0B] "

and F(k,y) := f(tg,y). We can proceed as in [Kob95, Theorems 2.3 and 2.4] to show that this Crank-
Nicholson discretization (2.1) satisfies Hypothesis (Hp)—(Hz) for appropriate (small) 0 < h < H, provided

¥ =1 (i.e. one works with the explicit Euler method), or ¥ € (%, 1) and V, W are Hilbert spaces. It is

worth to point out that (2.9) holds with K3 # 0 in this setting.

5.3. Discretized Parabolic Equations. In particular reaction diffusion equations allow an abstract
formulation as nonautonomous evolutionary equations with time-invariant linear part of the form
(5.8) us + Bu = f(t,u)
on a Banach space (Z,|-|), so that the following holds:
(G%) B is a sectorial operator on Z and there exist two reals 31 < 33 such that the spectrum o(B) can
be separated into spectral sets (closed, nonempty)
o_={Ae€a(B): RA< B}, oy :={A€a(B): RA> (o} .
The spectral projection associated with o_ is denoted by Q_.

This assumption guarantees that —B generates an analytic semigroup (e~5%);>¢ on Z. Thus, for a € R
one can define fractional powers B® and corresponding interpolation spaces Z% := D(B%) equipped with
norms |z|, = |B%z| (cf., e.g. [SY02, p. 92ff, Section 3.7]). Then (e~5');>( defines also an analytic
semigroup on Z<. The spectral splitting of B and an equivalent re-norming of Z¢ implies the estimates

(5.9) He*BtQ,HL(Z&) <e Pt forallt <0, ||e*BtQ+||L(ZQ) <e P forallt>0
with the complementary projection Q4 := Iz — ()—. Beyond that, there exist reals M > 0 so that

(5.10) He_BtHL(Z) < M, He_BtHL(Z,Zafﬁ) < MtP=* for all t € (0,1]

(cf. [SY02, p. 92, Section 3.7]). Concerning the nonlinearity f suppose

(G%) There exist o, 3 € R, a—3 € [0,1) such that f : Rx Z* — Z” is locally Lipschitz and Lip, f < oco.
Then the abstract parabolic equation (5.8) admits unique mild solutions w(-; 7, ug) : [1,00) — Z* satis-
fying u(7;7,ug) = up for all 7 € R, ug € Z% (cf. [SY02, p. 239, Theorem 47.7]) and u(t;7,-) : Z% — Z°
is continuous. Thus, if we define functions A : Z — L(Z%), K : Z — L(Z%), F : Z x Z* — Z* by

1 tht+1
A(k) := e Bltrsi—te) K(k) :=Ig0, F(k,z,y) := 5/ e Bet1=8) (5 u(s;ty, ) ds,

tr
then the general solution ¢ of (2.1) satisfies (k; k, ug) = u(ty; tw, uo) for integers k < k and thus (2.1) is
well-defined in forward time on R x Z%, where we assume constant state spaces Xy = Y = Z¢.

Lemma 5.3. If Hypotheses (G7)—(G%) hold with H < min {1, 1‘”{*/%} and

tet1
(5.11) sup / efB(t’““*S)f(s,u(s;tk,O)) ds| e P < o for one k € Z,
k<w |Jty o
then the nonlinearity F : Z x Z* — Z< is well-defined and satisfies
2M?
0| Lip F(k,-) < Lipy f(thr1 — ti) 7P for all k € Z.

l-a+p
Proof. Using (5.10) this can be shown along the lines of [CHT97, Proposition 6.1]. O
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Proposition 5.4. If Hypothesis (G7)(G3) hold with (5.6), (5.11) and H < min{l, HW/%},
then the nonautonomous difference equation (2.1) obtained as discretization of (5.8) possesses an attrac-
tive invariant fiber bundle (as in Theorem 8.5) with asymptotic phase (as in Theorem 4.5), provided the
following spectral gap condition is satisfied:
8M? e—Pih _ o—B2H

l—a+p 2

Proof. An easy calculation shows that Hypothesis (H;) holds with projector P_(k) = Q_(tx), real
constants C' = 1, Ki = K =1, K = 0 and growth rates A := e\ := ¢ /" Then Lemma 5.3
guarantees that Theorem 4.5 can be applied, since (5.12) implies the gap condition (2.14). |

(5.12) Lip, f H'7*F <

5.4. Finite Difference Full Discretizations. A temporal and finite difference spatial discretization of
the Kuramoto-Sivashinsky equation

Ut + Uggrr + Ugy + ULy =0

with spatially 1-periodic boundary conditions u(x,t) = u(z + 1,t) is considered in [Kob94, Section 5].
Referring to [SY02, p. 321ff], this equation fits in the abstract set-up of (5.8) with Bu := —uyz., and
f(t,u) := —uzy — uu,, where we choose Z to be the space of 1-periodic odd L?-functions.

Having this at hand, for some (possibly large) positive integer N the scalar Laplacian u,, is discretized
by As := §—2(diag(1, —2,1) + E), where E is a matrix having the entry 1 in the lower left and the upper
right corner, and 0 elsewhere, for 6 = 1/N. An implicit Euler method for time discretization of the
resulting stiff ODE u; = —A2u + fs5(u) (see [Kob94] for details) leads to a recursion of the form (2.1)
with

A(k) = K(k) = [I - (tk+1 - tk)A§]71 ) F(k,.’lﬁ‘,y) = Wfé(y)
Preserving periodicity conditions, the appropriate space setting is Xy = Y; := {:c e RNt : gz = 37N+1}

equipped with the norms ||z, := 6%\/271:[:1 z7, |zl x, == [[Aszly, ; note that both spaces depend on
the spatial discretization parameter 6. Then Hypotheses (Hy)—(Hz2) can be verified following the approach
given in [Kob94, Section 5.
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APPENDIX A

In order to keep this paper largely self-contained we present basic results needed. Let @, P be metric
spaces and let M be a topological space fulfilling the first axiom of countability.

Lemma A.1. If the mapping f : Q X M — P satisfies Lip; f < oo, and if f(q,:) : M — P is continuous
for all g € Q, then f is continuous itself.

Proof. We leave the easy proof to the interested reader. O

Lemma A.2. If Q is a complete metric space, and if the mappings f : Q x M — P, g: Px M — Q
satisfy Lip, f Lip; g < 1, then the following holds:
(a) For each x € M there exist unique points ¢*(x) € @, p*(x) € P such that ¢*(x) = f(p*(x),x),
p*(z) = g(q"(z),2) on M,
(d) if flq,) : @ — P, g(p,-) : P — Q are continuous for each p € P, q € Q, then the mappings
¢ :M— Q, p*: M — P are also continuous.

Proof. We define the mapping h: Q x M — Q by h(g,z) := g(f(q, z), x).
(a) Due to Lipy f Lip; g < 1 we have Lip; h < 1 and the contraction principle implies the existence of
a unique fixed point ¢*(x) € Q of h(-,x) for all 2 € M. The claim follows, if we set p*(x) := f(¢*(x), x).
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(b) By Lemma A.1 the mappings f,g and h are continuous. Then the continuity of ¢* : M — @,
p* : M — P is a consequence of the parametrized contraction principle (cf., e.g., [Aul98, Theorem 6.1]

for a Banach spaces version, which instantly adapts to our situation of metric spaces). 0
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